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Preface

Since ancient times, mankind has been able to focus light with the help of lenses
and mirrors. At the focus, not only is the energy of light concentrated, but all six
projections of the electromagnetic field vectors are added at the focus, forming
complex three-dimensional distributions of amplitude, phase, and polarization states.
Recently, many interesting optical effects have been discovered in a sharp focus of
coherent laser radiation: rotation of polarization vectors only in the longitudinal
plane—photon wheels; the presence of points and lines of polarization singularity,
in which the direction of the linear polarization vector is not determined; the reverse
flow of light energy, when the longitudinal projection of the Poynting vector is
directed in the opposite direction with respect to the direction of propagation of the
focused light; spin-orbit conversion, when a transverse energy flux is formed at the
focus of a Gaussian beam with circular polarization, which can rotate a microparticle
along a circular trajectory. Another interesting effect that has recently been discov-
ered in the focus of laser light is the optical Hall effect. The usual Hall effect consists
in a transverse displacement, in different directions, in a magnetic field of charges of
different signs or different spins, which carry an electric current. In optics, particles
with different spins correspond to light beams with left and right circular polariza-
tions. Therefore, the optical spin Hall effect in focus consists in the formation of
regions separated in space, in which light has a different direction of elliptical or
circular polarization.

The book will be of interest to a wide range of scientists, engineers working in the
field of optics, photonics, laser physics, optoinformation technologies, and optical
instrumentation. It can also be useful for bachelors and masters in the specialties
applied mathematics and physics, applied mathematics and informatics, optics and
graduate students specializing in these areas.

Samara, Russia Victor V. Kotlyar
Alexey A. Kovalev
Anton G. Nalimov



Introduction

The Hall effect consists in the occurrence of a transverse voltage (Hall voltage) in a
metal conductor at the edges of a sample placed in a transverse magnetic field when
a current flows perpendicular to the field. Hall voltage was discovered by Edwin Hall
in 1879, and the effect is named after him. Due to the many types of Hall effects,
for clarity, the original effect is sometimes referred to as the ordinary Hall effect to
distinguish it from other types that may have additional physical mechanisms. In
semiconductors, the Hall effect leads to separation of electrons and holes in space.
Note that electrons and holes have different spins. In the absence of a magnetic field
in non-magnetic conductors, current carriers with opposite directions of spins can be
deflected in different directions perpendicular to the electric field. This phenomenon,
called the spin Hall effect, was theoretically predicted by Dyakonov and Perelin 1971.
There are external and internal spin effects. The first of them is associated with spin-
dependent scattering, and the second, with spin-orbit interaction. The spin Hall effect
is closely related to another interesting effect, the Magnus effect. The Magnus effect
was discovered by Heinrich Magnus in 1853 and occurs when a liquid or gas flows
around a rotating body. In this case, a force acting perpendicular to the flow acts on
the body. This phenomenon is often used in sports, for example, a dry leaf football
kick, as well as in a twisted serve in table tennis (a spinning tennis ball deviates from
a straight line). In optics, an effect similar to the Magnus effect was discovered in
multimode fibers in 1990 by Zel’dovich B. Ya. It was shown that the vortex modes
of a fiber with left and right circular polarization propagate at different angles to the
optical axis of the fiber. In 1992, A. V. Volyar discovered a similar Magnus effect in
uniaxial crystals. The spin Hall effect in optics was discovered later. In 2004, Onoda
M. et al. theoretically showed that when reflected from the interface between two
media, linearly polarized light is divided into two beams with left and right circular
polarization, propagating at different angles to the surface. In 2005, Kavokin A.
experimentally observed the optical spin Hall effect during the passage of light with
linear polarization through a multilayer structure. In the transmitted light, the regions
with left and right circular polarizations were separated in space. The theory of optical
effects of Magnus and Hall based on the geometric phase of Berry and spin-orbit
interaction was developed in 2004 by Bliokh K. Y. The geometric phase of Berry
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viii Introduction

(1984) as applied to light with circular polarization consists in the fact that light
with circular polarization, passing the same distance in a gradient medium with light
with linear polarization, acquires an additional phase incursion. Also, between the
light with left circular and right circular polarizations, an additional phase delay can
occur. This leads to the fact that in a gradient (or other inhomogeneous) medium,
light with left and right circular polarizations can propagate along different paths
and be separated in space. The question arises: Can the optical Hall effect manifest
itself not due to the interaction of light with the medium, but when propagating in
free space, for example, in a sharp focus? In 1992, Allen L. et al showed that an
individual photon has an orbital angular momentum. And in 2011, Bliokh K. et al.
showed that spin-orbit conversion takes place in a sharp focus of light. That is, even
at the focus, one can find the conditions under which the Hall effect occurs.

This book is devoted to the optical Hall effect in the sharp focus of laser radiation.
On the basis of the theory of Richards-Wolf (1959), which adequately describes the
behavior of light at the focus, many specific examples of light fields show that both
spin and orbital Hall effects take place near the focus. In this case, there can be many
regions with left and right circular polarization at the focus. Their number depends
on some parameter of the focused beam. The spin Hall effect is when local regions
are formed in the plane of focus (or near it), in some of which the light has a right
elliptical polarization, and in others it has a left one. In this case, in the initial plane,
the light had linear polarization at each point. The orbital Hall effect appears when
there are local areas in the plane of focus, in some of which the transverse energy flow
rotates clockwise, and in others—counterclockwise. In the simplest case, the spin
Hall effect occurs when a linearly polarized Gaussian beam is focused. In this case,
four local regions are formed near the focus (before and after, but not in the focus
itself), in which the light has a left-hand elliptical polarization along one diagonal,
and a right-hand polarization along the other diagonal. The spin and orbital Hall
effects also arise at the focus of light fields with non-uniform linear polarization,
when at each point in the beam cross section the polarization is linear, but changes
its direction from point to point. For such cylindrical vector fields, under certain
conditions, the Hall effect occurs at the focus itself, and for other beam parameters,
near the focus. For such beams, the presence or absence of the Hall effect at the focus
is associated with the absence or presence of polarization singularity points in the
initial light field.

The authors are grateful for the numerical simulation by Ph.D. Stafeev S. S. and
Ph.D. Kozlova E. S.

The results included in the monograph were supported by the Russian Science
Foundation grant 23-12-00236.
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Chapter 1 ®)
Spin Hall Effect at the Focus for Light e
with Linear Polarization

1.1 Circular Polarization Near the Tight Focus of Linearly
Polarized Light

Sharp focusing of laser radiation is understood as the focusing of light by lenses with
a high numerical aperture, and it is no longer possible to neglect the vector nature
of the light wave. In this case, to calculate the light field at the focus, it is necessary
to take into account all the components of the strength of the electric and magnetic
field of the light wave. The classical formulas for calculating the light field in a sharp
focus were obtained by Richards and Wolf in [1].

At present, a large number of works are devoted to the sharp focusing of light.
However, most of the works are devoted to studying the behavior of the intensity
at the focus, for example, obtaining focal spots of various shapes [2—7]. Much less
work is presented on the study of other characteristics of the light field, such as the
energy flux (Poynting vector) [8—10], spin or orbital angular momentum [11-14].
We also note that the main attention of researchers is focused on the study of the
behavior of light directly in focus; less attention is paid to the behavior of light at
some distance from the plane of sharp focus.

In this section, the sharp focusing of linearly polarized light is considered. It was
shown that, with distance from the focal plane, regions arise in which the polarization
ceases to be linear. In this case, when passing through the plane of focus, the direction
of polarization in these regions changes to the opposite—in regions with right circular
polarization, the direction changes to left circular and vice versa.

1.1.1 Theoretical Background

In [1], expressions were obtained for the projections of the electric field strength
vector at the focus of the aplanatic system. The Jones vector for an initial field with

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 1
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2 1 Spin Hall Effect at the Focus for Light with Linear Polarization

linear polarization directed along the y-axis has the form:

0
E;;, =A(9)(1> (L.1)

and the projections of the vector of the electric field strength and magnetic field
strength near the focus for the initial field (1.1) have the form:

Ex = —ilz’g sin 2§0,
Ey = —l'([(),o — 12'2 cos 2(p),
E, = =21, sing,

H, = i(lo,0 + L2 cos 2¢),
Hy =il sin 2¢,
H, =21, cosp, (1.2)

where

0

0
4
I, = (%)/sin”“(%) cos3_"<g>
0
cos'2(0)A(0)e™ T, (x)db (1.3)

where A is the wavelength of light, f is the focal length of the aplanatic system, x =
kr sind, J i (x) is the Bessel function of the first kind, and NA = sinf is the numerical
aperture. The angle ¢ in Eq. (1.2) is the conventional polar (or azimuthal) angle in
the transverse planes, including the focal plane. A positive angle value increases
counterclockwise from the horizontal x-axis. In the initial plane, the light field has
only linear polarization directed along the vertical y-axis, and the Jones vector (1)
does not depend on the polar angle ¢. In Egs. (1.2) and (1.3), angle 6 is the tilt angle
of the rays to the optical axis, 0 is the maximal tilt angle, determining the numerical
aperture NA, z is the direction of the optical axis, z = 0 is the focal plane, k is the
wavenumber of light, (x, y) are the Cartesian coordinates in the cross sections of the
light beam converging into the focus (x is the horizontal axis, y is the vertical axis).
The initial amplitude function A(8) (suppose it is a real function) can be constant
(plane wave) or in the form of a Gaussian beam. From (1.2), one can obtained the
intensity distributions of each component of the electric vector

I, =I5, sin*(29),
I =I5y + 15, cos*(29) — 21y o1r,» cos(2¢),
I = 4112,1 sin®(¢). (1.4)
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We note that formulae (1.1)—(1.4) differ from the formulae obtained in [1], since
the initial field (1.1) is polarized along the y-axis, whereas in [1] the initial field was
polarized along the x-axis. Despite the initial light field (1.1) has only one component
E,, Maxwell’s equations indicate that, upon light propagation, all three components
of the E-field appear. If the light field propagates at a small angle to the optical axis,
then the other two field components (E, and E,) are small and can be neglected. At
tight focusing, light propagates at large angles to the optical axis, so that all three
components of the E-field (1.2) have a comparable value [15, 16]. It can be seen
from (1.1) that the intensity distribution /, of the horizontal projection of the electric
vector in the plane of focus will have the form of four local maxima (light spots), the
centers of which are located on a circle centered on the optical axis and lying on the
rays emanating from the center at angles ¢ = n/4, 3r/4, Sr/4, Tr/4.

The intensity distribution /, will have the form of an almost circular spot with
a maximum on the optical axis I, = 1§,0~ The difference from the round shape of
the spot arises from the fact that the distribution of intensity /, along the vertical

axis (¢ = n/2) will be greater (I, = (10,0 + 12,2)2) than along the horizontal axis (¢

=01, = (10,0 — 12,2)2). Intensity distribution (1.4) at the focus of the longitudinal
component of the electric vector I, will have the form of two light spots, the centers
of which lie on the vertical axis. This type of intensity distribution of electric vector
individual components leads to the fact that the distribution of the total intensity at
the focus has the form of an ellipse elongated along the vertical axis:

I=L+L+L=1I,+1,+2I}, —2(If, + Iolz) cos(2p). (1.5)

Let us find the longitudinal component of the spin angular momentum (SAM)
vector near the field focus (1.1) using the formula [17]:

2
S = (Czﬂ)lm(E* x E) (1.6)

@

where c is the speed of light in vacuum, w is the angular frequency of the monochro-
matic light, €y is the vacuum permittivity, Im is the imaginary part of the number,
X 1is the sign of vector multiplication, * is the sign of complex conjugation. Below,
we omit the constant [(c2&p) /(2w)] for brevity. We note that sometimes, due to the
electric—-magnetic democracy, Eq. (1.6) is written with two terms rather than one:
[c?/ (2a))]Im[80 (E* xE)+ uoH* x H )], with o being the vacuum permeability
(c*eo = 1y 1. However, immediately from the expression for the Poynting vector,
only one term is obtained either for the E-vector or for the H-vector [17]. In addition,
due to different constants, both terms will give different contribution to the compo-
nents of the SAM vector. Thus, expression (1.6) is correct. Substituting from (1.2)
into (1.6), we will assume that integrals (1.3) are complex, since z is different from
zero. We get:

S, = 21m(E;“Ey) =2 sin(ng)Im(Iz*yz(Io,O — cos(2g0)12.2)) (1.7)



4 1 Spin Hall Effect at the Focus for Light with Linear Polarization

Certainly, near the tight focus, all 6 components of the E- and H-vectors (1.2) are
significant, and none of these components can be neglected. Therefore, similarly to
Eq. (1.7), we can write expressions for the components S, and S,:

S = 2Im(E;E: ) = 4sin@)Re(11,1(cosp)L3 , — I50)).
Sy = 2Im(EE,) = 4sin(e) sin(2@)Re(I} | 1,). (1.8)

Let us single out the real and imaginary parts of the integrals included in (1.7)
Ipo = Ro +ilp, » = Ry + il,. Then, instead of (1.7), we write:

S, = 2sin(2¢)(IoR> — LRy) (1.9)

The integrals Ry, R; in (1.9) include the co-multiplier cos(kzcosf) ~ 1 at kz < 1,
and the integrals [ , I, include the co-multiplier sin(kz cos 8) ~ kzcos 6 at kz < 1.
With this in mind, instead of (1.9), we write:

S. & 2kzsin(2¢) (IoRy — I1Ry). (1.10)
In (1.10), the following notations are used:

Ry =1Io0(z=0),Ry = L2(z = 0),

Iy =100(z=0),12 =122(z = 0),
)

T, = <#)/sin”+' (g) cos3_"<g> cos®%(0)A(0)e™ <0, (x)dg. (1.11)
0

Let on a circle of some radius the expression in parentheses in (1.10) be greater
than zero IoR, — I, Ry > 0, and since sin(2¢) in (1.10) is positive in 1 and 3 quadrants,
and negative in 2 and 4, then before the focus (z < 0) the longitudinal component
SAM §; in (1.10) will be positive in 2 and 4 quadrants, and negative in 1 and 3.
And since the sign of the entire expression after focus (z > 0) will change to the
opposite, the longitudinal component of SAM S, in (1.9) will be positive in 1 and
3 quadrants, and negative in 2 and 4. This means that before the focus in the 2 and
4 quadrants the polarization vector will rotate counterclockwise (right circular or
elliptical polarization), and after focus in these quadrants, the polarization vector
will rotate clockwise (left circular or elliptical polarization). Recall that in the plane
of focus, the light at each point has only linear polarization, since at z = O the
longitudinal component of the SAM S, in (1.10) is equal to zero. The defocusing
magnitude z in Eq. (1.10) affects the size of the areas in the transverse plane, where
polarization is not linear. At a distance z nearly equal to A, the size of the circular
polarization area is maximal (for NA = 0.95 it is approximately A/2). As z tends to
zero (i.e., in the focus), the size of the area with circular polarization decreases to
ZEero.
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Note also that the longitudinal component of the SAM is exactly equal to the third
component of the Stokes vector:

S, = 2Im(E*E,) = s3, (1.12)

which shows the presence of circular and elliptical polarization in the light field. In the
next section, the presented theoretical predictions will be confirmed by simulation.
We note that the change in the rotation direction of the polarization vector to the
opposite beyond the focal plane, as follows from Eq. (1.10), can be explained by the
angular momentum (AM) conservation law. Since polarization in the initial plane
and in the focal plane is locally linear, S, = 0. Therefore, if there are areas with
left-handed circular polarization before the focus, then beyond the focus, circular
polarization in these areas should become right-handed. However, the presence of
such areas near the focus does not follow from the AM conservation.

1.1.2 Simulation by Richards-Wolf Formula

In this work, using the Richards-Wolf formulas, focusing of a linearly polarized plane
wave (wavelength 633 nm) was simulated by choosing a lens with NA = 0.95. The
field near the tight focus was calculated using the integrals [1]:

00 2

Ulp.¥.2) = —%//B(G,(p)T(G)P(O,(p)
0 0

x explik[p sin 6 cos(¢ — V) + zcos O]}
sinfdfd e, (1.13)

where U(p, ¥, z) is the strength of the electric or magnetic field, B (0, ¢) is the electric
or magnetic field at the input of the wide-aperture system in coordinates of the exit
pupil (6 is the polar angle, ¢ is the azimuthal angle), T (9) is the lens apodization
function, f is the focal length, k = 2/A is the wavenumber, A is the wavelength
(in the simulation it was considered equal to 633 nm), 6 is the maximum polar
angle determined by the numerical aperture of the lens (NA = sinf), P (0, ¢) is the
polarization vector, for the strength of the electric and magnetic fields has the form:

1 + cos? p(cos@ — 1)
P©,9) = | sinpcosp(cosd — 1) |a(®, @)
—sin6 cos ¢
sin ¢ cos ¢(cos 6 — 1)
+ | 1 +sin?@(cosd — 1) |b(8, @), (1.14)
—sin @ sin ¢
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where a (0, ¢) and b (6, ¢) are functions describing the polarization state of the
x- and y-components intensities of the focused beam. In contrast to formulae (1.2)
and (1.3), we gave Egs. (1.13) and (1.14) in a general form to show that further
modeling is carried out by the general formulae (1.13), (1.14) and that the simulation
results confirm the theoretical conclusions, following from the expressions (1.11),
(1.12). After calculating the components of the electric field, the behavior of the
components of the Stokes vector near the sharp focus was calculated. The Stokes
vector components are calculated using the formulas:

so = ExE} + E)E)*
s1 = ExEY — E\E}

Y=y
Sp = ZRC(E:E),),
sy = 2Im(E*E,). (1.15)

Similarly to the expressions (1.7)—(1.9), substitution of Eq. (1.2) into Eq. (1.15)
allows obtaining explicit expressions for the Stokes components s; and s, near the
focus. For instance, more simple expression is derived for s, at kz < 1:

52 ~ 25in(29)Ry (Ry — Rz cos(2¢)). (1.16)

At small kz < 1, the second Stokes component (1.16) does not depend on z and
therefore does not change sign when passing through the focus (z = 0). Below, this
is confirmed by simulation. Similarly, the first Stokes component s, in Eq. (1.15),
expressed via the components of the E-vector (1.2), is also independent of z near the
focus.

To estimate the relative contribution of individual polarization components, it
is convenient to use the Stokes vector components normalized to the transverse
intensity: (Sy, S», S3) = (sl/so, sz/ S0, S3/s0). It is known that when focusing light
of linear polarization at the focus, all three components of the electric field strength
are observed [18]. Figure 1.1 illustrates the distribution of the total intensity and
its individual components in the focus of an aplanatic lens with NA = 0.95 when
focusing a plane wave with a wavelength of 633 nm and polarization along the y-axis.
To estimate the effect of defocusing, Fig. 1.2 shows the same distributions of the total
intensity and of the individual intensity components as in Fig. 1.1, but at a distance
A from the focal plane. The intensity distributions have the same shape at the same
distance before and after the focus.

Figure 1.1 shows that the initial component makes the main contribution to the
focal spot formation, but the longitudinal component of the intensity also begins to
make a significant contribution. The component perpendicular to the input polariza-
tion is rather small but present, while the light at the focus is still linearly polarized.
Note that the distributions of the total intensity at the focus and the intensity of indi-
vidual components in Fig. 1.1 confirm the theoretical predictions that follow from
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the focus
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Fig. 1.4 Distribution of the components of the normalized Stokes vector S; (a), S> (b) and S3 (c) at
a distance X after the focus

expressions (1.4) and (1.5). Figure 1.2 indicates that a small shift from the focal plane
(by a distance A) leads to decrease of the maximum intensity 5 times.

The distribution of the components of the Stokes vector (s;, s2, s3) and the normal-
ized components of the Stokes vector (S;, S, S3) at the distance z = X after the focus
is shown in Figs. 1.3 and 1.4, respectively.

From Figs. 1.3 and 1.4, it can be seen that the polarization after focus is predom-
inantly linear. In the center of the focal spot in Fig. 1.3a, a minimum is observed,
which indicates that the polarization at the focus is directed along the y-axis. This
is also confirmed by Fig. 1.4a: for a wave fully polarized along the y-axis §; = —1.
From Fig. 1.4a can be seen that the polarization does not change its direction at the
focus and along the x and y axes, but along the straight lines located at an angle of +
45° to the axes, the deviation from the initial polarization turns out to be maximum.
From Figs. 1.3 and 1.4, it is also seen that the diverging beam contains regions with
circular polarization. Recall that there are no such regions at the focus itself—the
light is linearly polarized. From Fig. 1.4c it is seen that the contribution of circular
polarization in such regions is quite noticeable—for S3; = =1 the polarization is
completely circular, but here in some regions S; reaches values of & 0.8.

Figures 1.5and 1.6 similarly show the distribution of the Stokes vector and
normalized Stokes vector at a distance of one wavelength in front of the focus.

Comparison of Figs. 1.4 and 1.6 shows that the first two components of the Stokes
vector describing linear polarization have not changed, and the third has changed its
sign to the opposite. After passing the plane of the focus, the direction of circular
(elliptical) polarization is reversed—for example, in the first quarter, the light in front
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Fig. 1.6 Distribution of the components of the normalized Stokes vector S; (a), S> (b) and S3 (c) at
a distance A before the focal plane

of the focus plane was with left circular polarization, and after focus—with right
polarization. Before the focus, the right circular (elliptical) polarization appears in
the 2nd and 4th quadrants and the left circular polarization appears in the 1st and 3rd
quadrants (Fig. 1.6¢). It agrees with the theoretical prediction based on expression
(1.10). And the change in the direction of rotation of the polarization vector in these
quadrants after passing through the focus also follows from (1.10).

Below we show how the distribution of S5 changes with the distance from the focal
plane. Figure 1.7 shows the intensity distribution (Fig. 1.7a) and the longitudinal
Stokes component S3 (Fig. 1.7b) in the longitudinal plane yz along the z-axis, rotated
by an angle ¢ = 45° (i.e., passing through the §3 maximum in Fig. 1.6).

Figure 1.7 demonstrates that in the focal plane, the light field is linearly polar-
ized. However, directly beyond the focal plane, areas with elliptical polarization are
generated (red areas in Fig. 1.7). It is also interesting that as we move away from the
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Fig. 1.7 Distributions of the intensity and of the third Stokes component in the longitudinal plane
yz along the z-axis (by an angle 45°)
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focus, direction of rotation of the polarization vectors changes to the opposite (blue
areas in Fig. 1.7). Figure 1.7b also shows how the size of the area with elliptical
polarization changes with the distance z.

1.1.3 Modeling the Formation of Circular Polarization Using
the FDTD Method

To check the correctness of calculations by the Richards-Wolf formulas, an additional
simulation was performed using the FDTD method. Focusing of a linearly polarized
plane wave (A = 633 nm) by a Fresnel zone plate with a focal length of f = 500 nm
and a diameter of 7.9 wm was considered. The numerical aperture of such a lens is
NA = 0.99. Focusing was simulated using the FDTD method implemented in the
FullWave software. Note that the FDTD method implemented in FullWave makes it
possible to calculate the values of the electromagnetic field components at individual
moments of time. To calculate the complex amplitude on the basis of individual
instantaneous values of the field amplitudes, the method proposed in [19] was used.
Figure 1.8 shows the distribution of the components of the normalized Stokes vector
at a distance of one wavelength after the focus.

From Fig. 1.8, it can be seen that simulating using the FDTD method confirms
the results obtained using the Richards-Wolf formulas. In particular, Fig. 1.8a shows
that light is predominantly linearly polarized along the y-axis, and Fig. 1.8c shows
that quadrants 1 and 3 contain right-handed circular polarization, and quadrants 2
and 4—Ileft.

Comparison of Figs. 1.4 and 1.8 indicates that although the structures of both
patterns are similar, there are also significant differences. This is because the simu-
lations by the Richards-Wolf method [1] and by the FDTD method [19] were carried
out under different conditions. In the latter case, tight focusing of light was simulated
by passing the light field through a real Fresnel zone plate with a focal length equal
to the wavelength ( f = 1) and with a numerical aperture NA = 0.99. At the same
time, the Richards-Wolf formalism adequately describes the light field at the focus of
an ideal spherical lens if f > A. Thus, the Richards-Wolf formalism approximately
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Fig. 1.8 Components of the Stokes vector S; (a), S2 (b) and S3 (¢) when calculating using the
FullWAVE software at a distance of z = 0.65 pm after the actual focus
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Fig. 1.9 Distribution of the components of the normalized Stokes vector S; (a), S> (b) and S3
(c) for a lens with a numerical aperture NA = 0.6

describes the behavior of light near the focus, whereas the FDTD method, based on
a rigorous solution of the Maxwell equations, adequately describes the behavior of
light at the focus near the surface of the focusing zone plate. Therefore, modeling by
the FDTD method expands the boundaries of the discovered optical phenomenon:
generation of local areas with circular (elliptical) polarization near the tight focus of
light with initially linear polarization.

1.1.4 Reducing the Contribution of Circular Polarization
with Decreasing Numerical Aperture of the Lens

Let us now consider the contribution of reducing the numerical aperture of the lens
to NA = 0.6 (corresponding to a standard 40 x aplanatic lens). The result is shown in
Fig. 1.9. Figure 1.9 shows that the maximum S has decreased by 2 times. And from
Fig. 1.9a, it can be seen that the relative contribution of linear polarization (along the
y-axis) increased significantly: the maximum in Fig. 1.4 was equal to — 0.5, and in
Fig. 1.9a to — 0.92. Recall that for §; = =1, the polarization is completely linear.

1.1.5 Calculation of the Moment of Forces Acting
on a Dielectric Microparticle Near the Focus

Let us calculate a force and a torque, acting onto a microbed from the light field. The
force F and the torque M relative to an arbitrary point A, are equal to [20, 21].

F = —%(a -n)dsS (1.17)
N

M = ff [r x (o -n)]dS (1.18)

N
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Fig. 1.10 Intensity pattern (a) and a spherical bed with radius R = 0.3 pm. The position of the
bed is x, = 0.3 um, y, = 0.3 pm. Shown at the right are a schematic position of the bed (b) and
directions of the positive torques values along x, y and z axis (c¢)

where r is the radius-vector from the point A(x, y, z) to the point of integration on
the surface S, n is an external normal vector to the surface S, A is the point relative to
which the torque M is calculated, and o is the Maxwell stress tensor, the components
of which in the CGS system can be written [22]

2 2

Oik = L<M8ik —El’Ek —Hin> (119)
4 2

where E;, H; are the electric and magnetic field components and §;, is the Kronecker

symbol (8i=k = 1, 5,‘#]( = 0)

Shown in Fig. 1.10 is a simulation result of the torque and force calculation acting
on the spherical microbed.

Calculations show that for the position of the particle x, = 0.3 pm, y, = 0.3 um
the force projections are Fy = 2.79 pN, F, = 3.7 pN, F, = 8.78 pN. The torque
projections are M, = 2.81 - 107" Nm, M, = —5.55 x 107, M, = 1.73 x 107"
Nm. If shift the bed at the position x, = 0.3 wm, y, = —0.3 um, then the result
force projections will be 'y = 2.66 pN, F, = -3.58 pN, F'; = 8.9 pN, and the torque
projections willbe M, = —3.0x 107! Nm, M, = =59 x 107", M, = —1.5x 107"
Nm. Figure 1.10 shows that in the first quadrant the axial moment of forces is positive
(M, =1.73 x 107'%), and in the fourth quadrant the moment of forces is negative
(M, = —1.5 x 107'%). This proves that the longitudinal projection of the SAM is
positive in the first quadrant and negative in the fourth (Figs. 1.8 and 1.9).

In this section, theoretically, using the Richards-Wolf formalism and using two
different modeling methods, it was shown that with sharp focusing of light with linear
polarization in the planes before and after the focus, there are regions that arise in pairs
in even and odd quadrants, and in which light is circularly or elliptically polarized
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(e.g., even to the right and to the odd to the left) [22]. Moreover, after passing through
the focus in these areas, the direction of rotation of the polarization vector changes
to the opposite (in even quadrants, it is now left-handed, and in odd quadrants, it is
right-handed circular or elliptical polarization). This result allows the use of linearly
polarized light to rotate microparticles (the size of the circularly polarized region is
about 0.6 pm by 0.6 wm) around its center of mass. We note that a similar result
has been obtained in [23]. It has been shown that certain structures allow generating
before the focus and beyond the focus two conjugate optical vortices with opposite-
sign topological charges and with longitudinal axial polarization. In our work, we
have not used any additional structures.

1.2 Focusing a Vortex Laser Beam with Polarization
Conversion

When strongly focusing a circularly polarized Gaussian beam, a near-focus orbital
energy flow has been generated thanks to spin-orbital conversion [24-30]. In the
original plane, such a beam has no orbital angular momentum (OAM), only having
a non-zero on-axis projection of the spin angular momentum (SAM) vector thanks
to circular polarization. However, a non-zero longitudinal component of the elec-
tric vector that occurs in the strong focus leads to the generation of a transverse
energy flow, which produces the non-zero longitudinal OAM component. Behav-
ioral patterns of SAM and OAM in the tight focus of optical vortices were studied in
[31-35]. On the other hand, there have been publications concerned with a reverse
energy flow in the tight focus of optical vortices [1, 10, 36, 37] and some laser beams,
like vector X-waves [38], non-paraxial Airy beams [39], Weber beams [40], vector
Bessel beams [41], and fractional Bessel vortex beams [42].

In this section, using Richards-Wolf formulae, we derive analytical relationships
to describe projections of the Poynting vector (the energy flow) and the SAM vector
when tightly focusing a linearly polarized optical vortex with the topological charge
2. In the original plane, all SAM vector components of such a beam are zero, but they
all become non-zero near the strong focus. This can be explained by the effect inverse
to the spin-orbital conversion. Thus, in the case under study, thanks to the orbital-
spin conversion, the original linearly polarized vortex beam generates a circularly
polarized vortex beam in the tight focus. It is important to mention that a vortex beam
with the topological charge (TC) m = 2 has a specific feature—that of generating
an on-axis reverse energy flow in the tight focus (characterized by the negative
longitudinal projection of the Poynting vector). Besides, there will be non-zero on-
axis intensity. At any m > 2, except for m = 1 and m = 2, both the on-axis intensity
of light and energy flow are zero.

We note that for spin-orbital coupling to occur the beam needs to propagate
in a medium and because of this throughout the text below, we use the notion of
spin-orbital conversion. Thanks to the beam rays converging to the focus, there
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appears a non-zero longitudinal projection of the electric field vector that, combined
with the transverse components, produces a transverse energy flow (although the
original energy flow has only a longitudinal component), which, in turn, produces a
longitudinal projection of the OAM vector. In the focus, two transverse projections
of the electric field vector have a relative phase shift of 7/2, generating a circularly
polarized beam, which, in turn, generates the longitudinal component of the SAM
vector.

1.2.1 Energy Flow and SAM in the Strong Focus

Previously, relationships to describe projections of the electric and magnetic fields in
the vicinity of the tight focus of an original linearly polarized optical vortex with an
arbitrary integer TC m have been derived [29]. In this case, a near-axis reverse energy
flow in the focus was shown to occur at any m > 2. However, with the reverse energy
flow being maximal on the optical axis only at m = 2, below, we look into focusing a
linearly polarized optical vortex with TC m = 2. Based on the Richards-Wolf theory
[1], it is possible to derive projections of the electric field vector in the tight focus of
an aplanatic optical system. If the original light field is given by

E = A®9)e™ ((1)) JH = A®0)e™ (?) (1.20)

where E and H are the electric and magnetic field of Jones vectors, projections of
the electric field vector in the focal plane will be given by [29]

vy [ [
E, = le“)(Io,z + ﬁez ha+ ﬁe 2‘/72,0),

. 1 . .
E, = Zezl(p(Eel(lej — —e_”ﬂ]L]), (1.21)

where

0o

I, = (#) f sin"*"! (g) cos3v<§) cos' 2 (0)A0)e" T, (x)do, (1.22)
0

and A is the incident wavelength, f is the focal length of the aplanatic system, x
= krsinf, J,,(x) is the first-kind Bessel function, and NA = sinf is the numerical
aperture. Assuming the initial amplitude A(6) to be a real function, it can be given
by a constant (plane wave) or a Gaussian beam
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2 in2
— 0
A©) = exp<¥) (1.23)
sin” 6
where y is constant. We seek to derive projections of the SAM vector
1 *
S = EIm[E x E| (1.24)

where Im is the imaginary part of the number, E* denotes complex conjugation of the
electric field vector, x—vector multiplication sign. Substituting (1.21) into (1.24)
yields expressions for projections of the SAM vector in the focal plane (z = 0) for
an initially linearly polarized optical vortex (m = 2), Eq. (1.20):

Sx = (11,112,0 - 11,312,4) SiIlgO + (11'112,4 — Ily312'0) sin 3g0,
Sy = _(11,112,0 — 11,312,4) cos @—

— (11,112,4 — 11,312,0) cos3¢p — ﬁIZ,O(ll,l - 11,3) cos ¢,

1
~ (Lo — D.4) (12,0 + hha + V22 cos 2<p). (1.25)

S,
2

From Eq. (1.25), the on-axis longitudinal projection of the SAM vector is seen to
be non-zero and positive:

1
S.r=z=0)= 5130. (1.26)

This means that the light wave in the focus near the optical axis has right-handed
circular polarization (electric vector rotates anticlockwise). From the last equation in
(1.25) the light is also seen to be inhomogeneously polarized in the focal plane. For
instance, light will be linearly polarized on the radii where the inequality I 0 = I 4
holds, because S; = 0. Meanwhile, in the regions where S, < 0, the light wave will
be left-handed circularly polarized. Along the rays in the focal plane outgoing from
the center at angles ¢: 7/4, 3/4, 5m/4, and 7rr/4, alternating polarization states will
occur: being right-handed circular at I, > I3, linear at I3 , = I3 ,, and left-handed
circular at I% 0 < Iﬁ 4~ From the first two equations of Eq. (1.25), it is seen that at ¢
=mn,n=12,...5 =0andatgp =72 +7n,n=1,2,...5, = 0. This means
that in the longitudinal planes yz and xz, light is circularly (or elliptically) polarized
near the strong focus.

Next, let us consider expressions for projections of the Poynting vector (energy
flow) P = %Re [E* x H ] in the focal plane when focusing an optical vortex (m = 2)
with linear original polarization (1.20):

Py =—-Q(r)sing,
Py = Q(r)cos g,
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1
P, = E(Ig,z - 122.4 - 122,0)’
1
o@r) = 5[11,3(10,2 + ha) +La(loz + 1)) (1.27)

From the comparison of (1.25) and (1.27), the focal-plane distribution of the
SAM vector is seen to be radially asymmetric because the original light is linearly
polarized, whereas the distribution of the longitudinal projection of the energy flow
is circularly symmetric. We note that, as is the case with the SAM distribution, the
intensity distribution in the focal plane is also radially asymmetric:

2
I =|E + |E| +|E|* =
=Lo+15,+ 15,420 + 217,
— 21111 3cos ¢ + \/EI().Q(IZ() + 12,4) cos2¢ (1.28)

being non-zero on the optical axis: (/(r = 0) = 122,0)- From Eq. (1.27), it follows
that the on-axis energy flow equals in magnitude the longitudinal projection of the
SAM vector in Eq. (1.26), but opposite in sign:

1
P,(r=2z=0) =—Sz(r=z=0)=—§ 22,0. (1.29)
Hence, we infer that the on-axis energy flow is negative in the focus (being
directed oppositely to the incident light beam). Equation (1.27) also suggests that
the transverse energy flow rotates anticlockwise around the optical axis:

P, =0,P, = Q(r). (1.30)

Directly on the optical axis, the transverse energy flow is zero (P,(r = 0) =
0(0) = 0). Hence, we can infer that in the focal plane near the optical axis both the
transverse energy flow and the polarization vector rotate anticlockwise. However,
as distinct from the zero on-axis value of the transverse energy flow of (1.30), the
longitudinal component of the SAM of (1.26) takes the maximum positive value on
the axis. If an absorbing microsphere centered on the optical axis is placed in the
focus, the longitudinal SAM projection may be expected to make the microsphere
rotate about the optical axis anticlockwise [43].

Below, we demonstrate that if TC of the linearly polarized optical axis changes
sign (m = —2), the on-axis reverse energy flow in the focus will still occur, whereas
the longitudinal SAM component will become negative. Actually, instead of Eq.
(1.21), projections of the electric field in the focus for the initial linearly polarized
optical vortex (m = —2) will be given by

. | 1 :
E, = je2i (10!2 + ECZWIQA + ﬁe_zwbyo),
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. 1 5 1 .
Ey = —e 2 <——621w12,4 + —62“’012,()),

V2 V2

. 1 . 1 :
E, = 26_2”/)(%61(0]1,3 — Ee_wll,l)o (1.31)

Making use of Eq. (1.31), the longitudinal components of the Poynting vector and
the SAM vector can be defined as

1
P, = 5(1(%,2 — I3, — 13,),
1
S, = ) (12,0 — 12,4) (12,0 + L4+ «/510’2 cos 2g0). (1.32)

The comparison of (1.25), (1.27), and (1.31) suggests that when the sign of the
optical vortex is reversed, the longitudinal component of the energy flow vector
remains unchanged and the longitudinal SAM component only changes its sign.
This means that a reverse on-axis energy flow and a negative on-axis projection of
the SAM vector (left-handed circular polarization) occurs in the focus:

1
Pz(r=z=0)=Sz(r=z=0)=—§1§0. (1.33)

Thus, thanks to the effect of orbital-spin conversion, in the focal plane of a strongly
focused linearly polarized optical vortex is observed an on-axis reverse energy flow
and the right-handed (m = 2) or left-handed (m = —2) circular polarization of light.
Notably, the on-axis polarization vector and the transverse energy flow have the same
handedness: anticlockwise (m = 2) or clockwise (m = —2).

The above-described reasoning can be shortly summarized as follows. In the
initial plane, there is a linearly polarized optical vortex, which has only a longitudinal
component of OAM (with the electric field vector having only components in the
original plane (Eq. 1.20), with all SAM vector projections being equal to zero. The
angular momentum vector is known to be composed of the sum of OAM and SAM
vectors and conserve upon free-space propagation [27, 28, 33]. Therefore, thanks to
all projections of the SAM vector becoming non-zero in the tight focus, all projections
of the OAM vector in the focus may also be expected to become non-zero.

1.2.2 Numerical Simulation

In the numerical simulation, an incident beam of wavelength 1 = 633 nm is passed
through an 8-um aperture. The field is described by a linearly polarized plane wave
of unit intensity and a phase vortex with m = 2 (Fig. 1.11), multiplied by a spherical
wave converging at a distance of f = 1.31 um (NA = 0.95):
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Fig. 1.11 a A phase vortex with m = 2 embedded into an incident field and, b the resulting phase
of the initial field containing a spherical wave

E, = exp(i(kf — mp — wt)),
E, =0. (134)

Assuming the above-defined original field, the intensity pattern depicted in
Fig. 1.12 is observed in the focal plane. The FDTD-aided numerical simulation
was conducted using the FullWave software. The calculation was conducted for A/
30 mesh along all three axes, with the initial field containing 601 x 601 pixels. By
taking an odd number of pixels we ensured symmetry of the field relative to the
origin.

Figure 1.12 suggests that in the strong focus of a linearly polarized wave, there is
a0.3 pm x 0.27 wm region (on the x- and y-axis, respectively) where the projection
of the Poynting vector on the optical axis is negative. From Fig. 1.12e, it can also be
seen that in this region a gradual linear-to-circular on-axis polarization conversion
occurs, with the E-vector rotating anticlockwise on and near the axis. On the edges
of this central region, there are two regions where the E-vector rotates clockwise: x
=0,-02pm<y<—0.1 pmand 0.1 pm<y<0.2 wm. Besides, in the distribution
pattern of the Poynting vector, there is a ring of approximate radius 0.66 pm (e.g.,
0.622 pm < x < 0.693 pm at y = 0) in which the Poynting vector projection is also
negative (Fig. 1.12d). Within the ring, linear-to-circular polarization conversion also
occurs, with the E-vector rotating clockwise, as seen from Fig. 1.12e.

Fig. 1.13 depicts a two-dimensional distribution of the SAM vector projection
S, (Eq. (1.24)) alongside its x- and y-axis profiles on the optical axis. The z-axis
projection of the SAM vector is seen to be non-zero and positive on the optical axis
within the region (0.267 pm < x < 0.267 um), (— 0.13 pm <y < 0.13 pm).

An absorbing nanoparticle placed in the field depicted in Fig. 1.12 may be expected
to experience a torque making it rotate around its center of mass thanks to circular
polarization. Shown in Fig. 1.14 is the result of calculating the projection of a torque
M exerted on a 0.3-pm nanoparticle (with refractive index n = 1.5 4 0.3i) relative
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Fig. 1.12 a Intensity, ¢ the Z-axis projection of the Poynting vector in the focus of a linearly
polarized spherical wave containing a phase vortex with m = 2, b, d their respective profiles along
the x- and y-axes, and e polarization pattern in the focal plane at f = 1.31 wm. Ellipse-shaped curves
in Fig. 1.12e depict trajectories of the ends of the rotating polarization vectors, with their origins
found at the ‘ellipse center’. Bold dots mark begins of each single rotation periods. The z-axis is

directed towards the reader
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Fig. 1.13 a Z-axis projection S; of the SAM vector and b its profiles along the x- and y-axes

to the optical z-axis. For a 100-mW incident beam, the numerical simulation was
conducted on a A/30 mesh over the whole field, with a smaller mesh of A/80 utilized
immediately in the nanoparticle neighborhood on all three coordinate axes in the
region — 1.5 pm<x<1.5pum, — 0.65 pm <y <0.65 um, and 0.3 pm <z < 2.3 pm.

From Fig. 1.14, the torque is seen to be maximal at the beam center (x = 0),
making the nanoparticle rotate anticlockwise according to the on-axis polarization
handedness. Then, as the particle is being moved off the center in the positive direc-
tion of the x-axis, the torque decreases and reverses its sign, before again becoming
maximal in the absolute value at a point x = ~0.6 wm and having clockwise hand-
edness (the ring region where S, is negative in Fig. 1.12c,d). From Fig. 1.12e, the
polarization is seen to again become elliptical with the E-vector rotating clockwise,
similar to the torque M, handedness.

In this section, based on the Richards-Wolf theory, we derived analytical expres-
sions for projections of the Poynting vector and SAM vector close to the strong
focus of a linearly polarized optical vortex with TC m = +2 and m = —2 [44]. The

Fig. 1.14 Projection Mz of M.- IO-ZONm
the torque exerted on an ST

off-center microparticle

along the x-axis (x =y =0, 47

z =f). The refractive index 3 |

of the microparticle—n = 1

1.5 4 0.3i, beam power is 24

100 mW

n=1.5+0.3i
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relations derived suggest that near the optical axis in the focal plane there occurs
a reverse energy flow. In the reverse energy flow region, the right- (for m = 2) or
left-handed (m = —2) polarization of light is observed. In the meantime, inhomo-
geneous polarization is found at the periphery of the focal plane, where polarization
is alternating from right-handed circular (or elliptical) to left-handed circular (or
elliptical) and to linear. At the same time, close to the optical axis, the handedness
of the polarization vector rotation coincides with that of the transverse energy flow
rotation: with the both rotating anticlockwise at m = 2 and clockwise at m = —2.
The generation of circular polarization in the reverse energy flow region enables the
latter to be detected. Actually, if an absorbing nanoparticle is placed near the focus
in the reverse energy flow region, the SAM will make it rotate around its center of
mass. With the on-axis transverse energy flow being zero, it will hardly contribute to
the nanoparticle rotation. The handedness of the nanoparticle rotation will be defined
by the TC sign of vortex beam.

1.3 Hall Effect at the Focus of an Optical Vortex
with Linear Polarization

In 1909, Poynting [45] predicted that left-handed circularly polarized light has a spin
angular momentum (SAM), or in short, a spin of — 1, and right-handed circularly
polarized light has a spin of +1. More precisely, he predicted that each photon could
have a spin equal to Planck’s constant: either — % or A. In 1936, Beth [46] proved
this experimentally by showing that when linearly polarized light passes through
a quarter-wave plate, the plate acquires a torque. In 1992, Allen showed [47] that
light, including each photon with a vortex phase described by the angular harmonic
exp(ing), has an orbital angular momentum (OAM) hn, where 7 is the topological
charge (TC). In the paraxial case, SAM and OAM are independent and are preserved
separately during light propagation in free space. However, spin—orbit conversion
(SOC) can occur when light is sharply focused near the focus [33]. At present, a lot
of papers are devoted to the study of SAM, OAM, and SOC [48]. Paper [48] is a
small review on SOC in a tight focus of structured light. In [49], the tight focusing
of radially polarized light was studied. In this work, it is shown that the intensity of
the longitudinal light component at the focus increases with increasing numerical
aperture, and becomes equal to the intensity of the transverse component at a unit
numerical aperture. The Hall effect [50] was investigated at the focus of an optical
vortex with radially polarization [51]. It was shown in [50] that for tight focusing of
an optical vortex with radial polarization the SAM is positive at the focus near the
optical axis if the TC of the vortex is + 1, and the SAM is negative if the TC of the
vortex is — 1. This is the so-called catalyst-like effect. In [51], the authors showed that
when focusing an optical vortex with radial polarization the longitudinal projection
of the SAM vector has different signs at different distances from the optical axis in
the focal plane. This is the radial spin Hall effect. In [52], the 3D SAM was studied
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in the tight focus of an optical vortex with linear polarization. In this study, the force
vector was calculated that will act on an ellipsoidal particle that is in focus. The tight
focusing of an optical vortex with azimuthal polarization was observed in [13]. It
was shown in [13] that when the optical vortex TC sign changes near the optical axis
in the focus, the sign of the SAM longitudinal projection also changes, and therefore
the particle placed in the focus changes the rotation direction around its own axis
and around the optical axis. In [53], the angular momentum (AM) in a sharp focus
of hybrid cylindrical vector beams was studied. It was shown in [53] that, for such
light fields the longitudinal component of SAM is equal to zero at the focus. The
orbital motion of microparticles in a tight focus of optical vortices with circular and
radially polarization was investigated in [54]. In [55], SOC was considered in non-
paraxial beams with hybrid polarization. It was shown in [55] that when light with
a high-order hybrid polarization is tightly focused, regions are formed in the focus
in which the longitudinal components of the OAM and the SAM change signs. That
is, the spin and orbital Hall effects take place. Beams with hybrid polarization in
a tight focus were observed in [56]. It was shown in [56] that when focusing light
whose polarization changes only along the radius, the polarization in the focal plane
will also change along the radius. Linear polarization and elliptical polarization will
alternate, but of the same sign. In [57], the paraxial focusing of Bessel beams with
circular polarization was studied. It was shown in [57] that the sign of the angular
momentum vector will be different on different sides of the light intensity ring in
the beam. The tight focusing of high-order Poincare beams was considered in [58].
In our recent works, we investigated the Hall effect in the tight focus of high-order
cylindrical vector beams [59], beams with hybrid inhomogeneous polarization [60],
Poincaré beams [61], and optical vortices with circular polarization [62]. Another
version of the Hall effect in a sharp focus appears when the center of a vortex laser
beam gravity is shifted at the case of its limitation by a diaphragm [63]. The Hall
effect in the tight focus of an optical vortex with linear polarization has not been
considered before.

We note that the spin Hall effect arises not only in a tight focus, but also when light
is scattered by inhomogeneous structures. Thus, it was shown theoretically in [64]
and experimentally in [65], that when a laser beam with linear polarization is reflected
from a microresonator with Bragg mirrors, four regions with circular polarization
of different signs are formed in the beam. And in [66], it was experimentally shown
that the scattering of a Hermite-Gaussian (HGo ;) beam with linear polarization on
a silver nanowire (AgNW) also gives the spin Hall effect. It was shown in [14] that,
due to the SOC gold particles placed in the tight focus of the Laguerre-Gaussian
vortex beam (LG ;) rotate at different speeds for light with left and right circular
polarization.

In this section, we consider the tight focusing of an optical vortex with an integer
TC and linear polarization. Using the Richards-Wolf theory [1], which accurately
describes light in the vicinity of a tight focus of coherent light, exact analytical
expressions are obtained for the longitudinal components of the SAM, OAM, and
AM vectors in the focal plane for an optical vortex with linear polarization. It is
shown that the longitudinal SAM and OAM components, averaged over the beam
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cross section, are preserved in the initial and the focal planes. It is also demonstrated
that, there is a separation of regions with different signs of the SAM longitudinal
component and regions with different signs of the AM longitudinal component at
the focus. It is found that the AM and the SAM values are independent and sufficient
to describe the light at the focus, while the meaning of the OAM value at the focus
is not clear since the AM is not the sum of the SAM and OAM. However, it is easy
to prove the conservation of the OAM value, while it was not possible to prove the
conservation of the AM.

1.3.1 Components of the Electric and the Magnetic Fields
and the Energy Flux at the Focus

Consider the initial Jones vector for an optical vortex with linear polarization:

1
En(9) = exp(ing) <0> (1.35)

where (1, @) are polar coordinates in the beam cross section, n is the TC and is
integer, the linear polarization vector is directed along the horizontal x-axis. In [64],
the electric and the magnetic fields components in the plane of tight focus for the
initial field (1) were obtained:

n—1
in 2i —2i
E, = ¢ (2o + e hir +e D 0),
n

"o Y .
Ey = Ee’mp (%L s — €D i2),

n_in —i i
Ez =1re ‘p(e (ﬂll,n—l - eg011,11-4—1)7
n

"o .
H, = ) e (6 2w12,n—2 - ezlwIZ,rH—Z)»

n—1
1 . . .
in 2i —2i
Hy - ) € (p(ZIO.n € ¢12,n+2 —¢ wlZ,n—Z)s

H, =i""'e"™ (e7I it + €11 ). (1.36)

Formulas (1.36) include functions /, ,, depending only on the radial variable r:
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[ 9 0
I, = 2kf [ sin"*! (§> cos’ ™" (5) cos'/?(0) x
0

x A(0)e* <0 (krsin6)d6, (1.37)

where k = 2m/X is the wave number of monochromatic light with a wavelength of
A, f is the focal length of the lens, a is the maximum angle of the rays inclination
to the optical axis, which determines the numerical aperture (NA) of the aplanatic
lens NA = sin a, J, (krsinf) is the u-th order Bessel function of the first kind. In
Eq. (1.36) and everywhere below, the indices v and u will take the following values:
v=0,1,2;u=n—-2,n—1,n,n+ 1,n+ 2. A(0) is areal function that determines
the radially symmetric initial field amplitude which depends on the inclination angle
6 of the beam emanating from a point on the initial spherical front and converging
to the center of the focus plane. The description of the light field at the focus using
functions (1.37) was obtained for the first time in the classic study by Richards and
Wolf [1]. Next, we find the components of the Poynting vector:

c
P=_—Re(E*xH 1.38

S Re( ) (1.38)

where E and H are vectors of the electric and the magnetic fields, signs “*” and “x

” mean complex conjugation and vector product, Re is the real part of a complex

number, and c is the speed of light in vacuum. Next, we will omit the constant ¢/

(27). Substituting (1.36) into (1.38), we obtain in polar coordinates at the focus of
field (1.35):

P, =0,
Py, = Q(r),
Po= 320 Bua — Bos)
O(r) = I nrt (lon + Bong2) + Iin—1 (Ton + L2n—2). (1.39)

It follows from (1.39) that the transverse energy flux at the focus of the field (1.35)
rotates counterclockwise if Q(r) > 0 and clockwise if Q(r) < 0. The longitudinal
component of the energy flow at different radii » can be positive or negative. It can
be shown that the total energy of each termin P, at the focus is equal to the expression:
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o0
W, = 2n/ |1, (r)Prdr
0

[ 6 6
= 47f? / sin?*! (5) 00552V<5)|A(9)|2d9 =W, (1.40)
0

Equation (1.40) was obtained using Egs. (1.37) and the orthogonality of the Bessel
functions:
/OOJ e sindry (ks ) 1 6(sin® — sin @)
L (ksin6r)J, (k sin6'r)rdr = 5 7 :
0

It can be seen from (1.40) that the energy (or power) does not depend on the order
of the Bessel function . Applying formula (1.40) to the axial energy flow crossing
the focus (1.39), we obtain:

o0 2
P, = / rdr/d(pPz(r) =Wy —W>
0 0
=W —2W, —2W>. (1.41)

In (1.41) W is the total power of the laser beam. It can be shown that the power
W) is approximately 7 times greater than the power W, (it is exactly greater 7 times
for a = /2 and for IA(6)l = 1). Therefore, the total flow (1.41) is always positive,
although the energy flux density (1.39) at different radii » can be both positive and
negative (reverse energy flux [65]). Equation (1.41) shows that not all of the power
W crosses the focus plane from left to right (in the positive direction of the z-axis).
The part of the power 2W; propagates in the direction perpendicular to the optical
axis and does not cross the focus plane. The part of the power W crosses the focus
plane in the opposite direction. And only the part of the power W flows along the
positive direction of the z-axis. It is interesting that the power ratio (1.41) does not
depend on the TC of the beam (1.35).

1.3.2 The Longitudinal Component of the SAM Vector
at the Focus

Next, we find the axial SAM component which shows the presence of light with
elliptical and circular polarization in the focus. The longitudinal SAM component is
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defined as follows [66]:
S, = 2Im{E*E, } (1.42)

where Im is the imaginary part of a complex number. Substituting (1.36) into (1.42),
we obtain the axial SAM component at the focus for field (1.35):

1
S, = 5(12,n+2 — D) (b2 + bz + 2 c0s(29) o) (1.43)

It can be seen from (1.43) that if the first factor is not equal to zero then there
are 4 regions in the focus plane, where SAM sign is different. Centers of these areas
lie on the Cartesian axes: two regions centered on the vertical axis and two regions
centered on the horizontal axis. If I ,1» — I, ,—» >0, then at ¢ = 0 and ¢ = 7 the
second factor is positive and S, > 0, while at ¢ = 7/2 and ¢ = 3w/4 the second
factor in (1.43) is negative and S, < 0. If, conversely, 15 ,+2 — I».,—2 < 0, then SAM
is positive on the vertical axis and negative on the horizontal axis. The first factor is
equal to zero only in the absence of an optical vortex (n = 0). Thus, it follows from
(1.43) that the spin Hall effect takes place for the field (1.35) at the focus at n 7~ 0. It
leads to the separation of the vectors with left and right elliptical polarizations (with
different spins) from each other and their localization in four regions along in pairs
on the vertical and horizontal axes. Since the axial SAM component in the initial
plane (1.35) is equal to zero (due to linear polarization), then the total spin at the
focus must be equal to zero. Indeed, if we integrate the SAM in (1.43), we get:

00 2
= /rdr/dgpSZ(r, ®)

00 2
/ / d(p 2 n+2 2 n+2 — 2cos 2(/310 n(IZ n—2 — 12,n+2))
0 0

NI*—‘

=5(W2—W2+O)=O. (1.44)

Integration over the entire focus plane of the first and second terms gives the differ-
ence between two identical energies (1.40). The third term depending on cos(2¢) is
zero when integrated over an integer number of the angle ¢ periods. Since the total
spin at the focus is zero, regions with different spins must appear in pairs to cancel
each other out.
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1.3.3 The Intensity and the Longitudinal OAM Component
at the Focus

Next, we find the longitudinal component of the OAM vector at the focus of the field
(1.35). The longitudinal OAM component is equal to the expression [62]:

0 0 d
L.=Im(E'—E, + E'—E, + E'—E. ), (1.45)
dg Y3 10

Substituting (1.36) into (1.45), we get:

— ! 2 2 12
L, {2n15, + 200+ DI, +2(n — DI}, _,

)
+(n+ D30+ (=3, 5 +2cos(29)
x[2(n + DIoulansa + 200 = DI ulo -z — nly y—1y ni1]}- (1.46)

Since expression (1.46) has the form L, = A(r) + cos(2¢)B(r), then it has two
maxima on the horizontal axis at ¢ = 0 and ¢ = 7 and two minima on the vertical
axis at ¢ = /2 and ¢ = 37w/4. It can be shown that the main contribution is made
by terms containing integrals (1.37) with zero first index, that is, expression (1.46)
can be written approximately as follows:

L. ~nlj,, 4+ 2¢cos@)lon((n+ Dh iz + (n — Dl o)
nIO,n (IO,n + 412,n+2 COS(Z(/)))‘ (147)

It can be seen from (1.47) that at ¢ = 0 and ¢ = 7 there are regions with L, >
0 in focus, and at ¢ = 7/2 and ¢ = 37/2 there are regions with L, < 0. That is,
there is a spatial separation of the OAM with different signs at the focus of field
(1.35). Moreover, the location in the focal plane of these 4 regions with centers on
the horizontal and vertical axes correlates with areas of elliptical polarization with
different signs (1.43). It should be noted that in the initial plane (1.35) the OAM
axial component (1.45) is equal to: L, = nW, where W is the total beam power. If
we integrate (1.46) over the entire focus plane, we will get that the terms containing
cos(2¢) disappear since the integration over the angle is performed over an integer
number of periods. Integration of other terms will lead to the expression:
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[ee]

2
= /rdr/dgoLZ(r, ®)
0
o0 2

0
1 JT
— Efmir/ci(p(znl(in+2(n+ DI, +200— DIF,_
0

+ M+ DL, 0+ =25, )

1
=nWo + (1+ DWi + (0 = DWi + (1 + )W,
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The last equality in (1.48) follows from the power balance of the entire beam and
its components at the focus. The balance can be obtained by integrating the intensity
distribution over the entire beam cross section. The intensity distribution at the focus
follows from (1.38) and is equal to:

1 o 2 2
= 5[2107,1 +0L,+0h,,+ 217 Lnt1 T 211 1T

+ 2¢0829) (lo.nl2nv2 + Tonl2n—2 — 211 it 11 1) |- (1.49)

We integrate expression (1.49) for the intensity over the entire beam cross section
at the focus and obtain:

oo 2w
[/rdrd<p 210n+12n+2+12n 2+211n+1
0 0

oo 21

W = / /I(r, @)rdrdp =
00

+217, ) + 2¢08Q20) (lonkansz + Tonlan—2 — 2 nir Ty n1) ]
= Wy + W, 4+ 2W;. (1.50)

| =

—~

In (1.50), Eq. (1.40) and the fact that the integration of the term with cos(2¢) over
the period gives zero are used. It can be seen from (1.50) that the total beam power
is equal to:

W =Wy + W, +2W, (1.51)

Equation (1.51) was used in the last step of (1.48). Thus, we have shown that the
longitudinal OAM component averaged over the beam cross section is preserved for
field (1.35). Preservation of the full OAM during propagation of the beam (1.35) is
the reason for the formation of an even number of regions in the focus, in which the
OAM component has a different sign (the orbital Hall effect).
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1.3.4 The Longitudinal Component of the AM Vector
at the Focus

Next, we compare the longitudinal components of the AM and of the sum of SAM
and OAM. The AM is given by the equation [14]:

J=(@xP) (1.52)

The longitudinal AM component is determined only by the angular component
of the energy flux at the focus (1.39) and is equal to:

J. =rQ(r) = r[Iynp1 (Ton + Lns2) + Tt (TIon + Ion—2) | (1.53)

From (1.53) it can be seen that the AM longitudinal component on the optical axis
is always equal to zero, since the “leverage” is equal to zero. We compare expression
(1.53) with the sum of SAM (1.43) and OAM (1.46) for field (1.35) in the focus:

1
S.+L, = E{M&" +2(n+ DIT, + 20— DIf,_+

+(n+ DI, 0+ (0= DI, +2cos(2p) x
X [(4l’l + 3)1(),n12,11+2 + (4n - 3)1(),1112,11—2 - 2’111,;14—111,11—1] } (154)

Comparison of (1.53) and (1.54) shows that the AM is not equal to the sum of the
SAM and OAM. For example, the angular momentum (1.53) is radially symmetric
and does not depend on the angle ¢, while the sum of SAM and OAM (1.54) depends
on the azimuth angle as cos(2¢). Therefore, there must be a third term X, which
must be added to the sum (1.54) in order for the equality to hold:

J.=S,+L +X. (1.55)

Several questions arise from this information. What is transferred to the particle
and causes it to rotate along a circular path: AM (1.53) or OAM (1.46)? And what
should be called the orbital Hall effect: separation of regions with different OAM
signs (1.46) or AM signs (1.53)? Most likely, the orbital Hall effect is determined by
the different direction of the transverse energy flow (1.39), since the transverse flow
“catches” the microparticle and forces it to rotate along the “orbit” [1]. Therefore,
the AM, which is proportional to the transverse energy flux Q(r), is responsible for
the rotation of the particle along a circular trajectory.
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1.3.5 Physical Meaning of the Third Term in the Equation
Jor the AM

In this section, we will show that the terms SAM and OAM in (1.55) are artificially
formed, and that only two characteristics are sufficient for the light field. These
characteristics are SAM and AM, which are not related to each other. We start with
the definition of the AM (1.52) and write out explicitly the quantities included in it:

J=@xP)=In(rx (E* x (VxE)) (1.56)

In (1.56), all dimensional constants are omitted. Further, for definiteness, we
consider obtaining the longitudinal component of the SAM vector in Cartesian
coordinates. From (1.56) we get:

JoE, 0E, oF oFE,
J. =Im{x[E} ) 4 =22
dy ox S\ oy 9z
o (PEr OB\ (0E:OE
AT \ox oz
J0E, _OE. _OE, _ 0E,
=Im|x(E* 2 B gl

T 0y dy T ox 3

J0E, _OE. 0E, _ 0E,
—E=2 +E —E —E . (1.57)

T ox “ox Y 9y * 0z

Let us write in a general form the expression for the OAM longitudinal component
(1.45), but using Cartesian coordinates:

L Im| E? 9 9 E.+E; 9 9 E
= x— —y— |Ex (x— —y— )E,
< “\U dy e Y\ dy Yox )™

+ (52 Ne| =1 g g 0B
X— —y— =Im|x -— -
“\U oy yax ¢ T 9y 7y
IE IE JE, E.
Ef—)—y|lEf—+E—+E"—||. 1.58
+Z8y) y<x8x+)8x+7’8x (1.58)

Comparing (1.57) and (1.58), there are four terms at x and y in (1.57) and three
terms at x and y in (1.58). Therefore, in order to form in (1.57) a separate term as in
(1.58), we add and subtract two terms in (1.57). Then instead of (1.57) we get:

9E, _OE. | _OE, _9E,\  9E, _ 9E,
Jo=Imlx(E 4B (B B B B
dy dy 7 9y 7 9y ox © 9z

et g [ 0B BN OB LGEN]
T\ 5 ox © 0x Y ox < ox Y 9y oz )T T
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The added terms in (1.59) are marked with triangular parentheses. They do not
change the value of the expression (1.57). Now in (1.59) we group the terms in order
to explicitly separate the term equal to L, (1.58):

OE OE 9E
J.=L —Imx|E*—2 +E— + Er -2
¢ < [x< < 9x Y 9y © 0z

o 0B | 0B O 160
N Ty TR )| '

Next, we add and subtract in (1.60) the SAM longitudinal component (1.42) and
get:

dE, dE )2
J.=L.+S, —Im[x (Ej;a—x’ +E;:a—yy +E;8—Zy)

gr0E | B | g9 +<E*E EE>
I\ Ty T by T By B

=L, +S,+X.. (1.61)

Thus, from (1.57) we have obtained (1.55). In (1.61), the difference between the
two terms in small triangular brackets is equal to the SAM with the opposite sign.
That is, OAM and SAM in the expression for AM are artificially formed by adding
and subtracting additional terms. As a result, the third term X, appeared, which
has no meaning in the general case. Although in some cases it can be attributed
a certain meaning. For instance, if L; 4+ S, = 0, then the term X is equal to the
angular momentum of the light field (X, = J,). The conclusion from this subsection
is presented below. The orbital Hall effect occurs at the focus when the regions with
the AM longitudinal component of different signs are separated, that is, the regions
appear with a different direction of the transverse energy flow rotation. The spin Hall
effect occurs at the focus when the regions with the SAM longitudinal component
of different signs are separated from each other, that is, the regions in which the
polarization vector rotates in different directions are separated.

1.3.6 Simulation

Figure 1.15 shows the distributions of the intensity, as well as the densities of the
SAM, the OAM, and the AM of the beam (1.35) in a tight focus atn = 1 (Fig. 1.15a—
d), n = 3 (Fig. 1.15e-h), n = 5 (Fig. 1.15i-1). Figure 1.15 confirms formula (1.43),
according to which the maximum and minimum values of the SAM density are
achieved on the Cartesian axes. Figure 1.15 also confirms formulas (1.43) and (1.47),
according to which the OAM density is symmetric with respect to the Cartesian axes,
and the AM density has radial symmetry.
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Fig. 1.15 Distributions of the intensity (a, e, i), the SAM density (b, f, j), the OAM density (c, g,
k), and the AM density (d, h, 1) of the beam (1.35) in a tight focus atn = 1 (a—d), n =3 (e-h), n =
5 (i-1) and with the following calculation parameters: wavelength A = 532 nm, focal length f =
10 wm, numerical aperture NA = 0.95, the size of the computational domain is 4 x 4 wm?. The
scale mark in all figures means 1 pm. The numbers on the color scales below each figure indicate
the minimum and maximum values

It follows from Fig. 1.15 that the spin Hall effect occurs at the focus (Fig. 1.15b,
f, j), when four local regions with positive and negative (approximately equal in
absolute value) SAM are formed at different radii in the focal plane. The orbital Hall
effect also takes place at the focus (Fig. 1.15d, h, ). However, firstly, it is radial, and,
secondly, it is weakly expressed, since the positive AM distributed over a ring of the
one radius is much larger by modulus of a negative AM distributed over a ring of
another radius. In Fig. 1.15d, h, 1, the blue ring with the negative AM is not visible,
but the value of the negative AM is shown on the horizontal color scale.
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Fig. 1.16 Dependence of A
the intensity and of the
longitudinal component of
the Umov-Poynting vector. 600
ynung )
integrated over the transverse 500 J‘ ,[I dxdy
plane, on the distance to the
focus z. The upper curve is 400
the total intensity (power),
the lower curve is the total 300 [P S S S S S S S——y
longitudinal power flow. J' .[ P.dd
Calculation parameters are 200 z i3
the same as in Fig. 1.15
100
0
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Figure 1.16 illustrates the dependences of the total intensity (power) and the total
longitudinal power flux on the distance to the focus.

The graphs show the curves for n = 1 and n = 3, but they are almost coincide
with each other. It was assumed that the distribution of the focused light is uniform
(IA(®)I = 1). In this case, the total energy is 27f > &~ 628 pm?. Numerically obtained
values are approximately equal to [ [Idxdy ~ 600 jum?. The theoretical value of the
total longitudinal power flow is mf? & 314 wm?. Numerically obtained values are
approximately equal to [ [P,dxdy ~ 310 pm?.

Figure 1.16 confirms formula (1.51), according to which the total light energy
(power) should be equal to 2nf? (at « = /2 and 1A(0)l = 1) and formula (1.41),
according to which the total longitudinal power flow should be equal to f 2. That
is, the representation of the longitudinal power flow through the forward flow, the
perpendicular flow, and the reverse flow is also confirmed.

1.3.7 Discussion of Results

In this section, we have shown that the longitudinal SAM and OAM components
averaged over the focus plane for an initial optical vortex (with arbitrary radially
symmetric real amplitude) with linear polarization are preserved separately. However
it is not true in any cases. For example, if we consider the tight focusing of an
optical vortex with circular polarization [62], then the averaged axial SAM and
OAM components are not conserved. Instead, only their sum is conserved. Indeed,
the density of the longitudinal components of the SAM and OAM vectors at the focus
of an optical vortex with right-hand circular polarization

1 1
E@,¢) = ﬁ exp(imp)(l_> (1.62)
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have the form, respectively:

S. =15, — 15,5, (1.63)

L.=nly,+n+2L, ,+20+ DI}, (1.64)

We integrate both of these quantities (1.63) and (1.64) over the plane of the focus
and get:

[ee) 2
S, = / rdr f deS,(r, )
0 0
00 2
- / rdr / do(I5, — I3 1ia) = Wo — Wa), (1.65)
0 0
o) 2
L. = / rdr / doL.(r, )
0 0
[e's) 2

_1 2 2 >
=3 rdr d(p(nIO’n +(+2),,,+20n+ 1)11’,”1)
0 0
And the sum of (1.65) and (1.66) is equal to:
S.+L.=mn+DHW. (1.67)

We obtain the following expressions for the SAM and the OAM in the initial
plane:

S.=W,L,=naW,8,+L, = m+DHW. (1.68)

It can be seen from (1.67) that in the initial field for an individual photon, the sum
of the spin and the OAM for the beam (1.62) was equal to S, + L, = (n+ 1)k while
for the entire beam it was S. + L. = (n+ 1)W. During focusing the total spin of the
beam (1.62) decreased in the focal plane, while the total OAM increased in it:

>

=Wy —Wa) =W = 2(W, + Wy),
=nW 4+ 2(W, + Wy). (1.69)

(3]
|

!dh)
|
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This effect is called SOC [33]. So, if the initial field (1.35) has no spin (no SAM),
then there is no SOC in the focus and the total spinis zero (1.44): S . = 0. However, the
spin Hall effect (1.43) can be formed at the focus. The OAM for the field (1.35) is also
preserved (1.48) and is equal to L. = nW, and there is an orbital Hall effect (1.46),
(1.47) at the focus. If there is SAM (1.63) in the initial field (1.62), then due to SOC
it is not kept in focus, but decreases, according to (1.69), partially converting into
OAM. The beam (1.62) also has the spin and the orbital Hall effects [62]. However,
both of these effects are radial, i.e., the sign of the SAM and the OAM is different at
different radii from the optical axis.

In this section, the following results are obtained. It is shown that during tight
focusing of an optical vortex with an arbitrary radially symmetric amplitude function
and with linear polarization the distribution of the SAM axial component (1.43) in the
focal plane depends on the azimuthal angle ¢ as cos(2¢), and, therefore, for TC n # 0
the spin Hall effect takes place at the focus [67]. This effect leads to formation of two
regions on the vertical and horizontal axes in which the polarization vector rotates in
different directions (clockwise and counterclockwise) and SAM has different signs.
Similarly, it is derived that the OAM axial component (1.46) depends on the azimuth
angle ¢ as cos(2¢) at the focus. However, we cannot call these four regions with
different signs of the OAM longitudinal component a manifestation of the orbital
Hall effect, since we do not know how the transverse energy flow behaves in these
regions (changes the direction of rotation or not). It is also demonstrated that the
transverse energy flux rotates in the plane of focus in opposite directions at different
radii from the optical axis (1.39). Such a distribution of the transverse energy flux
at the focus can be called the radial-orbital Hall effect, since the energy flux will
rotate dielectric microparticles trapped at different radii at the focus clockwise or
counterclockwise (the angular tractor [1]).
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Chapter 2 )
Spin Hall Effect at the Focus for Light e
with Circular Polarization

2.1 High-Order Orbital and Spin Hall Effects in a Tight
Focus of Laser Radiation

The Hall effect in optics and photonics has been known since 2004 [1]. In [2, 3],
the theory of the Hall effect for light was developed. In [4, 5], the Hall effect in
optics was experimentally discovered. There are several reviews on the Hall effect
in photonics [6, 7]. In optics, the role of electrons with different spins is played by
photons with left or right circular polarization. Therefore, instead of the quantum
Hall effect, which consists in the spatial separation in the magnetic field of particles
with different charges and different spins, the Hall effect in optics is reduced to the
spatial separation of light beams with different directions of circular polarization
(left and right) or is reduced to the spatial separation of light beams with an orbital
angular momentum (OAM) of different signs. The first case is the spin Hall effect [8,
9], and the second one is the orbital Hall effect [10, 11]. Usually, the Hall effect in
optics is observed when light is reflected from the interface between media [11], or
when it passes through multilayer media [4], crystals [12], or metalens [13]. There
are almost no publications on the Hall effect in a tight focus of laser light [14, 15].

In this section, using the Richards-Wolf method [16], it is theoretically and numer-
ically shown that in the tight focus of a vortex laser beam with linear polarization, as
well as in the tight focus of a vortex-free beam, which is a superposition of beams
with azimuthal polarization of the m-th and zero orders, high-order spin and orbital
Hall effects are taking place.
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2.1.1 The Spin Hall Effect in the Focus of an Optical Vortex
with Circular Polarization

We consider a tight focusing of an optical vortex with a circular polarization. In
[17], the projections of the electric field of an optical vortex with circular and linear
polarization were obtained, but no expressions were obtained for the longitudinal
projection of the spin angular momentum (SAM), which indicates the presence of
circular (or elliptical) polarization in tight focus. In this section, we will obtain an
expression for the longitudinal projection of the SAM for an optical vortex with
topological charge m and circular polarization. We consider the initial light electric
field with the next Jones vector:

g = A (] @.1)
2 oil’ )
where o = 1 is right circular, o = —1 is left circular and o = 0 is linear polarization.

For convenience, we take the projections of the electric field near the tight focus of
the aplanatic optical system from [17]:

sm+1
Ex = __eimq) (IO m + )/+ei2(p12 m+2 + y—e_i2¢12 m—Z),
V2 ’ ’ ’
"o ( 2 2 )
E, = —=e"(olom — v+ b2 +v-e " 2),
E, = —2Eelmw(7/+ewl1,m+1 —y_e L ), (2.2)

where

0

4 i 0 0
L, = (Lf> / sin"*! (—) cos3_”<—) cos'/2(9)
) 2 2
0
AB)e™cs0], (x)d6, (2.3)

In these equations, f is the focal length of the aplanatic system, A is wavelength,
NA = sin 6 is numerical aperture, J,,(x) is the first kind Bessel function of the u-th
order, x = kr sin 0, (r, ¢, z) are cylindrical coordinates, y+ = (1 £ 0)/2, k is wave
number. The functions of Gauss, Bessel-Gauss or a constant value (plane wave) can
be used as A(6). The spin density vector or the SAM vector is given by:

1
S = ——Im(E % xE), 2.4)
l6rw
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where w is the cyclic frequency of light. Further, the constant 1/(16ww) will be
ignored. It can be seen from (2.4) that the longitudinal component of the SAM
(without taking into account the constant) coincides with the unnormalized third
component of the Stokes vector s3:

53 = 8. = 2Im(EEy). (2.5)
Substituting the projections of the electric field (2.2) into (2.5), we obtain:

SZ = (O-I(im - y42122,m+2 + 7/3122,m72)
+¢0529) (Ve bomsa(@ — 1) + y-lona(o + 1)). (2.6)

The next expression for the SAM longitudinal projection of the an optical vortex
with right circular polarization (6 = 1,0 = 1, y? = 1, 2 = 0) follows from (2.6):

Ser =150 — I3 pin- 2.7)

It can be seen from (2.7) that near the optical axis S, > O (right circular polar-
ization), since I, > I3 .. and there will be left circular polarization on those radii
where Ig,m < IZZ,m 42> since S;; < 0. Separation of left and right polarizations at
different radii from the optical axis is a demonstration of the radial spin Hall effect.
It is interesting that the Hall effect will also appear for a vortexless beam (m = 0).
For the initial left circular polarization, from Eq. (2.6) instead of (2.7) we obtain
(c=-1y}=0,y2=1):

See =I5+ 13,0 (2.8)

It follows from (2.8) that at m = O near the optical axis S, < 0 (left circular
polarization), since Ig, > I3 _, = I3 ,, and there will be right circular polarization
on those radii where I&,o < 122,2, since S, > 0. At m # 0 it is impossible to say
unequivocally what polarization will be near the optical axis. For example, at m = 2
instead of (2.8) we can write S._ = —I§,+13, > 0. That s, although the initial field
had left circular polarization, the focused field will have right circular polarization on
the optical axis. Such an anomalous behavior of the polarization is due to the fact that
at m = 2 the energy flux (Poynting vector) has a negative longitudinal projection near
the optical axis, i.e., there is a reverse energy flow [18]. The alternation of directions
of the polarization vector rotation (the Hall effect) depending on the radial variable
also takes place for vortex fields with an initial left circular polarization.
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2.1.2 The Spin-Orbital Hall Effect in the Focus of an Optical
Vortex with Linear Polarization

In this subsection, we consider a vortex field with linear polarization along the x-axis.
In this case, the longitudinal component of the SAM vector does not have circular
symmetry (o = 0, yf =y2=1)

1
S = E(lz,m—z — D i2) o=z + I 2 + c08Q29) 1o ). (2.9)

For definiteness, we write (2.9) form = 1

1
Sa1 = —5(12,1 +5L3) (=L + L3+ cose)lp ). (2.10)

It follows from (2.10) that at ¢ = 0 and ¢ = 7 the longitudinal component of the
SAM is negative near the optical axis (it is equal to zero on the optical axis) S,z < 0,
and at ¢ = /2 and ¢ = 3n/2 it will be positive S;z; > 0, since (Io.1 + 3) >
0,(=I1 + I3 — Ip1) < 0. It should be noted that according to (2.9) there will
be linear polarization in the entire focus plane at m = 0 (non-vortex light), since
S.z0 = 0. This means that the presence of a minimum optical vortex (m = 1) in a
beam with linear polarization leads to the formation of 4 subwavelength regions in the
focus, in which the polarization changes its sign: the left circular polarization in two
regions and the right circular polarization in the other two areas. This distribution of
the spin in the focus is another variation of the spin Hall effect. We will show further
that simulation confirms theory prediction.

2.1.3 The Spin-Orbital Hall Effect in the Focus
of a Superposition of a Cylindrical Vector Beam
and a Beam with Linear Polarization

The Hall effect for the superposition of a beam with m-th order radial polarization
and a beam with linear polarization along the horizontal axis was shown in [19].
Both beams should be in same phase. It was shown in [19] that, although the initial
field of such a superposition has zero longitudinal projection of the SAM (there is no
spin), 2m subwavelength regions with different rotation directions of the transverse
energy flux (clockwise or counterclockwise) are formed in the focus for odd m. In
this section, we show that the superposition of the beam with m-th order azimuthal
polarization and linearly polarized field in antiphase produces a non-zero longitudinal
component of the SAM in the focal plane. In this case, local regions with the opposite
rotation direction and polarization, and the transverse energy flow are formed in the
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focus for an even number m. It is a demonstration of the spin-orbital Hall effect in
the focus.
We propose the initial light field with a Jones vector of the form:

_ — sin(mg) B — sin(me) {0 .
E _A(G)(l_a —i—cos(mga)) _A(9)|:<cos(mg0) ) + m( 1):|, Ima=0. (2.11)

It can be seen from (2.11) that the initial field is an axial superposition of the
light field with m-th order azimuthal polarization [20] and linear polarization along
the y-axis. Further, using the formalism of Richards-Wolf [16], projections of the
electric and magnetic fields vectors in the tight focus of the aplanatic system for the
initial beam (2.11) can be obtained:

E, = " (Io,n sin(m@) + b u—s sin((m — 2)p)) + al» > sin(2¢),

E, = ="' (Ip .n cos(mg) — I yu—s cos((m — 2)9)) + a(lo.o — b2 cos(29)),

E, = =2i"I| 1 sin((m — 1)) — 2ial, ; sin(p),

H, = i"*! (Io,m cos(me) + Ip ;2 cos((m — 2)(p)) — a(lo,o + 5o cos(2<p)),

Hy = " (Io pn sin(me) — b u—s sin((m — 2)p)) — al» > sin(2¢),

H,s = =2i"I, ;y—1 cos((m — 1)) + 2ial; | cos(p). (2.12)

The axial projection of the SAM vector (2.5) for the field (2.12) in the focus can
be written as:

2a(—DP[sin(me) (lo.olon — L2.212.m—2)
S. =1 +sin((m — 2¢)(lo.ol2n—2 — h2lom) ], m = 2p, (2.13)
Oom=2p+1,p=0,1,2, ...

It can be seen from (2.13) that the SAM longitudinal projection of the field (2.11)
in the focus is non-zero only for even numbers m, provided that the real parameter
a is non-zero. The expressions in parentheses in (2.13) is a constant on a circle with
radius r and center on the optical axis, since all functions [, , depend only on the
radial variable r. Therefore, the SAM projection changes sign 2m times around this
circle. That is, there will be 2m local regions in the focus plane in which the elliptical
(or circular) polarization changes the rotation direction. There will be right circular
polarization in those areas where S, > 0 and there will be left circular polarization in
those areas where S, < 0. Thus, the regions with right and left elliptical or circular
polarization are separated in the focus of the field (2.11) with even m. This is a
demonstration of the spin Hall effect of the m-th order.

Further we show that the orbital Hall effect of the m-th order also takes place
in the focus of the field (2.11). To do this, using the projections of the electric and
magnetic fields (2.12), we calculate the Poynting vector transverse projections
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c

P = - —Re(E x xH). (2.14)

T

where E and H are vectors of electric and magnetic fields, * is complex conjugation,
% is vector multiplication, c is the light speed in vacuum. Further, we will ignore the
constant ¢/(2m). Substituting (2.12) into (2.14), we obtain transverse projections of
the energy flux vector:

2a(—1)"[cos((m — Do) (I, 112,m—2 — To.0l1,m—1)

P, = +cos((m+ Do) (Lalim-1 — Lilom)]. m = 2p,
Oom=2p+1,p=0,1,2,3,...

2a(—D)?[—sin((m — D)) (I 1la.m—2 — lo.o]1.m—1)

Py =1 +sin((m+ Do) (L2l w1 — Iiilom) ], m = 2p, (2.15)
Oom=2p+1,p=0,1,2,3,...

It follows from (2.15) that, both projections of the Poynting vector change sign
2(m + 1) around a circle of some radius centered on the optical axis when the
expressions in parentheses are constant. This means that the centers of 2m local
subwavelength regions, in which the transverse energy flux will rotate along a closed
trajectory, will lie in focus on a certain circle centered on the optical axis. Moreover,
the rotation will be directed in different directions (clockwise and counterclockwise)
in neighboring regions. Thus, we have shown that, transverse energy fluxes rotating
in different directions are separated in the tight focus of the field (2.11). That is, there
is an orbital Hall effect of the m-th order.

2.1.4 Simulation

Hall Effect in the Focus of an Optical Vortex with Linear Polarization

The focusing of an optical vortex with a unit topological charge (m = 1) and linear
polarization along the x-axis was simulated by the Richards-Wolf integral method
[16]. The wavelength is A = 532 nm, numerical aperture of aplanatic objective is NA
=0.95.

It can be seen from Fig. 2.1 that the spin density has the form of a Maltese cross,
in the upper and lower parts of which there is a right circular (elliptical) polarization,
since S, > 0, and in the left and right parts of the cross there is a left circular (elliptical)
polarization, since S, < 0.

Hall Effect in the Focus of a Beam with Hybrid Polarization

Using the Richards-Wolf formulas, the focusing of a beam (2.11), which is a super-
position of a cylindrical vector beam of the m-th order and a plane wave with linear
polarization along the y-axis, was simulated. The wavelength is A = 532 nm, order
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Fig. 2.1 Distribution of the SAM longitudinal component S in the focus of an aplanatic objective
with NA = 0.95 illuminated by an optical vortex (;n = 1) with linear polarization along the x-axis

of azimuthal polarization is m = 4, parameter a is equal to 1. Focusing was proposed
by a flat diffractive lens with a numerical aperture NA = 0.95.

Figure 2.2a shows the beam intensity (2.11) in the focus. It can be seen that the
focal spot is an ellipse extended along the direction of the polarization axis y. Also,
the intensity in Fig. 2.2 has 6 side lobes determined by the longitudinal component
(Fig. 2.2¢). The transverse intensity distribution (Fig. 2.2b) has 2m = 8 isolated
intensity nulls (the energy flux is zero at these points). The transverse energy flow
rotates along a closed trajectory (Fig. 2.3)) around these zeros.

Figure 2.3 shows the intensity distribution (same as in Fig. 2.2a) and the direction
and magnitude (marked by arrows) of the transverse energy flux P.e, + Pye,, where
ey, e, are unit vectors along Cartesian coordinates in the focus plane. It can be seen
from Fig. 2.3 that 2m = 8 local subwavelength regions with a diameter of 200-
300 nm are formed in the focus. The centers of these areas lie on a certain circle
drawn around the optical axis and passing through the intensity zeros surrounding the
focal spot. In each of these regions, the transverse energy flow rotates along a closed
trajectory. The direction of rotation is different in neighboring regions. That is, the
OAM axial projection has a different sign in neighboring regions. Such a separation
in space of transverse energy flows rotating in different directions is a demonstration
of the orbital Hall effect of the 4-th order.

In this section, using the Richards-Wolf formalism, which adequately describes
the behavior of a vector light field in a tight focus, if the focal length is much
greater than the wavelength, it is shown that in the focus of an optical vortex with
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Fig. 2.2 Distribution of the total intensity for the initial field (2.11) I = |Ex|2 + !E‘ |2 + |E; |2 (a),

and its components: transverse |EX|2 + |Ey ‘2 (b) and longitudinal |E, \2 (¢) in the focus plane (m =
4,a=1)

circular polarization there will be circular polarizations of different signs (left and
right circular polarizations) at different radii from the optical axis [21]. That is,
photons that fall into focus at different distances from the optical axis will have
different spins: either left circular polarization or right circular polarization. Such
an effect can be called the radial spin Hall effect. It is also shown by using the
Richards-Wolf formalism that four local subwavelength regions about 200 nm in
size (the wavelength is 532 nm, numerical aperture is 0.95), in which the spin is
directed in different directions in neighboring regions, are formed in the tight focus
of an optical vortex with a unit topological charge and linear polarization. That is,
in two vertically adjacent areas, the longitudinal projection of the SAM is positive
(right elliptical polarization), and in two horizontally located areas, the longitudinal
projection of the SAM is negative (left circular or elliptical polarization). Such a
spatial separation of regions with different spins in the focus can be called the spin
Hall effect of the 2-th order.
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It is also shown that in the tight focus of the superposition of a cylindrical vector
beams with m and zero orders, 2m local regions are formed, in neighboring of which
the transverse energy flux rotates in different directions. That is, the OAM longitu-
dinal component has different signs in neighboring regions. This is the orbital Hall
effect of the m-th order.

These effects arise in the focus due to the conservation of the angular momentum of
the beam and due to the spin—orbit conversion. In the first example (an optical vortex
with linear polarization), the SAM is zero in the initial plane and the SAM is also zero
at the focus. However, in this case an even number of local regions are formed in the
focus, in which the SAM is non-zero and has different signs in neighboring regions.
In this case, the Hall effect was formed due to the orbital-spin transformation. In the
second example (superposition of non-vortex cylindrical beams of the mth and Oth
orders), the OAM is equal to zero and the SAM is non-zero in the initial plane. It
the focus, 2m regions are formed, in which the OAM is non-zero and has different
signs in neighboring regions. The total OAM in the focus is still zero. In this case,
the Hall effect appeared due to the spin-orbital conversion.

2.2 Spin-Orbital Transformation in a Tight Focus
of an Optical Vortex with Circular Polarization

In modern optics, many optical effects are based on the interaction between the
polarization of light and the vortex phase of light. A review on spin—orbital conver-
sion (SOC) (interaction, coupling) in photonics can be found in [22]. By SOC, we
mean the ability of light with circular polarization to create a rotation of the trans-
verse energy flow. The spin—orbital transformation underlies the spin Hall effect in
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an inhomogeneous medium [23], upon reflection from the interface between two
media [1-3], tight focusing [21, 24-27], light scattering [28-30], and while light
transmission through waveguides [31-33], anisotropic crystals [34, 35], metasur-
faces [36-38], and in nanostructures [39—41]. Due to SOC, excitation of optical
vortices was observed in the nanodisk laser when the disk was excited by light with
circular polarization [42]. The spin Hall effect was experimentally observed as a
submillimeter Imbert—Fedorov shift when light was reflected from the surface of a
birefringent symmetric planar waveguide with a metal shell [43]. Light in free space
demonstrates an intrinsic quantum spin Hall effect when surface modes with strong
spin—momentum locking are formed [44]. A review of works on SOC in optics is
presented in [45]. Due to SOC, when light with linear polarization is reflected from
twisted few-layer hyperbolic metasurfaces, two shifted beams with circular polariza-
tion of different directions are formed [46]. In this case, when a beam with circular
polarization propagates at an angle to the optical axis, then the transverse flow of the
Poynting vector through a plane perpendicular to the optical axis will be displaced
or separated. In [47], this phenomenon was called the geometric spin Hall effect.
If a paraxial vortex beam with cylindrical vector polarization is limited by a sector
diaphragm, that is, the circular symmetry of the beam is broken, then regions with
left and right circular polarization appear in the transmitted beam [48]. The spin Hall
effect also arises if a radially polarized laser beam passes through a sector diaphragm
[8]. Then, regions with left and right circular polarization will be formed in the beam
after passing the aperture. In the works listed above, the question of what part of
the spin angular momentum (SAM) is transferred to the orbital angular momentum
(OAM) is not considered. SAM is the spin density in the cross section of the light
beam. Light with linear polarization has no spin, i.e., SAM is zero. However, light
with circular polarization has a maximum spin denseness, that is, SAM is equal to the
power of the beam. The normalized to beam power SAM of circularly polarized light
is plus one for right-hand polarization and minus one for left-hand circular polar-
ization. The normalized SAM of light with elliptical polarization is less than one.
OAM is a value that indicates the presence of a vortex energy flow in the beam. The
normalized to the beam power OAM of vortex laser beams is equal to the topological
charge. Therefore, spin—orbit transformation occurs when circularly polarized light
that has SAM is converted into light with a vortex energy flow that has OAM.

SOC is a universal physical phenomenon and is present in many processes. For
example, it is known that due to SOC, no collapse occurs during Bose—Einstein
condensate [49]. That is, due to SOC, the initial Gaussian quantum state does not
decrease to zero in a finite time, but transforms into a vortex state and increases in
size with time.

In this section, within the Richards-Wolf formalism, exact formulas are obtained
for the case of sharp focusing of a circularly polarized optical vortex. Here, we
proposed right-hand circular polarization. These formulas show what part of the
total longitudinal SAM transforms into the total longitudinal part of the OAM in the
focus. It is also shown that the maximum part of the SAM that can convert into the
OAM is equal to half of the beam power.
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2.2.1 The Denseness of Lengthwise Projections of the SAM
and OAM

The Jones vector for the electric and magnetic fields of the source beam have the
form:

Af;? exp(imﬁ)(E),H(w, D) = AW)

E(W,9) = /3

exp(im®) ( l_l) (2.16)

where A(v) is an amplitude of the radially symmetric launch field, (p, ¥) are polar
coordinates in the cross section of the light beam, p = fcosy, f is a focal length of a
spherical lens. Figure 2.4 shows the optical scheme, which is studied in this section.
The light beam from the laser acquires a linear polarization after the polarizer P,
and enters the light modulator SLM. The modulator has a transmission in the form
of a diffraction grating with a fork. The number of teeth at the fork is equal to the
topological charge of the optical vortex, which is formed after SLM. After a quarter
wave plate, the optical vortex acquires circular polarization. Aperture D cuts out the
working + 1 order of diffraction that is formed by the grating. A microobjective
focuses light onto a CCD-camera. Thus, the diagram in Fig. 2.4 makes it possible
to register the distribution of light intensity in the focus of the light field (2.16). In
Fig. 2.4, for definiteness, a wavelength of 633 nm is used. Simulation results will
be also given for this wavelength, but the effect of spin—orbital transformation takes
place for any wavelength.

The phase distribution in the form of a grating with a fork (shown in the inset)
is generated in the modulator window. The formula after the quarter-wave plate
describes the transverse components of the field (2.16).

The amplitudes in the proposed launch field (2.16) are given for right-hand circular
polarization. At the source, the lengthwise projection of the SAM S, = ZIm(E;‘Ey)
of the field (2.16) is equal to S, o = A?(v), and the total spin in the source plane is

I
— oo

Laser P, ] A4 L,

b
—
+1

L D 01 CCD
SLM
Fig. 2.4 Optical scheme: laser with a wavelength of 633 nm; Py, P, are polarizers; SLM is
liquid crystal light modulator; A/4 is quarter-wave plate; Ly is spherical lens; D is aperture: O
is microobjective with a numerical aperture NA = 0.95; CCD is camera
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equal to the total energy (power) of the beam W:

2

S.o=2m f /Az(l/f)pdp =W (2.17)
0 0

In reference [17], using the Richards-Wolf formalism [16], formulas for the inten-
sity of the lengthwise component of the SAM in the focal plane were derived. The
distributions of the intensity and the SAM lengthwise component of the focused field
(2.16) will have the form:

2
Lp. 9) = |E* + B[+ |EP =03, + 3010 + 270 010 (2.18)

S. =2Im(EZEy) = Y3, — Y3 puin- (2.19)

Formulas (2.18) and (2.19) include functions ¢, which rely only on the radial
variable p:

B
Ye, = 2kf / sin®*! (%) cos® ¢ (%) cos! 2 (Y)A(Y)e™ SV I (kp sin yr)d
0
(2.20)

where k = 27/A is the wavenumber of light with the wavelength of A; f is the focal
length; B is the maximum inclination angle of the rays to the optical axis, which
determines the numerical aperture of the aplanatic lens NA = sinB; J, (kpsinyr) is
the Bessel function of the first kind of x-th order. In Expression (2.20) and below,
the indices x and & can get the next values: £ =0, 1,2; x =m —2,m — 1,m,m +
1,m+ 2.

By virtue of the circular polarization of the launch field in the focus, both the
intensity (2.18) and the spin denseness (2.19) distributions have circular symmetry.
In reference [32], an equation for the distribution of the OAM in the focus of the
field (2.16) was obtained:

I —1m E*E)Ex +E*8Ey +E*8EZ
° AT Y a9 29

=mYg,, + m+2)Y3, ., +2m+ DY], . (2.21)

Adding Expressions (2.19) and (2.21), we obtain the sum of the lengthwise
projections of the OAM and SAM:

Jo=L +S.=m+1)(Y,+ 32 +2Y ) = m+ DI (2.22)
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Expression (2.22) shows that the lengthwise component of the sum of orbital and
spin angular momenta in the focus of the field (2.1) is equal to the intensity (2.18) of
light in the focus multiplied by the sum of the topological charge m and the “spin”
of the launch field, which equals to 1.

2.2.2 The Total Lengthwise OAM and SAM Averaged Over
the Cross Section of the Beam

In reference [50], an expression was obtained for the partial power of the angular
harmonics included in (2.18), (2.19), and (2.22) in the form:

B
Wi = 4nf? / sin%“(%) cos> % <%>|A(‘(ﬁ)|2dl// (2.23)
0

Integrals (2.23) can be analytically calculated only in ordinary cases, but, never-
theless, it is possible to estimate the contribution of each angular harmonic. For
instance, if a uniform field with a constant amplitude A(y/) = 1 is focused, then [50]:

B
Wy = 4nf? / sin(%) COSS(%)dlﬂ = gnfz[l - cos6<§>],
0
p 2
i (2o (2o - (o)
= 4rmf? /sm ( )cos(lg)dlp = gﬂfz sin6<§),

= 27121 — cos(B)]. (2.24)

In the limiting case, when the numerical aperture is close to unity, i.e., 8 ~ w/
2, it can be obtained: Wy = (7/6)7rf2, W, = (1/3)71f2, W, = (1/6)7‘[f2. All energy
coincides with the area of the hemisphere: W = Wy + W, + 2W, = 2rf2. It also
should be noted that Wy — W, = W/2.

Based on (2.18), (2.19), (2.22), and (2.23), we find the total (averaged over the
cross-section of the whole beam) intensity (total beam power), the OAM, and the
lengthwise SAM in the focal plane:

oo
0

2 T

oo 2
I(p, 9)pdpdd = / pdpdd (Y5, + 13 0 + 2701 11)
0 0

~>

0
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=Wy + W, +2W;. (2.25)

o0
S=/
0

2w b4

2
,Od,Odﬂ (Tg,m - T22,m+2) = WO - WZ‘ (226)

oo
S, pdpd?d =/
0 0

0

2 oo 2w

//Lz,od,odzﬁL =//,0d,0d19
0 0 0 0

L. =
x (MY, 4+ m+2)Y5 ,n +2m+ D] ,0)
=mWy + (m+2)W, + 2(m + 1)W;. (2.27)

Expressions (2.25)—(2.27) are the main result of this section. It follows from them
that the sum of the full longitudinal OAM and SAM is equal to:

A

S, + L. =mWy+ (m~+2)Ws +2(m+ DHW; + Wy — W>
=(m+ D(Wo+ Wy +2W)) = (m+ DW. (2.28)

Equation (2.28) should be supplemented with a similar sum in the initial beam
plane (2.16). To do this, we obtain the denseness of the lengthwise OAM component
and the total longitudinal OAM in the launch plane from (2.1):

JOE, _OE, 5
Lo=1Im|(E;— +E — | =mlAW)|",
e 7 0
o0 21w
L.o= / L.opdpd® = mW. (2.29)
0 0

Adding (2.17) and (2.29), we obtain the sum of the OAM and SAM in the initial
plane of the beam (2.16):

Scod+L.o=W+mW=@m+1HW. (2.30)

2.2.3 The Spin-Orbit Conversation upon the Light Focusing

Comparing (2.28) and (2.30), it can be seen that the sum of the total lengthwise
projections of the OAM and SAM is conserved upon focusing. However, separately,
the full longitudinal OAM and SAM are not conserved due to the SOC. The total
SAM during focusing decreases and partially passes into the full OAM, which, in
contrast, increases. It is especially evident when m = 0. In the launch plane, in this
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case, the total SAM is equal to the total beam power (2.16): S’z,() = W, and the total
OAM is zero: iz,o = 0. During the focusing process, the total SAM will decrease
and will be equal to (2.26) in the focus: S‘Z = Wy — W,, and the total OAM will
grow and will be equal to (2.27) in the focus: L. =2Wr+2W, =W — (Wy — Wa).
Taking into account (2.24) and at § =~ 7/2, the full longitudinal SAM will decrease
in focus compared to the initial plane by 2 times (S’Z = Wy — W, = W/2), and the
total longitudinal OAM will increase in focus compared to the initial plane, also by
2 times (lA,Z = W/2). This means, that, in the limiting case (A(Y¥') = 1, B = n/2)
with a plane wave with right-hand circular polarization focusing, half of the total
longitudinal SAM will transform into a longitudinal OAM. For a smaller numerical
aperture (8 < 7/2) and for any other real amplitudes A(y) < 1, with field (2.16)
focusing, a part less than half will pass from the SAM to the OAM. From (2.24), it
can be found how much the SAM and OAM change due to the SOC for the case with
a smaller numerical aperture, for instance, at § = 7/3 (m = 0, A(Y) = 1). Then, we
get that SAM and OAM in the focus will be equal to S. =3W/4and L, = W/4,
respectively. That is, at a numerical aperture sin 8 = +/3/2 & 0.87, the limit value
of the OAM that can occur in the focus of the field (2.16) is equal to one-fourth of
the total beam power.

It is clear that similar formulas can also be obtained for an optical vortex with
left-hand circular polarization. Then, for an optical vortex with topological charge n
and left circular polarization, instead of (2.26), (2.27), and (2.28) we get:

S.=W,—W,,
L, = mWy + (m —2)W, +2(m — )W,
S.4+L.=m—1)(Wy+ W, +2W)) = (m— HW. (2.31)

2.2.4 Transformation of the Longitudinal Energy Flux
into the Transverse Energy Flux

It is interesting to follow how the total longitudinal energy flux (the lengthwise
Poynting vector component averaged over the beam cross-section) changes while
tight focusing of the beam (2.16). It was shown in [50] that the distribution of the

longitudinal Poynting vector component in the focus P, = Re(E}H, — Ey*HX> is
equal to the lengthwise projection of the SAM:

P.=8=Y5n— Y3 (2.32)

m

Therefore, the total longitudinal energy flux averaged over the beam cross-section
in the focus will be equal to (2.26):
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oo 2w
p. = f/Pzpdpdﬁ =Wy — Ws. (2.33)
0 0

In the initial plane of the field (2.16), the denseness of the longitudinal energy
flow and the total longitudinal energy flux are equal to the expressions:

Po=1AW). Po=W. (2.34)

It can be seen from a comparison of (2.33) and (2.34) that, upon focusing, the total
longitudinal energy flux decreases in the same way as the total longitudinal SAM.
Due to the fact that during focusing, a longitudinal component of the electric field
strength E, appears, a transverse energy flux also appears. This occurs simultaneously
with the SOC. That s, a transverse energy flow appears as the SAM decreases and the
OAM appears. This means that part of the initial longitudinal energy flux is converted
into a transverse energy flux, and the longitudinal flux decreases by exactly the same
amount as the longitudinal SAM decreases. It should be noted that that the value of
the total longitudinal energy flux does not depend on the value of the topological
charge, but depends only on the numerical aperture sin8 of the focusing optical
system and on the initial radially symmetric amplitude A(y) of the light field. These
facts follow from (2.23) and (2.33).

2.2.5 Separate Measurement of the OAM and SAM
in the Focus

In reference [51], formulas are given that relate the force F F and the moment of the
force T f‘ which influence on a Rayleigh (smaller than wavelength) microparticle
with a complex permittivity ¢, with the intensity /, the canonical vector of the energy
flow P PO, and the SAM vector S S:

- Re(e) Im(e) -

F = 2 VI + 5 Py,

- Im(e) - (2.35)
T = > S.

In (2.35), we use next notation:

I=IE]+ |E[ +IEP
. . . Re /. - Im /- I T
P=P0+PS=—(E*><H)= (E*-(V)E)+—V><S,
8mce l6mc 2
5= ( ) 236
167c¢ ( )
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where c is the speed of light in vacuum and f’s is the spin flow. Therefore, the method
of separate measurement of the SAM and OAM in the focal plane of the field (2.16)
is as follows. It follows from (2.18) that at m = 0, there is an intensity maximum
I(p =0) = 0 in the focus center. The microparticle in focus will move to the
center, where the intensity is maximal and the gradient is equal to zero. Due to the
absorption of the particle (Im ¢ # 0), the moment of the force (2.35) effecting on
the particle will rotate it around its center of mass and around the optical axis. The
value of this moment of forces will be proportional to the lengthwise projection of
the SAM vector: T, ~ S,. At a large numerical aperture (close to unity), the focal
spot is smaller than the wavelength and the particle captured by such a focal spot will
rotate under the influence of the total longitudinal component of the SAM equal to
S. = Wy — W, ~ W /2. Therefore, by measuring the speed of the particle rotation, it
is possible to estimate the force moment, which will be proportional to the SAM S..
To measure the transverse energy flux P,, it is necessary to form a ring of light in the
focus. It follows from (2.3) that at m = 1 the intensity on the optical axis will be zero
in the focus, since I(p = 0) = Y | + Y35 +2Y{, = 0. This means that a light ring
will form in the focus, because of the presence of an optical vortex with a topological
charge m = 1. The particle in focus will shift to the ring due to the minimum intensity
gradient on the ring, and the force Fy ~ Py will shift this particle along the light
ring. This force will be proportional to the transverse energy flow Py, which, in
turn, is proportional to the longitudinal component of the angular momentum and
the lengthwise projection of the OAM: J, = L, = pPy. It was shown in [50] that the
distribution of the transverse flux in the focal plane of the field (2.16) is described
by the expression Py = Y ;41 (To,m + Tz,m+2). The speed of the particle moving
along a ring of small radius will be influenced not by the full longitudinal OAM, but
by a partial one, since the particle is captured not by the entire circular trajectory,
but only by its part. By experimental estimation of the value of the light ring, which
falls on the particle (y < 1), it is possible to estimate the part of the total longitudinal
OAM that is transferred to the particle yL, = y QW — Wy + W,) ~ 3y W /2. This
value can be found by measuring the average speed of the particle along the light ring
in the focus of the field (2.16), since this speed v is proportional to the force (2.35),

which is proportional to the transversal energy flow Py, which is proportional to the
longitudinal projection of the OAM L,: v ~ F ~ Py ~ yL..

2.2.6 Simulation Results

This section presents the results of numerical simulation of light field (2.16) focusing
on different topological charges of incident beams. The simulation was performed
by using the solution of the Richards-Wolf integral [16]. Focusing of light with a
wavelength of 633 nm by aplanatic objectives was considered. This wavelength was
chosen because it can be implemented in practice using a conventional helium—neon
laser. As an example of the calculated patterns of intensity and SAM, the results of
focusing for vortices with topological charges of m = 0 (no vortex) and m = 1 are
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presented. Figure 2.5 shows the intensity pattern and its individual components for
m = 0. Patterns of the SAM vector components for the same topological charge (m
= 0) are presented in Fig. 2.6. Figures 2.7 and 2.8 show the distribution of intensity
and SAM for m = 1. Figure 2.9 shows the ratio S./L, depending on the numerical
aperture of the focusing lens. All figures are given for the numerical aperture of
the focusing lens equal to NA = 0.95. Microobjectives with 100x magnification
have such a numerical aperture. A large numerical aperture was chosen for modeling
because the effect of SOC is noticeable starting from a numerical aperture of 0.8 and
reaches a maximum at a numerical aperture of 1.

The comparison of Fig. 2.5a and Fig. 2.6c shows that at m = 0, the intensity
I and the lengthwise SAM projection §, in the focal plane are almost the same in
shape (bright round spot) and in magnitude I,y >~ S; max = 16. This follows from
Egs. (2.18) and (2.19), since I ~ S, ~ g,o’ because it follows from (2.24) that
T3> Y3, Y3277,

The comparison of Figs. 2.7a and 2.8c shows that at m = 1, the intensity / and
the lengthwise SAM projection S, in the focal plane have the form of a ring with
approximately the same radius and size, although S, max ~ 4 is slightly less than 7 yax
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Fig. 2.5 Distribution of intensity / (a) and its components I, (b), I, (¢), I; (d) in the focus of the
beam with circular polarization (without vortex) for NA = 0.95
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Fig. 2.6 Patterns of the SAM components Sy (a), Sy (b), S; (¢) in the focus of the beam with
circular polarization (without vortex) for NA = 0.95

~ 5. This follows from Egs. (2.18) and (2.19): I = T&l ~|—T22’3 —i-ZTi2 , S, = T&l —
Y3 5, taking into account (2.24): Y3 | > Y35, Y§,>> 2Y},. Figure 2.9 shows the
ratio of SAM to OAM 8§, /L. in the focus of light field (2.16) at different numerical
apertures of a spherical lens and for different topological charges of incident light:
m = 0 (line 1), m = 1 (line 2), m = — 1 (line 3). In Sect. 2.2.3, specific values
8. and L, were also obtained for the numerical aperture NA = 0.87. It is obtained
that S, = Wo — Wo ~ 3W/4, L.~ W/dform=0,and 8, ~3W/4, L. =
W + W /4 ~ 5W /4 for m = 1. Therefore, it can be seen from Fig. 2.9 that for m =
08,/L, =3, and form = 18,/L, = 3/5 = 0.6 at a numerical aperture of 0.87. If n

= — 1, then S, ~3W/4, L.=—-W+W/4~ —3W/4,thatis §, = — L, and
their ratio is equal to S, /L. = —1 for any numerical aperture. This can be seen from

Fig. 2.9 (curve 3). It means that an optical vortex with right circular polarization and
a topological charge of —1 has no angular momentum, since the OAM and SAM are
equal and have different signs.
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Fig. 2.7 Distribution of intensity / (a) and its components /, (b), I, (c), I; (d) in the focus of the
optical vortex with unit topological charge and with circular polarization for NA = 0.95

2.2.7 Discussion

In tight focusing, SOC occurs when light passes through a spherical lens. If the optical
vortex with the right circular polarization (2.16) before the spherical lens had a full
longitudinal SAM S, equal to beam power W (2.17), then the total longitudinal SAM
of the beam would decrease immediately after the spherical lens and become equal to
(2.26)3‘ . = Wy— W,. After the spherical lens, beam (2.16) has three vortex harmonics
[17]: exp(im?¥), exp(i(m + 2)¥), and exp(i(m + 1)v0), instead of one vortex harmonic
exp(im?®). Therefore, the total beam power W after the spherical lens is distributed
between these three harmonics W = Wy + W, + 2W,. The vortex harmonic with the
topological charge m + 1 has a linear polarization directed along the optical axis z.
That is, it propagates perpendicular to the optical axis and does not contribute to the
longitudinal projection of the SAM. An optical vortex with topological charge m + 2
has a left-hand circular polarization, and therefore its contribution to the longitudinal
projection of the SAM will be negative. Therefore, the total longitudinal SAM of
the beam (2.16) after the spherical lens is reduced by the sum of the powers of the
indicated harmonics S in— Sz,af[er =W —=(Wy—W,) = 2(W;+W>,). This difference,
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Fig. 2.8 Patterns of the SAM components Sy (a), Sy (b), S; (¢) in the focus of optical vortex with
unit topological charge and with circular polarization for NA = 0.95
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by which the spin has decreased due to the SOC, is exactly equal to the amount by
which the total longitudinal OAM, which the beam (2.16) did not have before the
spherical lens if m = 0, has increased: iz = 2(W; + W5). On the other hand, this is
confirmed by considering the energy flow (the Pointing vector). Before the spherical
lens, the beam (2.16) had only a longitudinal energy flux (2.34), which was equal
to the beam power P, = W. After a spherical lens, the longitudinal energy flux
decreased and became equal to (2.33) P, = Wy — W,. As well as for the spin S.
two new vortex harmonics exp(i(m + 2)3) and exp(i(m + 1)¥), which are generated
after the spherical lens, do not participate in the formation of the longitudinal energy
flux. They do not participate in the formation of the longitudinal energy flow because
one of these harmonics exp(i(m + 1)¥) propagates across the optical axis, while the
other harmonic exp(i(m + 2)1) propagates in the opposite direction z. Both of these
harmonics form a transverse azimuthal energy flux, which rotates around the optical
axis, and which is equal to Py = 2(W; + W>). This azimuthal energy flux is exactly
equal to the total longitudinal OAM of the beam at m = 0: Py = I:Z =2(W + Wy).

The presented research [52] shows that if an initial optical vortex with right-hand
circular polarization has a total (averaged over the beam cross-section in the source
plane) longitudinal SAM equal to the beam power and a total longitudinal OAM equal
to the beam power multiplied by the beam topological charge, then while focusing,
the sum of the total longitudinal OAM and SAM will be conserved and will be equal
to the beam power multiplied by the topological charge increased by one. The total
longitudinal SAM in the focus decreases and becomes equal to the power difference
between the zero and second angular harmonics in the beam since the beam contains
zero exp(im?), second exp(i(m + 2)v), and first exp(i(m + 1)?)) angular harmonics.
The total longitudinal OAM in the focus will increase and become equal to the beam
power multiplied by the topological charge, minus the power of the zero harmonic,
and plus the power of the second harmonic. It is also shown that the maximum value
by which the total longitudinal SAM can decrease upon focusing is achieved at a
constant initial beam amplitude and at a numerical aperture of 1 and is equal to
half the beam power. In other words, no more than half of the beam power can be
converted from the spin component to the orbital component due to SOC. The results
obtained in the research can be used in the problems of microparticles manipulation
[53-55].

2.3 Spin and Orbital Angular Momenta in the Tight Focus
of a Circularly Polarized Optical Vortex

Angular momentum (AM) of light is an important property of non-paraxial light
fields with a different polarization state [56, 68]. Angular momentum of light can
be decomposed into the spin angular momentum (SAM) and the orbital angular
momentum (OAM) [57, 58]. Of special interest is studying the AM in the tight focus
of light [59, 72]. To the angular momentum of light, a recent review is dedicated
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[70]. A number of works [51, 60, 69] are dedicated to the spin-orbital conversion,
which is inherent to the angular momentum and is especially prominent in the tight
focus. In the tight focus, interesting optical phenomena are known, related with the
AM and with the spin-orbital conversion: Hall effect [21, 26], “photonic wheels”
[61], reverse energy flow [18]. The behavior of light in the tight focus is adequately
described by the Richards-Wolf (RW) theory [16]. In [62, 71], the Poynting vector
(electromagnetic energy flow) was shown to be the sum of two vectors: orbital flow
and spin flow. The spin flow does not carry light energy, although the spin flow
generates the SAM vector that can be transferred to an absorbing small particle and
to rotate it about its center of mass. The presence of the spin term in the Poynting
vector explains the reason of the reverse flow in the focus [18]. If the spin flow has
a negative longitudinal component (parallel to the optical axis) and is greater by
magnitude than the orbital energy flow (canonical energy flow), then in this area in
space the Poynting vector has the negative longitudinal component.

In this section, based on the RW formalism, we derive exact expressions for the
longitudinal components of the AM, SAM and OAM vectors in the focal plane of an
optical vortex with right circular polarization. It turned out that the sum of the SAM
and OAM is not equal to the AM. We found in a literature [63] a general expression
for the AM vector via the SAM and OAM vectors. It turned out that only the total
(integrated over the whole space) AM is equal to the sum of total momenta SAM
and OAM.

2.3.1 Components of the Electric and Magnetic Field Vectors
in the Focus

Here we consider an initial light field with the transverse components of the electric
field strength vector being described by the following Jones vector:

A(9) ) 1
E@®©, @) = f exp(ing) < i) 2.37)

where ¢ is the angular polar coordinate in the plane of the exit pupil of the aplanatic
optical system, 0 is the azimuthal angle, describing the tilt of the light rays to the
optical axis, A(B) is the amplitude of the initial light field (real-valued function),
rotationally symmetrical with respect to the optical axis, # is the topological charge
of the optical vortex (integer number), (1, i) is the transposed Jones vector for right
circular polarization. For the initial field (2.37), tightly focused by an aplanatic system
(ideal spherical lens), the RW formalism [16] allows deriving all the components of
the electric and magnetic field strength vectors near the tight focus [64]:

n—1
i . .
E, = —=e" (IO,n + ezlw]2,n+2)’

2
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In Eq. (2.38), 1,,,, denote the following integrals, where the first index is the type
of the integral (v = 0, 1, 2) and the second index (u =0, = 1, & 2, ...) is equal to
the order of the Bessel function J,(§) in the integrand:

0o

L, = (?) / sin”“(%) cos3_”(§) cos'2(0)A(0)e™ T, (£)do  (2.39)
0

where k = 2mr/A is the wavenumber of light with the wavelength A, f is the focal
distance of an aplanatic system, (r, ¢, z) are the cylindrical coordinates, 6 is the
maximal tilt angle of rays to the optical axis, defining the numerical aperture of the
aplanatic lens NA = sin(6y), & = krsin(0). Expressions (2.38) allow deriving the
expressions for all main characteristics of light in the focus (at z = 0).

2.3.2 Intensity of Light, Poynting Vector and the Spin
Angular Momentum Vector in the Focus

From Eq. (2.38), we obtain an expression for the intensity distribution in the focus
of the field (2.37):

I(r, 9,2 =0) = |EJ* + |E,|* + |E.
=15, + 13,0+ 201 4 (2.40)

As seen in Eq. (2.40), the intensity in the focus is independent of the polar angle
®, i.e., is circularly symmetric. On the optical axis (r = 0), the intensity is non-zero
only at n = 0, — 1, — 2. For other values n, the intensity (2.40) on the optical axis is
zero, i.e., there is a light ring in the focus.

Further, using Eq. (2.38), we derive expressions for the components of the
Poynting vector (energy flow) in the focus of the field (2.37). The Poynting vector P
is given by [16]:
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c *
P = o Re(E X H) (2.41)
where E and H are the strength vectors of the electric and magnetic fields, *** means
complex conjugation, x means the cross product, Re is the real part of a complex
number, and c is the speed of light in vacuum. Below we omit the constant ¢/(27).
Then, for the components of the energy flow vector in the focus we get the following
expressions:

P, =—Q(r)sing,
Py = Q(r)cosg,

PZ = I(%,n - 122,n+2’
O(r) = Iing1 (lon + Dons2)- (2.42)

In the cylindrical coordinates, the Poynting vector in the focus of the field (2.37)
has the following components:

Pr =Y,
Py = Q(n),
P.=I,—15,.,. (2.43)

As seen from Eq. (2.43), the energy flow in the transverse plane is rotated coun-
terclockwise if Q(r) > 0, and clockwise if Q(r) < 0. The transverse energy flow near
the optical axis, for instance, at n = 0 (Q(r) > 0, kr < 1), is rotated counterclock-
wise, similarly to the rotation of the polarization vector of the initial field (2.37). Itis
interesting that both at » = —1 and at n = —2, near the optical axis, Q(r) < 0 and the
transverse energy flow is rotated in the opposite direction (clockwise), whereas at n
= —1 and at n = —2 the energy near the optical axis flows in different directions:

P =1, _122,1 = (loy = L1) (loy +1,1) > 0,
>0 >0
P, o=13,— I, <0kr <<1. (2.44)

The reverse energy flow in the focus was studied earlier in [18, 64]. Further, we
obtain the components of the spin angular momentum (SAM) in the focus of the
initial field (2.37). The SAM vector is given by [58, 59, 72]

_ 1 *
S = ¢ —Im(E" x E) (2.45)

with Im denoting the imaginary part of a complex number and w being the angular
frequency of light. Below we omit the constant 1/(87w). Then the expressions for
the components of the SAM vector (2.45) in the focus of the initial field (2.37) are
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quite the similar to the components of the Poynting vector (2.43):

Sr = 07
S(ﬂ = Q(r)’
S. =15, — L5 s (2.46)

According to Eq. (2.46), the transverse SAM vector is rotated in the focus coun-
terclockwise or clockwise in the same cases as does the transverse energy flow. It
is interesting that at n = —2, when there is the reverse energy flow (P, < 0) in the
focus on the optical axis, then the longitudinal component of the SAM vector (2.46)
is also negative S, _» = I&z - 122‘0 < 0. This means that near the optical axis in the
focus, the polarization vector rotates clockwise (left circular polarization), although
circular polarization in the initial plane (2.37) is right-handed. Such change of the
direction of polarization rotation in the focus can be an indicator used for detecting
the reverse flow in the focus. Non-zero transverse SAM vector in the focus means
that in the longitudinal planes (x, z) and (y, z) near the focal plane, there is right or
left circular polarization, i.e., the polarization vectors rotate reminiscing the photonic
wheels [61].

2.3.3 Angular Momentum and Orbital Angular Momentum
at the Focus

Further, we derive the longitudinal component of the angular momentum (AM) and
of the orbital angular momentum (OAM) in the focus of the field (2.37). The AM
vector is given by the following formula [65]

1 y 2
J= z—cRe(r x (E* x H)) = ?(r x P) (2.47)

where all designations are described above. Below we omit the constant 27/c2. Then
the longitudinal AM component in the focus of the field (2.37) is equal to

J. =rPy, =rQ(r) (2.48)
On the other hand, it is known that the AM vector is a sum of the SAM and OAM

vectors [65]:

1 * 1 *
J=S+L=—Im(E" xE)+ — 3 Im(Ep(r x V)Ep> (2.49)

P=X,y,2

We note that the first work on the angular momentum of light [65] contains the
expression (2.49) without the derivation from the expression (2.47).
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From now on, we omit the constant 1/(87w) in Eq. (2.49) for brevity. The first
term in Eq. (2.49) in the focus we already derived Eq. (2.46), and now we will obtain
the second term in Eq. (2.49). Thus, we get the longitudinal component of the OAM
vector in the focus of the field (2.37):

L, =Im E*iE +E*iE —i—E*iE
z = xa(p X ya(p y Z3§0 ¢4

=nlj,+ (n+2I,,+20+ DIf, . (2.50)

As seen from Eq. (2.46), the light field (2.37) in the focus has a non-zero longi-
tudinal OAM component at an arbitrary value n. It is interesting that if n > 0 then
the OAM is positive (L, > 0), and if n < —2 then the OAM is negative (L, < 0). If n
= —1, the OAM can be both negative and positive. Even when n = 0, when there is
no the optical vortex and only circular polarization (2.37) remains, the longitudinal
OAM component is non-zero and equals

L.o=2I3,+2I}, > 0. 2.51)

According to Eq. (2.51), due to spin-orbital conversion, circular polarization of
a vortex-free field (2.37) generates in the focus non-negative longitudinal compo-
nent of the OAM vector. This component is equal to zero only on the optical
axis. Equation (2.51) shows that in the focus, the transverse energy flow is rotated
counterclockwise.

Using Eq. (2.46), we can derive an expression for the longitudinal component of
the AM vector in the focus of the field (2.37):

Jo=S. 4L =m+D(I§,+ 13, +2I1,,,) =@+ DI (2.52)

Equation (2.52) indicates that the longitudinal AM component in the focus is
equal to the light intensity in the focus, multiplied by the sum of the topological
charge n and of the «spin» of the initial field equal to 1. Equation (2.52) shows that,
in contrast to the OAM (2.50), the longitudinal AM component in the focus is not
always non-zero. If n = —1, the angular momentum (2.52) in the focus is zero. This
means that the optical vortex with the topological charge n = —1 compensates the
influence of right circular polarization:

J.1= 0= Sz,—l +L,_4, (2.53)
that is the longitudinal SAM component is equal by magnitude to the longitudinal
OAM component and directed oppositely: S, - = —L._y = Ig, — I3 . It can be

shown that the longitudinal AM component for an optical vortex with left circular
polarization, in difference with Eq. (2.52), is given by

J.=m—-D(I§,+15,,+2I}, )= 0— DI (2.54)
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Comparison of Egs. (2.52) and (2.54) indicates that the longitudinal AM compo-
nent in the focus is proportional to the algebraic sum of the normalized OAM of the
initial field » and of the spin 0 = =+1.

2.3.4 Isthe AM a Sum of the SAM and OAM?

In this subsection, we consider some contradiction, which we failed to resolve
completely, and for which we have not found an explanation in the literature [51,
59, 60, 69, 70]. The point is that Eq. (2.49) cannot be derived from Eq. (2.47). For
the initial light field (2.37), Eq. (2.52) indicates that the AM in the focus is equal to
zero at n = —1. However, according to Eq. (2.48), the AM in the focus of the same
field (2.37) atn = —1 is non-zero: J, _| = V11.0(—10.1 + 12,1) # 0. Indeed, since the
Poynting vector P in Eq. (2.47) can be represented as a sum of two flows [62]: the
orbital flow P, and the spin flow Ps (P = P, + Ps), then instead of Eq. (2.47), we
get (the constant is omitted):

J=GxP)=@xP)+@exP)=L+S (2.55)

In Eq. (2.55), the orbital flow and the spin equal to flow are [71]
Py = ilm(E* (V)E)
0= 57 )
P, = LV X Im(E* X E) (2.56)
T 4w ’ '

with @ being the angular frequency of monochromatic light. Omitting the constant
1/(2w), it can be shown that

L=rxPy=Im(E*-(rx V)E)= 5 Im(E; (r x V)Ep), (2.57)

P=X.y.z

but we failed to show that
S=@xP)= %(r x V x Im(E* X E)) = Im(E* X E) (2.58)

The physical reason is that despite the spin flow Ps presents in the expression
for the Poynting vector, it does not carry energy. Since the divergence of the curl is
zero, the spin flow Pg does not contribute to the differential conservation law of light
energy (without currents and charges): 0W/dt = div P, where W is the light energy
density, ¢ is time. However, the spin flow Ps generates the SAM S, which is included
into the expression for the angular momentum (2.52) and can be physically observed
in the rotation of a small absorbing particle around its center of mass. We found the
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only work in the internet [63], where the above stated problem is formally solved. It
is shown in [63] that the following integral identity is fulfilled:

/Re(r x (E* x H))dv =/Im(E* x E)dv

+ / > Im(E;;(rx V)Ep)dv. (2.59)
P

=X,y,2

The integrals in Eq. (2.59) are evaluated over the whole three-dimensional space,
since the derivation of Eq. (2.59) supposes that the amplitude of the light field E
tends to zero at the infinity. Indeed, if we replace in Eq. (2.59) the magnetic field by
the curl of the electric field, we get

J= Im/// (r x (E* x rotE))d’r (2.60)

For decomposing the summary AM into the SAM and the OAM, we use the following
vectorial identity

A x1otB=Vg(A-B)— (A-V)B 2.61)

where Vp is the Feynman subscript notation, which considers only the variation due
to the vector field B [66]. Then we get

,; = Im/// |: Z Ex(r x V)E, — (E*-V)r xE) + (E* x E)]d3r (2.62)

P=X,y,2

The first and the third terms in this expression are exactly the summary OAM i

and the summary SAM § The second term can be transformed by integrating by
parts:

J=L+ Im/// [(V-E)rx E)]dr+§ (2.63)

where

L= /// Ldr. § = /// Sd3r (2.64)

The second term in the integrand in Eq. (2.63) for the summary AM is proportional
to the divergence of the electric field and is thus equal to zero. Then, the total AM
is equal to the sum of the total SAM and OAM, i.e., equal to the expression (2.59).
Thus, the second equation in Eq. (2.55) for the AM density is not valid. Instead,
only the integral identity (2.59) is valid. The correct expression for the AM density
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follows from Eq. (2.62) and reads as

J=1Im Z El(rx V)E, — (E* - V)(r x E) + (E* x E)
P=X,y,Z

=L—Im{(E*-V)rxE)} +S5. (2.65)

The second term in Eq. (2.65) does not have a physical meaning since it vanishes
in the integration (2.62).

2.3.5 Light Field in the Focus, Obtained by the Richards-Wolf
Theory, is a Solution of the Maxwell’s Equations

In this subsection, we obtain expressions for the magnetic components of the
field (2.38) from the expressions for the electric field components by using the
Maxwell’s equations for a monochromatic light. The magnetic field strength vector
of a monochromatic light is related with the electric field strength vector by the
well-known expression:

1
H = - rotE (2.66)
iwpop

where Lo and | are respectively the magnetic permeability of free space and of the
material. For the longitudinal component of the magnetic field, we get:

1 1 0E, 10E,
H, = - (rotE), = - -E, 4+ — — -
iwpom oo | r ar r g
k .
- [\/Ei"“el("*‘)@h,ﬁl]. (2.67)
oy

In derivation, we used the following auxiliary expressions:

a n n+2

—(losn — ong2) = —lon + bLoyy2 — 2kl nt1,

ar r
0E, " g (1 n+2
— = —¢'"" =1y, Iy pio — 2kl 111 ). 2.68
3 ﬁe p 0.0+ p 2,n+2 1,n+1 ( )

Similarly, we derive expressions for the transverse components of the magnetic
vector in the polar and then in the Cartesian coordinates:

1 1 10E, OE,
H, = - (rotE), = - -— -
iwpop iwpop
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1 —k )
= - — "L+ D o),
NG (ot Lons2)

1 1 JoE, OE,
H, = - (rotE), = - - —
iwo iopoi \ 0z ar

1 k -n  i(n+1)p
= —ie Ip, — 1 ,
i ﬁl ( o 2’n+2)

kK —=i" . :
— (] 4 eZupl ,
whto/t «/E (O,n 2,n+2)

k l-n—l
ot /2

H,=H,cos¢p —H,sing =

H, =H,cosp + H,sing =

" (Ion — €¢I 12). (2.69)

If the constant multiplier k/(wpop) is omitted, then the last two expressions in
Eq. (2.69) and the expression (2.67) coincide with the Cartesian components of the
magnetic field in Eq. (2.38). For deriving the expressions (2.69), we used auxiliary
expressions, similar to Eq. (2.38):

0 . . n+1

8_1(10'" — Dyui2) = iklo + ikl pip — 2i " It ns. (2.70)
9 . . .0
—(Ton + Lni2) = iklow — ikly s — 2i—1I1 1. (2.71)
0z ar

Since the components of the light field near the focus (2.38), derived by the
Richards-Wolf theory, are exact solutions of the Maxwell’s equations, then this theory
exactly describes the light field in the tight focus in free space.

2.3.6 Explaining Some Experiments on Microparticles
Rotation

It is interesting that the above developed theory explains the experiment described
in [27]. In this work, an absorbing microparticle is rotated along a light ring in the
tight focus of an optical vortex with the topological charge n = 1 and with right
circular polarization. When right circular polarization was changed to left circular
polarization, the particle continued rotation in the same direction (counterclockwise),
but with a lower speed. This phenomenon can be explained the following way. For
comparison, the transverse energy flow in the focus of an optical vortex with right
(2.43) and left circular polarization is given by

Py =Iini(lon + hont2),
P(p,L = Il,nfl (IO,n + 12,n72)' (272)

For the topological charge n = 1, instead of Eq. (2.72), we get
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Pori=ho(log+ 13) >0,
P(p,L,l 211,0(10’] —12,1) > O,k}" << 1. (273)

According to Eq. (2.73), the transverse energy flow for a vortex with left and
with right circular polarization does not change sign, i.e., the light energy in the
focal plane is rotated along a ring counterclockwise, but has a different magnitude.
For left circular polarization, the energy flow is lower than that for right circular
polarization. Besides, the longitudinal SAM component for right and left circularly
polarized vortices

SZ,R = I(%,n - 122,n+2’
Sop=—Us,— 15,5, (2.74)

has different signs at n = 1: the SAM is positive for right circular polarization and
negative for left circular polarization:

) 2
Ser1 =1y, —1;5>0,

Ser1 = _(I(i] - 122,1) <0. (2.75)

Thus, for left circular polarization, the OAM and the SAM rotate a particle in
different directions. However, in the experiment, the particle is rotated by the left
circularly polarized light still counterclockwise. This means that the OAM of light
more affects the particle, than the SAM. It is this that explains why the particle is
rotated in the same direction both for left and right circular polarization, but with a
speed, lower for left circular polarization. We note that there are no such detailed
explanations of the experiment results in [27].

The above obtained expressions also explain another experiment described in [67].
In this work, in the focus of a circularly polarized light beam, an aspherical dielectric
microparticle was rotated around the optical axis. When the polarization handedness
was changed (from left-handed to right-handed), the particle also changed its rota-
tion direction (from clockwise rotation to counterclockwise rotation). This can be
explained by the transverse energy flow in the focus of a Gaussian beam with left and
right polarizations, which is directed in different sides and has equal by magnitude
value:

Py =111(loo + I22),
P, = —11,1(10,0 + 12,2)- (2.76)

The longitudinal SAM component is also of different sign for left and right circular
polarization:

_ 2 2
Ser =1y — 115,

Ser=—Uso = 13). 2.77)
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Therefore, a particle in the focus is rotated with the same velocity, but in different
directions for the light with left and right circular polarization.

2.3.7 Simulation

Numerical simulation was conducted by computing the Debye integrals within the
framework of the Richards-Wolf formalism. Figure 2.10 illustrates the intensity
distributions I (2.40), as well as distributions of the longitudinal components of
the SAM S, (2.46), OAM L, (2.50), second term in Eq. (2.55), and full AM J, (2.48)
in the tight focus of a vortex field with right circular polarization and with homo-
geneous unit initial amplitude A(0) = 1 (2.1) forn = 0, — 1, — 2 at the following
parameters: wavelength A = 532 nm, focal length of the focusing lens f = 10 pwm,
numerical aperture NA = sin 6y = 0.95, computation domain 2 x 2 pm.

As seen from Fig. 2.10f—j, at n = —1, the SAM (2.46) and the OAM (2.50) indeed
compensate each other, their sum is zero, and the total AM (2.48) consists only one
component equal to the second term in Eq. (2.65). At n = —2 (Fig. 2.10k—o0), the
SAM (2.46) and the OAM (2.50) are similar by shape, but no longer compensate
each other, the OAM is greater by magnitude, and thus contributes to the total AM

Fig. 2.10 Intensity distributions (a, f, k), as well as distributions of the SAM (2.46) (b, g, 1), OAM
(2.50) (¢, h, m), second term in Eq. (2.65) (d, i, n), and full AM (2.48) (e, j, 0) in the tight focus of
a plane vortex field (A(6) = 1) with right circular polarization (2.37) for n = 0 (a-e), n = —1 (f-),
n = —2 (k—o) at the following parameters: wavelength A = 532 nm, focal length of the focusing
lens f = 10 wm, numerical aperture sin 6y = 0.95, computation domain 2 x 2 pm. Red and blue
colors mean respectively positive and negative values. Scale mark in all figures denotes 1 pm
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along with the component defined by the second term in Eq. (2.65). This component
includes an inner light ring with a negative AM density and an outer ring with a
positive AM density. Due to the summation with the OAM, the outer ring in the total
AM is weaker than the inner one. At n = 0 (Fig. 2.10a—e), the SAM has a shape
of a spot, while the OAM has a shape of a ring, and both they are positive. The
component, defined by the second term in Eq. (2.65), contains a central spot with a
negative AM and a ring with a positive AM. The central spot compensates the SAM,
whereas the ring with the positive AM is summated with the positive OAM, thus
generating a ring-shaped distribution of the total positive AM. Therefore, Fig. 2.10
indicates that the summary longitudinal AM component (integrated over the beam
cross-section) is positive at n = 0 (Fig. 2.10e) and will rotate a nearly 1-pm-size
particle with a center on the optical axis counterclockwise. The summary longitudinal
AM component at n = —2 is negative (Fig. 2.100) and will rotate a small particle
clockwise. We note that initial polarization of the field (2.37) is right-handed and the
polarization vector rotates counterclockwise. Nevertheless, the particle in the focus
should be rotated clockwise. Summary longitudinal AM component at n = —1 is
almost zero (Fig. 2.10j), and therefore a small particle with the center on the optical
axis, placed into the focus, will not be rotated.

In this section, based on the Richards-Wolf formalism, simple analytical expres-
sions have been derived for the longitudinal component of the AM density vector
(2.48) of light in the focus of an optical vortex with a topological charge n and with
right circular polarization [50]. In addition, expressions have been obtained for the
SAM (2.46) and for the longitudinal OAM component (2.50). We have demonstrated
that the sum of the SAM and OAM densities is not equal to the AM density. It has
been shown earlier that the sum of only the total (integrated over the whole space)
SAM and OAM is equal to the total AM of the light beam (2.59). We have also
shown in a general form that the AM density is equal to the sum of three terms
(2.65): SAM, OAM, and a certain third term, that does not contribute into the total
AM (2.59). It is also shown in this work that the expressions (2.38) for the strength
vectors of the electric and magnetic fields near the tight focus, derived by using the
RW formalism, are exact solutions of the Maxwell’s Egs. (2.67)—(2.69). Thus, the
RW theory exactly describes the behavior of light near the tight focus in free space.
The simulation results (Fig. 2.10) agree with the theoretical outcomes.
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Chapter 3 ®)
Focusing of Cylindrical Vector Beams e
and Their Modifications

3.1 Tightly Focusing Vector Beams Containing V-Point
Polarization Singularities

In recent years, high-order vector light fields, whose linear polarization vector varies
across the beam cross section, have been at the focus of research [1-6]. Such beams
can be produced with a variety of techniques, including components with optical
metasurfaces [7]. The vector beams feature a robust intensity profile on propaga-
tion through turbulence [8] and polarization singularity points [9—11] that, in many
respects, are similar to phase singularity points of vortex fields [12]. Polarization
singularity points (V-points) are intensity nulls in a vector field where the linear
polarization vector is indefinite. The V-points are characterized [10] by a Poincare-
Hopf index denoted by 71, which equals the number of integer phase steps by 27 when
making a full circle around the V-point. The phase is understood as the argument of a
complex field composed of transverse E-field components, E, + iE,. This definition
is similar to a relationship utilized in Ref. [12] to calculate the topological charge
(TC) of a scalar vortex field with complex amplitude E(x, y). V-points can also be
characterized using a Stokes index o, which is defined through the Poincare-Hopf
index 1 as ¢ = 2n and also equals the number of integer phase steps by 2 = of a
complex Stokes field when making a full circle around the V-point. With the unit
Stokes vector S = (S, S», S3) [13] having three components, the complex Stokes
field is composed of the first two components: S, = S| + iS,. The phase of the
complex Stokes field is the argument of a complex number S..

In this section, we derive the Poincare-Hopf and Stokes indices 1 and o for nth-
order cylindrical vector beams. We show that in the source plane of the beams (where
the on-axis field component is zero), fields of linear polarization vectors are formed
centered at the V-points, which look like a ‘flower’ or a ‘web’, with the number of
petals depending on the vector field order n. Using Richards-Wolf formulae, we derive
expressions for E-vector components at the tight focus for three types of vector fields,
namely, for nth-order radial polarization (n is positive), —nth-order radial polarization
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(-n is negative), and nth-order azimuthal polarization. Relying on the expressions
derived for the complex E-field amplitudes, we deduce expressions for transverse
intensity profiles of the fields of interest. Based on the expressions derived, we obtain
a major finding of this work, showing that the number of petals of the ‘polarization
flower’ of the initial vector field equals the number of local intensity maxima at the
focal plane. We also show that a V-point of an nth-order vector field is ‘disintegrated’
at the tight focus into several first-order points with no petals around them.

3.1.1 Vector Field Polarization Index in the Source Plane

Let us analyze an nth-order azimuthally polarized source field whose Jones vector
takes the form [14, 15]:

En(¢) = (_Sinn¢> 3.1)

cos ng

where (7, @) are the polar coordinates at the source plane. At the field center (at r
= 0), there is a singular V-point, where the linear polarization vector is indefinite.
According to Ref. [10], field (3.1) can be characterized by a singularity index similar
to the TC of scalar optical vortices. V-points are described using a Poincare-Hopf
index n, which can be calculated for field (3.1) similar to the TC of a complex field

E.,(¢) = E, +iE, = —sinng + i cos ng = i exp(ing) (3.25)
The index of field (3.1) and a V-point equal TC of field (3.2): n = n. On the other

hand, vector field (3.1) can be characterized using Stokes parameters S = (S, S», S3)
[13], where

E. - |E| 2Re(EXE,) 2Im(E*E,)
= Sy = S gy e S
Edl” + |Ey| |Ed* + |Ey| E? + |E,|

(3.3)

with Re and Im stand for the real and imaginary parts of a number. From (3.3), the
Stokes vector is seen to be of unit length: S12 + 522 + S32 = 1. For the field (1), the
Stokes parameters from (3.3) are given by

S1 = —cosny), S, = —sin(2ng), Sz =0. (3.4)
Since S3 = 0 in Eq. (3.4), we can infer that the field (3.1) is linearly polarized

at any point, excepting the V-point, where polarization is indefinite. The complex
Stokes field for the vector (3.4) takes the form:
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Se = 81 +iS2 = —cos(2ng) — isin(2ng) = — exp(i2nyp) 3.5)

The Stokes index for the field (3.1) equals TC of the field (3.5): 0 = 2n = 2n.
Thus, the Stokes index is twice as large as the Poincare-Hopf index. For a radially
polarized nth-order field with the Jones vector

Eyn(@) = (COSW’) (3.6)

sin ng

the Poincare-Hopf index of the central V-point (r = 0) also equals = n. The V-point
singularity index has the opposite sign (n = —n) for a vector field

Es(9) = (COS " ) (3.7)

— sinng

3.1.2 Number of Local Intensity Maxima at the Focus
of a Vector Field

Interestingly, vector field (3.6) produces a ‘flower’-shaped pattern of linear polariza-
tion vectors composed of 2(n — 1) petals. Actually, a petal is inscribed between the
vector found at an angle ¢ = 0 and the vector rotated by an angle ¢ = 7 4+ ¢o.
From the first to the second angle, the phase of the field (3.6) changes by n ¢  rad.
Equating m + ¢ = n ¢, we find the angle for a single petal to be g = 7 /(n - 1).
In total, there are N petals: 2 m = N ¢(. Hence, we find that N = 2(n — 1). A similar
reasoning suggests that a polarization ‘web’ composed of linear polarization vectors
around the V-point of field (3.7) has N = 2(n + 1) cells.

Next, we demonstrate that a ‘flower’ of linear polarization vectors composed
of 2(n — 1) petals formed by the field (3.6) in the source plane is transformed at
the tight focus into a ‘flower’-shaped intensity pattern with 2(n — 1) local maxima.
Actually, using Richards-Wolf formulae [17], which describe the electromagnetic
field components in the tight focus neighborhood, the E-field components can be
derived in the form:

E, = —i"""(Iy, cosng + L ,_» cos(n — 2)g),
E, = —i"""(Iy, sinng — L, sin(n — 2)g),
E, =2i"l, ,_ sin(n — 1)g, (3.8)

where
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0o

L, = (?) / sin”“(g) cos3_”<§) cos'2(0)A0)e™ T, (x)db, (3.9)
0

where A is the wavelength of light, f is the focal length of an aplanatic optical system,
x = krsinf, J, (x) is the first-kind Bessel function, and NA = sin 6 is the numerical
aperture. The initial amplitude function A(6) (herein assumed to be real) may be
either constant (a plane wave) or in the form of a Gaussian beam

—yzsin29)

3.10
sin? 6y (3.10)

AB) = exp(

where y is constant. The transverse intensity (without regard for the longitudinal
component of the field (3.8)) is given by

L= EL+|E| =13, + 12, 5 + 200 b0z cos2(n — 1)g). (3.11)

From (3.11), the transverse intensity profile is seen to have 2(n — 1) local intensity
maxima centered on the optical axis, each being located on aray ¢ =2 7 p/(2n —2),
p=1,2,3,...,2(n—1). Now we will determine an index of the V-point at the focus of
the vector field (3.8). For this purpose, an equivalent complex field and its amplitude
can be expressed as

E..= (10,,, cosng + I ,_o cos(n — 2)(p)
+ i([()’n sinng — I ,_» sin(n — 2)<p)
= Iy, exp(ing) + I ,—2 exp(—i(n — 2)¢). (3.12)

In the general case, the index of the field (3.8) is undefined, because while at
certain radii r coefficients in one exponential function can be larger than those in
another one, the situation may be opposite at other radii. In the complex field of
Eq. (3.12), TC depends on asymptotic properties of integrals (3.9). For instance,
putting A(0) = 6(6 — 6p), the integrals in (3.9) are replaced by Bessel functions, so
that (3.12) is rearranged to

E., = AJ,(ar)exp(ing) + BJ,_>(ar) exp(—i(n — 2)¢), (3.13)

with o = kr sin 6 and
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While from (3.13), the index is still seen to be undefined, near the optical axis
the amplitude of a lower-order Bessel function is larger than that of a higher-order
Bessel function, which means that, similar to the TC of a superposition of two optical
vortices [16], the near-axis index equals n = —(n — 2). In a particular case of n = 1
(conventional radial polarization) Eq. (3.12) suggests that

E.1 = (o1 — 1) exp(ie). (3.14)

In this case, the V-point index is unit (n = 1) and, considering that n = 1, the
source field index remains the same at the focus. This clearly follows from the fact
that a singular point with unit index is unable to disintegrate into a number of V-points
with smaller indices. In a similar way, a scalar optical vortex with TC = 1 remains
robust following stochastic amplitude and phase distortions.

For an nth-order azimuthally polarized vector source field of Eq. (3.1), 2(n — 1)
local intensity maxima will also occur at the focus, though being located on other
rays. Hence, a focal ‘flower’ composed of local intensity maxima will be rotated by
an angle of w /(2n—2). Using the angle magnitude, it becomes possible to distinguish
nth-order radial polarization from nth-order azimuthal one. Meanwhile, the number
of ‘flower’s petals’ enables a cylindrical polarization order to be determined. Actually,
for a source field (3.1), E-vector components in the focal plane take a form similar
to Eq. (3.8):

E, = i"""(Ip,,sinng + L ,_5 sin(n — 2)g),
E, = i"t"(—1y, cosng + I ,_» cos(n — 2)g),
E, = —2i"l, . sin(n — 1. (3.15)

For the source field (3.1), the transverse intensity distribution in the focus is
L=EP+|E| =B, + s — 2ouls 2 cos2(n — D). (3.16)

From (3.16), 2(n — 1) local maxima are seen to reside on a circle centered at the
optical axis and on the rays outgoing from the center at angles ¢ = (7 + 2 7w p)/
2n-2),p=0,1,2,...,2(n-2). To find indices of V-points at the focal spot of the
vector field (3.1), we can express an equivalent complex field with the amplitude:

Ec,n = (10,11 sin ny + 12,n—2 Sin(n - 2)(p)
+ i(—Io,n cosng + I ,_» cos(n — 2)(,0)
= —ily , exp(ing) + il ,—o exp(—i(n — 2)p). (3.17)

In the general case, the index of the field (3.17) is undefined, because while at
certain radii r coefficients in one exponential function can be larger than those in
another one, the situation may be opposite at other radii. However, at n = 1 (ordinary
azimuthal polarization), from Eq. (3.17) it follows that
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Ec.l = —l.(12,1 + I(),]) exp(up) (318)

In this case, the V-point index is unit (n = 1), meaning that the index of initial
field (3.1) remains unchanged at the focus.

A vector ‘web’ of source field (3.7) with 2(n + 1) cells, centered on the V-point
polarization singularity is transformed at the focus into an intensity pattern with 2(n
+ 1) local maxima. Actually, for the source field in (3.7), projections of the E-vector
are given by (n > 0)

="' (I, sinng + b uy sin(n + 2)9),
i

E,
Ey, = i""'(Ip,ncosng — b ui2 cos(n + 2)p),
E, = =2i"l} 41 sin(n + D). (3.19)

For the field (3.19), the transverse intensity distribution at the focus is given by
I, = |E|* + |Ey|2 =15, + 13 112 — 2lonlani2 cos2(n + 1)g). (3.20)
From (3.20), the intensity distribution is seen to have 2(n + 1) local intensity
maxima at the focus on an axis-centered circle of a certain radius. Hence, the vector
‘web’ in the source field of Eq. (3.7) can be identified based on the number of petals
of an nth-order vector ‘flower’.
Putting n = -1 in Eq. (3.7) for the source field, we may infer from (3.14) that
the V-point index changes sign at the focus, because based on Eq. (3.19) for the
E-vectors at the focus, we find that

E.1 = —i(lr,1 + In,1) exp(ip). (3.21)

Aiming to determine the V-point index at the focus of the vector field (3.7) and
using Eq. (3.19), we form an equivalent complex field with the amplitude:

Ec,n = (I().n sin ney + 12,n+2 Sin(n + 2)§0)
+ i(Io,n cosn@ — I i cos(n + 2)¢)
= ily , exp(—ing) — il 12 exp(i(n + 2)¢). (3.22)

Just like in Eq. (3.17), the index of field (3.19) is undefined, but like in Eq. (3.13),
it can be asserted that at the focus the near-axis V-point index is equal to a lesser
number of the Bessel function, i.e., n = —n. That is, given the source field of Eq. (3.7),
the near-axis V-point index at the focus is the same as in the source plane.
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3.1.3 Polarization Singularity Index for a Generalized Vector
Field

Obviously, the above reasoning cannot be automatically applied to a generalized
vector field as it has different orders on the different axes. For such a field, the Jones
vector is [10]

cosng
E;n(p) = (3.23)

sin mg

Although the field (3.23) may also be said to have a central V-point, its index can
be defined analytically only in some cases. Actually, the complex field equivalent to
the field (3.23) is given by

E. (@) = E, +iE, = cosng + isinmg (3.24)

In the topic-related work [10], it was not specified in which way the index of such
a field could be determined if n # m. In this work, we propose that the V-point index
of the vector field (3.23) should be calculated in a similar way to calculating the TC
of scalar optical vortices using the Berry’s formula [12]:

2
/d 0E(r, p)/d¢
o—.
E(r, ¢)

1
TC = — lim Im

JT r—>00

(3.25)

Then, according to (3.25), the Poincare-Hopf index for vector field (3.24) is given
by

2
1 . —nsinng + imcos me
n=——1limIm | do — =
2w r—o0 cos ng + i sin mg
0

2w
1 / J 7 sin ng sin me + m cos me cos ny
_ ) )

21
0

3.26
cos2 ng + sin® me (3-26)

From (3.26), it follows that at m = n, n = n, whereas at m = —n, n = —n. However,
at n # = m, the integral in Eq. (3.26) is not reduced to reference integrals. In
separate cases, Eq. (3.26) can be calculated analytically, but in other cases it needs
to be calculated numerically. Below, we deduce some properties of polarization
singularity index (3.26), including properties of parity, symmetry, reciprocity, and
multiplicity. The parity property is expressed in the fact that for different-parity m
and n (i.e., m + n is odd), polarization singularity index (3.26) equals zero. Actually,
the first integral in (3.26) can be broken down in two (with the range of integration
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in the second integral shifted from [z, 2 7] to [0, 7]):

b1
1 —nsinng + imcos me
Mnm = ~—Im . d
2 cos ng + i sin me

%

0 (3.27)

+/ —n(—1)"sinng + im(—1)" cos m(pd
(=D"cosngp + i(—1)" sin mg

Multiplying the numerator and denominator of the first integral by (—1)" and
taking into account that (-1)"*" = -1, we get a sum of two complex conjugated
numbers whose imaginary part equals zero. Thus, we obtain a symmetry property of
the Poincare-Hopf index for vector field (3.23). In this way, it stands to reason that
when n changes sign, the first integral in (3.26) does not change:

2
1 —(—n) sin(—ng) + im cos me
N—n,m = _Im/ T = Nn,m (3.28)
cos(—ng) + i sinme

On the contrary, when m changes sign, the integrand becomes complex conjugated
and, hence, the imaginary part changes sign:

Nn,—m = —MNn,m (3.29)

Shifting the range of integration by m /2, we get the following relationships
between the indices:

2 n -
1 —n(—1)2 sinngp + im(—1)2 cosme
T

(—1)% cosng + i(—l)% sin me

if n, m are even,
Nnm =

2
1 —n(— 1) = cos ng + im(— 1) T smm<p
— Im [ do¢
2 (— 1) smn(p—l—z( DT cosm<p
if n, m are odd,
(=1)m=m72y . if n, m are even,

= ' (3.30)
(=1)m=m/2y . if n, m are odd.

This can be termed as a reciprocity property because it enables the indices to be
swapped if they are odd. From (3.30), it also follows that if n and m are even, but
(m —n)/2 is odd, then n = 0.
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If the orders m and n have a common divisor, i.e., m = pu and n = pv, then,
performing a change of variables ¢ = 6/p in (3.26), we obtain a multiplicity property:

2p
—vsinvl + ipucos ub do

1
v = p=—Im - — =pn, 3.31
Tpv.pu p2rr / cosvf +isinubd p Plv.ie ( )
0

For instance, at m = 2n, polarization singularity index equals zero thanks to the
multiplicity and parity properties: 1,2, = 112 = 0. In a simple case, we determine
the index 71,41 analytically through the use of residues. If we denote { = cos ¢ +
i 2p + 1) sin ¢, the integral (3.26) can be written as (atn = 1)
1 d¢
=5 Im ¢ (3.32)
r

where I is the oriented closed contour in the complex plane drawn by the variable
¢,when 0 < ¢ <2 m. Figure 3.1 illustrates this contour for p =0, 1, 2.

If p = 0, this contour is a simple unit-radius circle. Otherwise, I has self-
intersections and the integral over I can be replaced by a sum of the integrals
over several simple contours without the self-intersections [red dashed contours in
Fig. 3.1b, c]. The only pole of the integrand in (3.32) is { = 0. If p = 0, this pole
is within the unit-radius circle and, according to the residues theorem, applied to
the integral (3.32), n;; = 1. For p > 0, only one simple contour contains the pole
(Fig. 3.1b, c). Thus, integration over the other simple contours yields 0. If p = 1 (and
at other odd p), the pole is bypassed clockwise and, therefore, the integration yields
n13 = —1. Similarly, if p = 2 (and at other even p), the pole is bypassed counter-
clockwise and, therefore, the integration yields 115 = + 1. Thus, we can write a
general rule for the Poincare-Hopf index n,,, at n = 1 and odd m:

Im z (a) Im z (b) Im z (c)

+1] +1

v

o~

e
ot L LT e

e —
Rl T -
h.-.----—_—-"

AR

1 Rez Al
-1 0 +1 -1 0

Fig. 3.1 Calculation of the Poincare-Hopf index. Contours I' (blue solid curves) in the complex
plane definedas ¢ =cosp +i(2p+ 1)sing (0< ¢ <2mw)forp=0(),p=1(b),p=2(c)Red
dashed ellipses show the simple contours without self-intersections, into which the contour I" can
be split. The cross in the center denotes ¢ = 0, the only pole of the integrand in (3.32)
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Table 3.1 Poincare-Hopf index 1 of vector field (3.23): n shown on the horizontal lines and m—on
the vertical

m N
0 1 2 3 4 5 6 7 8 9 10
0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 1 0 1 0
2 0 0 2 0 0 0 2 0 0 0 2
3 0 -1 0 3 0 -1 0 -1 0 3 0
4 0 0 0 0 4 0 0 0 0 0 0
5 0 1 0 1 0 5 0 1 0 1 0
6 0 0 -2 0 0 0 6 0 0 0 -2
7 0 -1 0 -1 0 -1 0 7 0 -1 0
8 0 0 0 0 0 0 0 0 8 0 0
9 0 1 0 -3 0 1 0 1 0 9
10 0 0 2 0 0 0 2 0 0 10
N = (=12 (3.33)
or, using the reciprocity property:
Mg =1 (3.34)

All the properties of index (3.26) for field (3.23) derived herein can be verified
using the Table 3.1.

Table 3.1 below gives values of 1, which were calculated using Eq. (3.26) for
vector field (3.23), with the orders m and n being varied from O to + 10 (for negative
m and n, symmetry rules can be used: 17_,m = Ny, and 1,y = —Num). From Table.
3.1, polarization singularity index can be only integer. It is also interesting that at n
=1, -1 and any m, the n index is equal to either 1, or 0, or —1. Also, atn = 8, -8 and
any m, the n index equals either 8, or 0, or —8. The same holds for n = 4 and n = 2.

3.1.4 Numerical Modeling

Shown in Fig. 3.2 are source vector fields with polarization singularity (V-point)
at the center for the nth-order vector field (3.6): (a) 3, (b) 4, (¢) -3, and (d) 4. In
compliance with the theoretical predictions, the vector fields in Fig. 3.2a, b are shaped
as ‘flowers’ with the number of petals equal to (a) 2(n — 1) =4 and (b) 2(n — 1) =
6. Whereas two other vector fields in Fig. 3.2¢, d produce ‘lattice’ patterns with the
number of cells equal to (c) 2(n + 1) = 8 and (d) 2(n + 1) = 10.
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Fig. 3.2 Vector field (3.6) (arrows mark linear polarization vectors at particular points), whose
order n coincides with the index of the V-point polarization singularity (Poincare-Hopf index 7) at
the field center and equals: a 3, b 4, ¢ -3, and d -4

Source vector fields of type (3.6) in Fig. 3.2 are transformed at the focal plane
into vector fields (3.8), (3.15), and (3.19), which have several points of polarization
singularities. Shown in Fig. 3.3 are the total intensity (Fig. 3.3a) and the transverse
intensity (Fig. 3.3b) for a source vector field with the index n = 3 of Fig. 3.2a. The
numerical modeling of focusing vector fields was conducted using Richards-Wolf
formulae [17] for wavelength 532 nm and numerical aperture NA = 0.95.

In accordance with theoretical predictions [Eq. (3.11)], there occur 2(n — 1) = 4
local maxima of the total and transverse intensities at the focus. Due to the longi-
tudinal intensity components, the coordinates of four local maxima in Fig. 3.3a are
different from those of the transverse intensity in Fig. 3.3b.
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Fig. 3.3 Patterns of the a total intensity I 4 I 4 I, and b transverse intensity components /, +
I, from the source vector field of Fig. 3.2aatn =3

Shown in Fig. 3.4 is a distribution of linear polarization vectors at the focus from
the source vector field in Fig. 3.2a (n = 3).

From Fig. 3.4, four polarization singularity centers are seen to be located at the
corners of the dark cross of Fig. 3.3, with an on-axis V-point with the index n = -1
located at the center. The indices of the four V-points at the corners of the dark cross
(Fig. 3.3) are the same in magnitude but of different sign, with two vertical V-points
having n = + 1, and two horizontal V-points n = —1. Hence, the total near-axis index
of the vector field of Fig. 3.4 equals that of the central V-point, i.e., = —1. This
conclusion agrees well with Egs. (3.12) and (3.13): n =-(n—2) = -1.
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Figure 3.5 depicts numerically simulated patterns for the (a) total intensity and
(b) transverse intensity from the source vector field with n = 4 (Fig. 3.2b). From
Fig. 3.5, the theoretical relation (3.11) is again seen to be corroborated, with 2(n — 1)
= 6 local maxima in the intensity pattern found symmetrically to the optical axis

being observed.

Figure 3.6 shows a pattern of linear polarization vectors at the focus from a source
vector field with n = 4 (Fig. 3.2b). From Fig. 3.6, a set of V-points with indices 1
= + 1, -1 are seen to form at the ‘vertices of a dark six-point star’ of Fig. 3.5.
Equation (3.12) suggests that an on-axis V-point with n = -2 is found at the center.
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Fig. 3.5 Patterns of the a total intensity /, + Iy + I, and b transverse intensity /,, 4/, component
at the focal plane (NA = 0.95) from the source vector field with the index n = 4 (Fig. 3.2b)
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Figure 3.7 depicts patterns for the total (Fig. 3.7a) and transverse (Fig. 3.7b)
component of the intensity at the focal plane (NA = 0.95) from the source vector
field with n = -3 of Fig. 3.2c. Figure 3.7 shows that in compliance with theoretical
predictions, there are 2(n 4 1) = 8 local intensity maxima in the intensity distribution.

Shown in Fig. 3.8 is a pattern of linear polarization vectors at the focus from the
source vector field of Fig. 3.2c at n = —3. From Fig. 3.8, eight V-points are seen to
be located on a circle (at the vertices of a ‘dark eight-point star’), with four of them
having the index n = + 1 and four having the index n = —1. Equation (3.22) suggests
that at the center of the focal spot there is a V-point with n = 3.
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Fig. 3.7 Patterns of the a total intensity /, + Iy + I and b transverse intensity /,, + I, component
at the focal plane (NA = 0.95) for the source vector field with the index n = -3 of Fig. 3.2¢
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3, m=-7

n=

X, um

-2

-3

0.95 when focusing vector beams withn =2, m =1

1

2, m

n

4

(d)

Figure 3.9 presents patterns of linear polarization vectors for the source field of

Figure 3.10 suggests that a source field with n = 0 (Fig. 3.9a) produces neither
an intensity null nor a V-point at the center of the focal spot (Fig. 3.10a), whereas a
source vector field with n = 1 (Fig. 3.10b) produces at the center an intensity null
and a V-point.

Eq. (3.23) at different values of (n, m): (a) (2,1), (b) (3,-7), (¢) (9, -3), and (d) (6,2).
can be found to be (a) 0, (b) 1, (c) -3, and (d) 2. By looking at Fig. 3.9, indices

Using the Table 3.1 above, the Poincare-Hopf indices 1 for the said vector fields
of the V-points of such complex vector fields would be difficult to determine. The
pattern for linear polarization vectors at the focus would be even more complicated
(not presented here). Shown in Fig. 3.10 is an intensity pattern at the focus of an

3.1 Tightly Focusing Vector Beams Containing V-Point Polarization ...
(Fig. 3.10a) and n = 3, m = -7 (Fig. 3.10b).

aplanatic objective with NA

X, um

-2

-3

- e A A A AR R 12~ NNN NN~
—— = S ~——
e A R By resm e | B e N e
bt brree 27/ ] L NNNRNN /=SSN N A oS f PN\ NN e
oot e s il N el NS mee s S N P NNN N N
A\\\\\..I\\.\\\ DN NNy SN W i i NNANNm— e S LN} P NN N e A 2
Mlrzeostzaas TNt —mmnswi Y R = R
——— ——
Sl ai s el s NN AR | PN
o — | ———
NN I A AN SN b s [N NN NN s 2 LSS S
NNNNNNDY [ A A NN\ [Vl /vt | NANANANNNNSAA NN SN\N—A S S S P
NMNNNNNNN Y A AN\ [ ittt il O | === NANNANANNAL AN NN s f S S PP
MMNNNNNSNNN s AN NI vv st~ || |4 & are=NNANNN—S N\ A S S p AN\
FUUVVANNNNN v NN Zvvr s 4 LN LIl 4t~ p f 7SN NV
R SO e e T QNS | ] & PSS b
e o am o o - NN & ~f——
7oA TS 7 S| NS oA Rer s /1
s < L e e
v s £ h ~———
PIP 727272727272 INSANZL=ZEANNNNNAR Y | e \\\\“““““H/NN“ H“\HNHNHN////
S T AR S A RN
~ Py L
22227 PINSS NN\ wvsam s FENNNNN | “““nww.ll\luﬂﬂu.n“ HH““MHHHNNH””
222 PANSS= NN\ v f—err P EANNN
771 AR S = NN\ A P LN ' Vbl atateatman N NV Nt /S A==\ \
7 :/fII.L////N\\\T;\\\\\V NEs s Amm=~ NN/ Al A A i NN
“ AR \NNNN N A o S e f v o A NN NN/ \ N S A PN
h///.ll'oL/((/f \\\\ﬁl‘\\\\\v [ e NN N N \Ner bl S L
AN VNN AN A2 )| ————\ N — o o
z\ N N1 7 NN\ 74 YRS a4
ANNS == INNNNNN A A | emmm s f - =SSN NN AR S
——TTTTT ——T—TT—T—T—T—
~ ™ (] ~ =) ~ N o ~ Y A o N ~ = ~ N oy +
' ' [ ' £ ' ' '
A
CeEEERRN AN 11777777 PLSAAmNNNN P Nk /e m AN
Emme ] MLt oamal | AL AANNNSA | N h L L NN
B e L VAL LA AL LS IASNNNNA ) PN d S NN NN
POBEEBERA N X { V11777 ~ ™ N AL S LN\ N LN
e RN AN WHET s s NN Z 27 AN | NS L NN [
P S LN | ttrrr-~ =~ [ e N B Al A LS e e A A |
Pt NN | [ N = oy
PPt & | B B S enttaa | LAVNS—s A zNNS T f s xS/
PP TN S R B ) SR IR w,/\.\\\lzl\ e S et | “ ” v
£ At SN\ 1 7 e~ N N UL ANN=22NNZ Vo= NSy ) N\
Ll LA Y N o~ e L LN SN N NN ) NN
P A e B e R VNSRS NN \I/\A bANS—rrr
A R N R R N RN LD KA r® L6 ) Pttt
AL AAA AL L= NNNNNNNNN NN =3 NAANNNNANNSSANANSNNN—SAS L2 L2777
P A N N = T N D N N N N N N e\ T et atatated
R R o S N » N B et A AL C AR D DR RN Rt
ALl A AN A=~ NN NN NN NNttt L=t~ 2SN NN
AL LA AL\ ) st S S SO SO SO NN B ] | [£440s s [ RS e A N I N N
VPP NN (e e R R ) = Ve S R RN AN T AV A BN P SN
P e S Y ] 7 A maSNNNNN ARt P ANN=AN A~ st} m } S~
P e S L | P 7 /NN & %\ M “ FANNSAAN NN SN ~ * 12~
e e PPN T2 T H
R — ~p - - -
sosssaaa oAt Wl =0 “ 17 7~NNNS—=s S\ NN~ v /s~ L
CEEmma RN Wiili =L [ RSN BE S DN NS TP
AN L N YYY e 2 SsNANNNS= A S NN NN S SN
PR NN YY Y SNNNNNN A S SANN Y AN S S
~ NSNNNNN—e S SN NN S S S
4 Y LJ J n/. T Tk T Y ._z L.. J L R NNNNNS— A g AN AN A S S
Py Moy
P < — 1 T 1 T 1 "~ T T T
‘ ~ on ~ ~
Tl q ~+ ) ~N S - 7.. Q_J <t

w1

4

(©)
Fig. 3.9 Source vector fields (3.23) at different n and m
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Fig. 3.10 Intensity patterns at the focus of vector beams withan=2,m =1 (a ‘butterfly’)and bn =
3, m = -7 (a ‘dragon mouth’)

Summing up, we have shown both theoretically and numerically that an nth-order
source vector field has a central V-point with the Poincare-Hopf index 1 = n and the
Stokes index 2n. Such a vector field is ‘flower’-shaped with 2(n — 1) petals. When
tightly focused, this field produces at the focus an intensity pattern with 2(n — 1)
local maxima located on a circle of certain radius, centered on the optical axis. Near
those intensity maxima, 2(n — 1) local minima are found (intensity nulls, polarization
singularity points), where V-point singularities with alternating indices + 1 and —
1 (the total index being zero) are located. An intensity null, or a V-point with the
index —(n — 2), has also been shown to occur at the center of the focus. It has also
been shown that an —nth-order source vector field has at the center a V-point with
the index —n. Such a vector field is in the form of a ‘web’ with 2(n + 1) cells. At
the tight focus, this field produces an intensity pattern with 2(n + 1) local maxima
located on a circle of certain radius centered on the optical axis. Near those intensity
maxima, 2(n + 1) local minima are found (intensity nulls, polarization singularity
points), where V-points with alternating indices + 1 and —1 (the total index being
zero) are located. An intensity null, or a V-point with the index —n, has also been
shown to occur at the center of the focus. For an (n, m)-order vector field, indices of
V-points (see the Table) have been numerically calculated for the numbers varying
from —10 to + 10. For a number of cases, indices of a generalized vector field have
been derived analytically.

Such vector fields with V-point singularities can be generated experimentally by
using either g-plates, i.e., specially transversely patterned liquid crystal cells inducing
an integer or semi-integer topological charge [18, 19], or, for higher Poincare-Hopf
indices, by spatial light modulators: either by one, with double modulation technique
[20], or by two [21].

Application areas of such light fields with polarization singularities are laser
information technologies [22], laser material processing [23], microscopy [24], and
particle manipulation or optical trapping [25]. Vector laser beams with V-points are
considered in [26].
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3.2 Spin Hall Effect Before and After the Focus
of a High-Order Cylindrical Vector Beam

In optics, cylindrical vector beams (CVB) are well known [14, 27], including the
high-order beams. When the order is n = 1, these beams have specific names—
radially polarized beam [28] and azimuthally polarized beam [29]. In addition, a lot
of works studied sharp focusing of the CVBs of the first order [30, 33], of the high
order [4, 31], of the fractional order [32], as well as focusing of the vortex beams
with high-order azimuthal polarization [34].

It is known that both in the initial plane and in the focus of a CVB of an arbitrary
order, polarization is inhomogeneous and linear in every point of the beams cross
section. The beam order 7 is equal to the number of full rotations of the polarization
vector when passing along a closed contour around the optical axis. On the optical axis
in the initial plane, such beams have a point of a polarization singularity (V-point),
where the direction of linear polarization vector [26] is undefined. The polarization
index of this V-point is equal to the beam order #. It is also known, that in the sharp
focus of the nth-order CVB, the intensity distribution has 2(n — 1) local maxima [26].
The third component of the Stokes vector is zero: S3 = 2Im(EYE,) = 0, i.e., the
spin angular momentum (SAM) of a CVB in the initial plane is zero. Equal to zero
is also the orbital angular momentum (OAM) of the CVB in the initial plane and in
the focus.

In this section, using the Debye integrals and a numerical simulation, we show that
near the sharp focus (before the focus and beyond the focus), local subwavelength
areas are generated with elliptic and circular polarization of different sign.

3.2.1 Spin Angular Momentum Before and Beyond the Focus

If the initial light field is an nth-order cylindrical vector beam, the Jones vectors of
the electric and magnetic fields are given by

E.(p) = (C.O Smp)ﬂn(w) = (_Slnn(p), (3.35)

sin ng cos ng

with (r, ¢) being the polar coordinates in the transverse initial plane of the beam.
Adopting the Debye integrals [17], we derive all the Cartesian components of the
strength vectors of the electric and magnetic fields in the sharp focus of the light field
with polarization (3.35):

E.(r, ) = i" [cos(p)Iy,, + cos((n — 2)9) L 2],
Ey(r,¢) = i" '[sin(np)ly,, — sin((n — 2)@) >,
E.(r, ¢) = 2i" cos((n — D)} 1,
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Hy(r, ¢) = —i""![sin(n)lo,n + sin((n — 2)@) o.n2].
Hy(r, ) = —i""'[— cos(ng)Io,n + cos((n — 2)¢) L n2],
Hz(rv (P) = -2" Sin((n - 1)‘/))11,11—1- (336)

In Eq. (3.36), the functions /,, depend only on the radial and longitudinal
coordinates r and z and equal to:

0o

L, = (?) f sin”*! (g) cos3_”(§> cos'2(0)A(0)e™ 0T, (x)d6  (3.37)
0

where k = 2 7 /\ stands for the wavenumber of monochromatic light with the
wavelength A, f is the focal distance of an aberration-free spherical lens that focuses
the beam, z is the propagation axis (z = 0 is the focal plane), x = kr sin 6 is a
dimensionless argument of the jth-order Bessel function of the first kind J, (x),
NA = sin 6 is the numerical aperture of an aplanatic focusing system, whereas an
arbitrary real-valued function A(f) describes the amplitude of an input field with a
cylindrical symmetry (plane wave, Gaussian beam, Bessel-Gaussian beam). In the
functions 1, in Eq. (3.37), the first index v = 0,1,2 describes the first part of the
integrand, whereas the second index i = 0,1,2,...,n defines the order of the Bessel
function.

To derive the focal distribution of the spin density or the spin angular momentum
(SAM) for the beam with polarization (3.35), we use the general expression for the
spin angular momentum vector given in [35]:

1
S=——Im(E* x E), 3.38
167w ( ) ( )
where w is the angular frequency of light. From now on, the constant factor 1/(16
7 ) will be omitted. It is seen in Eq. (3.38) that the longitudinal SAM component
(without the constant factor) is coinciding with the non-normalized third Stokes
parameter Ss:

Sy = 8. = 2Im(EEy). (3.39)

It is known that the third Stokes component indicates circular or elliptic polariza-
tion of a light field [36]. If S3 = O, then the field has only linear polarization. If we
substitute the electric field components from Eq. (3.36) into Eq. (3.39) and take into
account that the integrals (3.37) are complex-valued near the focus (but not in the
focus itself), we get the longitudinal component of the SAM vector:

S, = Im[[o.,,li",n_2 sin(ng) cos((n — 2)¢) — I§ ,>.,—2 sin((n — 2)¢) cos((n — 2)(,0)],
(3.40)
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where the asterisks “*” mean the complex conjugation. Separating the real and imagi-
nary parts in the integrals (3.37), and using the linear approximation exp(ikz cos ) =~
1 + ikz cos 6 near the focus (kz << 1), instead of Eq. (3.40) we get:

S, ~ 2kzsin(2(n — 1)) (IoR>» — IRy), (3.41)
where we use the following designations:

Ro=Io,(z=0),1p = Io,,

Ro=h,2z=0),L=1,1,
6o

I,, = (%) / sin”*! (%) cos3_”<§> cos®’?(0)A(0)J,, (x)db. (3.42)
0

As seen from Eq. (3.41), in the focus itself (z = 0), S3 = 0, and, therefore, in each
point of the focal plane, polarization is linear. However, at small defocusing (kz <<
1), S3 # 0, and areas with elliptic and circular polarization appear, if n 7~ 1. In the
areas where before the focus (z < 0) the SAM was negative (S3 < 0), after the focus
(z > 0) it becomes positive (S3 > 0), and vice versa. According to Eq. (3.41), near
the focal plane, on a certain radius circumference with the center on the propagation
axis, centers of 4(n — 1) local subwavelength areas reside, with elliptic and circular
polarization. In such neighboring areas, polarization vector is rotating in opposite
directions (clockwise or counter-clockwise). A similar result was obtained in [37],
but for n = 0. Since, at n # 1, near the focus of the light field (1), areas with left
and right circular polarization (areas with a different “spin”) are spatially separated,
we can conclude that near the focus (before and after it), the spin Hall effect occurs,
although in the focal plane itself, this effect vanishes.

3.2.2 Transverse Energy Flow Before and Beyond the Focus

Further we derive the transverse components of the energy flow vector. The Poynting
vector reads as [17]

c

P= Re(E* x H). (3.43)

In Eq. (3.43), vectors E and H stand respectively for the electric and magnetic
fields, the asterisk * means the complex conjugation, X is the cross product, ¢ is the
free-space speed of light. From now on, the constant factor ¢/(4 7) will be omitted.
Substituting the expressions (3.36) for the electromagnetic field components in the
focus into Eq. (3.43), we obtain the transverse components of the Poynting vector
near the focus:
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Py = ZIm{—I({nll,n_l sin(ng) sin((n — 1)g) + Izn_zll,n—l sin((n — 2)¢) sin((n — 1)gp)
+If"n_110,n cos(np) cos((n — 1)) — Ifn—1[2.n—2 cos((n — 2)¢) cos((n — l)ga)},
Py = 21m[1in_110’n sin(ng) cos((n — D) + I ,_ 1o, n—2 sin((n — 2)) cos((n — 1))

+ If)k’nll‘n,l cos(ng) sin((n — 1)) + 1;,,17211,;171 cos((n — 2)¢) sin((n — l)tp)].
(3.44)

Separating the real part and the imaginary part in the integrals (3.37), and using
the approximation exp(ikz cos #) = 1 + ikz cos 6 near the focus (kz < < 1), instead
of Eq. (3.44) we get:

Py =2kzcosp[Ri(lp — 1) + 11 (R2 — Ro)],
Py = 2kZ sin (p[Rl (IO — 12) + Il (R2 — R())] (345)

In Eq. (3.45), the following designations are introduced for the real and imaginary
parts of the integrals (3.37):

Ry=1Ip,(z=0),1p =1 R =1 ,-1(z=0),

L=1,1,R=h,2z=0),L=1I,2,
)

1, = (?) f sin**! <g> cos3"<§> cos?/2(0)A(0)J,.(x)db. (3.46)
0

For demonstrative purpose, we now move to the polar coordinates. Then, instead of
Eq. (3.45), we derive the radial and azimuthal components of the transverse Poynting
vector near the focus:

Pr = 2kZQ(r)a
P, =0,
O(r) =Ri(lo — I2) + 11 (Rx — Ry). (3.47)

The radial and azimuthal components of the transverse Poynting vector describe
respectively the convergence/divergence of the light field and its transverse rotation.
Expression (3.47) illustrates that, regardless of the beam order n, the energy flow
near the focus of the beam (1) is diverging or converging from the optical axis along
the radial paths. At z = 0 (in the focus), the energy flow is parallel to the optical
axis. Before the focus (z < 0), transverse energy flow is converging along the radii
to the optical axis, whereas after the focus (z > 0) it is diverging. Since the sign of
the function Q(r) in Eq. (3.47) can change at some distances from the optical axis,
then at certain circles centered on the propagation axis, transverse energy flow is
diverging before the focus and converging after the focus.
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Now we show for the field with polarization (3.35) that its longitudinal component
of the angular momentum vector is equal to zero near the focus, as in the initial plane.
Indeed, the angular momentum vector of light is given by [38]:

1 . 2
J= ZRe(r X (E X H)) = C—z(l‘ x P), (3.48)

whereas its longitudinal component (without the insignificant constant factor) is
J, =rP, =0. (3.49)

The expression (3.49) follows from Eq. (3.47) since P ¢ = 0. The angular
momentum (3.48) can be represented [39] as a sum of the spin angular momentum
S and of the orbital angular momentum L:

1 1
—S+L=— Im(E*xE) + —— I (E VE) 3.50
J + 8ﬂwm( X )+8nwp§);zm , (X V)E, (3.50)

Without the constant factor 1/(8 7 ), the longitudinal SAM component, as
follows from Eq. (3.41), is equal to S, =~ 2kzsin(2(n — 1)¢)(IoR2 — ILRy). The
longitudinal OAM component from Eq. (3.50) is given by

9 9 9
L =Im|E*~E +E2E, +E-2E 351
) [*fﬁp ThEeh TG, Z} G

Substituting the expressions (3.36) for the electric field components into
Eq. (3.51), we get that near the focus

L, >~ —2kzsin(2(n — 1)¢)(loR» — [hRy). (3.52)

Summation of Egs. (3.52) and (3.41) proves the validity of the expression (3.49).
Thus, near the focus, longitudinal SAM and OAM components are equal by magni-
tude and directed oppositely (S, =-L;), and, therefore, the longitudinal component of
the angular momentum is equal to zero. It is interesting that, when passing through the
focus, the longitudinal OAM component (3.52) changes sign, as does the longitudinal
SAM component (3.41).

Thus, since the transverse energy flow near the focus is not rotating (P ¢ = 0),
the longitudinal component of the angular momentum equals zero, but it does not
mean that, near the focus of the field (3.35), the longitudinal OAM component is
also equal to zero. The field with polarization (3.35) in the focus has a longitudinal
OAM component, equal by the absolute value to the longitudinal SAM component,
but with the opposite sign. We also note that the full (averaged along the whole
beam cross section) SAM and OAM are the quantities that conserve separately on
free-space propagation of light [40], so that near the focus of the beam (3.35), the
following two integrals should be equal to zero:
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00 2w [ 2w
/rdr/dgoSz(r,tp,z) = O,frdr[dez(r,w,z) =0. (3.53)
0 0 0 0

This means that local rotation of the polarization vector near the focus (3.41)
should change sign in different areas of the beam transverse section so that to compen-
sate this rotation and so that the full SAM and OAM of the beam (3.35) would be
equal to zero (3.53).

3.2.3 Numerical Simulation

To confirm the theoretic findings, we performed a numerical simulation. For this
purpose, we computed the electric and magnetic field near the sharp focus by using
the expressions (3.36) and verified them by computing the field directly with using
the Debye double integrals.

Figure 3.11 illustrates the distributions of intensity (column 1), radial component
of the Poynting vector (column 2), longitudinal components of the SAM (column 3)
and OAM (column 4) vectors of a sharply focused Gaussian beam with 3rd-order (n
= 3) cylindrical polarization (3.35) in two transverse planes, one before the focus
(row 1) and one beyond the focus (row 2). For computation, we used the following
parameters: wavelength . = 532 nm, focal length f = 10 wm, numerical aperture 6,
= 0.49 m (NA = 0.999), calculation area is 4 x 4 wm, the longitudinal coordinate
(relative to the focal plane) is z = —\ (row 1) and z = + A (row 2). To describe the
Gaussian shape of the input field, radial distribution of the complex amplitude was
equal to A(9) = exp[—(sin O/sin ag)?] with og = 7 /3. Figure 3.12 depicts the same
distributions and for the same parameters as in Fig. 3.11, but for another polarization
order n = 4.

Despite the visual similarity of SAM and OAM distributions (columns 3 and 4
in Figs. 3.11 and 3.12), they were computed quite differently: SAM distributions
were computed by Eq. (3.39), whereas the OAM distributions were computed by
Eq. (3.51) with numerical differentiation by the angular coordinate ¢. Nevertheless,
the obtained patterns confirm that the OAM L, and the SAM S, compensate each
other, and that after passing the focal plane, the rotation of the polarization vector
changes its direction (i.e., longitudinal SAM component changes its sign).

Figures 3.11 and 3.12 also confirm that near the focus there are 4(n — 1) areas with
different rotation direction of the polarization vector. Figure 3.11 contains 4(n— 1) =
8 local subwavelength areas with elliptic polarization (column 3), including 4 dark
areas with left elliptic polarization and 4 light areas with right elliptic polarization.
In Fig. 3.12, there are 4(n — 1) = 12 such subwavelength areas. Thus, the simulation
confirms that the areas with a different “spin” are spatially separated near the focus,
that is the Hall effect occurs.

It is known that in the cross section of a high-order cylindrical vector beam
(CVB), polarization is locally linear. The number of full rotations of the locally



3.2 Spin Hall Effect Before and After the Focus of a High-Order Cylindrical ... 99

—

—_—

—

—_

Fig. 3.11 Distributions of intensity (column 1), radial component of the Poynting vector
(column 2), normalized-to-maximum longitudinal component of the SAM vector (column 3),
and normalized-to-maximum longitudinal component of the OAM vector (column 4) of a sharply
focused Gaussian beam with 3rd-order cylindrical polarization before the focus (row 1) and beyond
the focus (row 2). In all the figures light and black colors mean respectively maximum and minimum.
Scale marks (in the left bottom corner) denote 1 pm

Fig. 3.12 Distributions of intensity (column 1), radial component of the Poynting vector
(column 2), normalized-to-maximum longitudinal component of the SAM vector (column 3),
and normalized-to-maximum longitudinal component of the OAM vector (column 4) of a sharply
focused Gaussian beam with 4th-order cylindrical polarization before the focus (row 1) and beyond
the focus (row 2). In all the figures light and black colors mean respectively maximum and minimum.
Scale marks (in the left bottom corner) denote 1 pm

linear polarization vector, when passing along a closed contour around the optical
axis, is equal to the CVB order, for instance, n. It is also known that both in the initial
plane and in the focus, the CVB has neither the spin angular momentum (SAM)
nor the orbital angular momentum (OAM). In this section, we demonstrated that
near the focal plane of the CVB, for instance, at a distance of wavelength before
and beyond the focus, 4(n — 1) local subwavelength areas are generated, where the
polarization vector is rotating in each point. The centers of these local areas reside on
a certain radius circle with the center on the optical axis. More of it, in the neighboring
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areas, the polarization vector is rotating in different directions so that the longitudinal
component of the SAM vector in the neighboring areas has opposite signs. The full
SAM, obtained by averaging the SAM density over the whole transverse section
of the beam, is equal to zero. Such space separation of the left and right rotation
of the polarization vectors manifests that the optical spin Hall effect takes place.
Such a phenomenon can be used in optical sensorics for determining the CVB order.
For example, metasurface-based optical sensors are known [41-44], that detect left-
handed and right-handed circular polarizations by separating them in space. In our
case, the CVB order n is determined by counting the local areas with left and right
circular polarization near the sharp focus [45].

3.3 Spin Angular Momentum at the Tight Focus
of a Cylindrical Vector Beam with an Imbedded
Optical Vortex

Ever since the seminal work by Poynting [46], in which an angular momentum
(AM) was ascribed to the circularly polarized light, optical spin angular momentum
(SAM) has actively been studied [47], in particular, at the tight focus. Techniques
for measuring Stokes parameters of light fields at different polarization states on
the high-order Poincare sphere were discussed in [48]. Measurements of the photon
SAM by measuring the optical torque in waveguide integrated photonic devices
were described in [49]. The spin angular momentum of a guided light propagating in
planar and cylindrical waveguides was studied in [50]. Considering that amplitudes
of modes propagating in these waveguides are described by familiar relationships,
these can be used to describe all projections of the SAM vector. Measuring the
transverse spin density and investigation of a polarization effect using a fluorescent
microbead was reported in [51, 52]. Theory of spin-to-orbital angular momentum
conversion was proposed in [35, 53], including focusing systems. The study of the
transverse spin density in [54] found ‘photonic wheels’ to occur in the beam. In
[55], the spin vector was experimentally shown to form a Mdbius strip in the 3D
space. The transverse spin angular momentum of tightly focused Poincare beams
was discussed in [56]. The optical helicity of electromagnetic waves associated with
their polarization states was studied in [57], with the maximum helicity shown to
occur for circularly polarized light. Spin angular momentum at the focus of light
fields with hybrid polarization states was studied in [60, 61]. Characterization of the
SAM of a tightly focused cylindrical vortex beam of the first order was reported in
[58]. The study of optical spin properties at the tight focus is of high interest because
the SAM vector is partially transferred to the angular momentum of an absorbing
microparticle trapped at the beam focus, setting it into rotation around its center of
mass [59, 62]. Tight focusing characteristics including SAM were also investigated
for specific types of beams, such as Airy beams [63—66] and Pearcey beams [67, 68].
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In this section, we analyze the SAM of cylindrical vector beams of an arbitrary
integer order. We study the behavior of the SAM, since the non-zero longitudinal
SAM is an indicator of elliptical or circular polarization. And we want to know does
the focus contain regions with circular and elliptical polarization, if the initial light
field has only linear polarization? Using Richards-Wolf theory, we derive an exact
expression for the density of the longitudinal SAM vector component at the focus
of such beams, revealing that there occur 4(n-1) local subwavelength regions at the
focus, with the longitudinal SAM vector component changing sign in the adjacent
regions. The total longitudinal component of the SAM vector, i.e., the average value of
SAM over the beam cross section, is shown to conserve and equal zero upon focusing.
The presence of spatially separated regions with alternating spin sign shows that an
optical spin Hall effect occurs at the focus.

3.3.1 Electric and Magnetic Components at the Focus
of Light Fields with Phase and Polarization
Singularities

Sharp focusing of cylindrical vector beams with an embedded optical vortex was
analyzed in [34]. Such beams notably possess both phase and polarization singulari-
ties. By simultaneously changing the value of phase singularity (topological charge)
and polarization singularity index (Poincare-Hopf index), all characteristics of a laser
beam at the sharp focus can be controlled, including the intensity, the energy flow,
spin and orbital angular momentums. In this paper, briefly recalling significant rela-
tionships from [34] for the readers’ convenience, we focus major attention on an
analysis of the spin density and the total spin at the focus. We note that the spin
angular momentum (SAM) at the focus of the said beams was beyond the scope
of Ref. [34]. Below, we demonstrate that the total (averaged over the cross section)
longitudinal component of the SAM vector for a cylindrical vector beam of arbitrary
integer order with an embedded arbitrary-integer-order optical vortex conserves upon
free-space propagation and equals zero. Because of this, an even number of local
regions with longitudinal SAM components of alternating sign forms at the focus.
In these local regions of alternating spin sign, the elliptic polarization vector rotates
clock- or anticlockwise, which is a manifestation of an optical spin Hall effect.

In the original plane, a cylindrical vector beam with an embedded optical vortex
is described by the Jones vector:

. cos ng
Enn(0, @) = A) exp(imp)| . ) (3.54)

sinng
where 0 is the polar angle or the angle the optical axis makes with a line drawn from
the focal spot center to a point on the spherical wavefront in the original plane, ¢
is the azimuthal angle at the beam cross section, m is an integer-valued topological
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charge of the optical vortex, and # is an integer number equal to the Poincare-Hopf
polarization singularity index (V-point index), or the order of the cylindrical vector
beam. In [34], using Richards-Wolf formalism, we derived relationships for the E- and
H-field components at the focus from the original field (3.54). For the convenience of
readers, we briefly repeat here the derivation of equations from [34]. The Richards-
Wolf equation for calculating the components of the electric and magnetic fields at
the focus of a high numerical aperture system is [17]:

o 27

Ulp, ¥,2) = —%//B(QM)T(@)P(@,@)
0 0

x exp{ik[p sin 6 cos(¢ — ¥) + zcos O]} sinfdOde (3.55)

where U(p, ¥, 7) is the electric or magnetic field, B(6, ¢) is the electric or magnetic
field at the input of the high numerical aperture system (6 is the polar angle, ¢ is
the azimuthal angle), T7'(9) is the lens apodization function (in our case, an aplanatic
objective wasused T(0) = cos'29), f isthe focal length, k =2 7 /) is the wavenumber,
X is the wavelength, a is the maximum polar angle determined by the numerical
aperture of the lens (NA = sina), P(0, ¢) is the polarization vector, which has the
form [69]:

1 4 cos® g(cosf — 1) sing cos p(cosd — 1)
P@®,¢) = | singpcosp(cos® — 1) |a®, ) + | 1+sin’ p(cosd — 1) |b(®, ¢)
—sinfcosg —sin@sing

(3.56)

where a(@, ¢), b(9, ¢) are the polarization functions for the x- and y-components
of the incident field, i.e., x- and y- components of the Jones vector of the original
field (3.54). Field (3.54) can be represented as the sum of two optical vortices with
circular polarization:

. A@) ;
YL 4 %el(m*’”“’lm, (3.57)

Em.n(g’ (,0) ZA(G)eim¢<COSn(p) _ @

sin ng 2

1 1
where |L) = ( .); [R) = | . |. By substituting Eq. (3.57) into (3.55), we can
—i i
integrate over the azimuthal angle ¢ and obtain equations for all components of the
electric and magnetic fields in the form [34]:

m—n—1

im+n— i

[ .
Ex = Tel(ern)w (10,m+n + 6721¢[2,m+n72> +

et(mfn)rp (10,mfn + 62“'012,mfn+2)y

jmtn () 2 jm—n i ) 2i
E)’ = Tel e w<_10.m+n +e IWIZ,WthfZ) + Tel men W(I(),mfn —e€ KplZ,mﬂHZ),



3.3 Spin Angular Momentum at the Tight Focus of a Cylindrical Vector ... 103

E, = im+nei(m+n71)w11.m+n71 _ l-mfnei(mfnJrl)(le'm?nJrl i

im

jmtn . o -n... 2
Hy = ——eilmmy (IO.ern te I(p12,m+n72) - Tel(m ne (IO,mfn te l¢12,m7n+2),

2
jmtn—1 T 2 jm—n—1 " ) 2
HY = Tel e w(lo,m+n —e wl2,m+n72> + Tel men w(’O,mfn —e w12,m7n+2)y
Hz — im+n+lei(m+n71)¢ll,m+,,_1 + l-mfn+1ei(m7n+1)<p117m_n+l’ (358)

where the functions 1, , = I, ,(r) take the form:

[ 0 0 A
I, = 2kf / sin”*! <§> cos3_"(5) cos'/2(0)A(0)e™ <], (kr sin0)do, (3.59)
0

where J,(§) is the Bessel function of the first kind and pu-th order, A(9) is a real
function that defines radially symmetric initial field amplitude, and & = krsinf. The
first index in (3.59) indicates the function type, v = 0,1,2, with the second index
indicating the number of the Bessel function, u = 0, 1, £2, ...

3.3.2 Distributions of the Intensity, Poynting Vector,
and Longitudinal Projection of the SAM

Using Egs. (3.58), the intensity distribution at the focus of beam (3.54) is found in
the form:

1
I = E(lg,men + I(imfn + 122,m+;172 + Ig,in7n+2) + 112,m+n71 + Ig,m7n+1+
(_1)n+1 COS(Z(?I - 1)§0) (IO,m+n12,m—n+2 + IO,m—nIZ.in+n—2 - 2Il,m-',—n—lll,m—n-f-l)‘

(3.60)

The intensity in (3.60) is defined as the magnitude I = |E,I* + |E,|* + |E,I>. From
(3.60), the intensity pattern is seen to be devoid of circular symmetry, while being
symmetric with respect to the Cartesian origin at the focus because the replacement
of the angle ¢ by ¢ + 7 does not lead to a change in the intensity.

Using projections of the E and H vectors in (3.58), it is also possible to derive
projections of the Poynting vector, P = 5-Re(E* x H), at the focus of field (3.54)
(with the constant ¢/(2 ) being dropped below, c is the speed of light):

Py = —Q(r)sing,

Py, = Q(r)cos g,

1 2 2 2 2

PZ = E(IO,m-Ht + IO.m—n - I2,m+n—2 - IZ,m—n+2)’

Q(V) = 11,m+nfl (IO,m+n + 12,m+n72) + Il,mfnJrl (IO,mfn + 12,m7n+2)~ (361)
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From (3.61), the longitudinal energy flow is seen to be circularly symmetric,
taking both positive (P, > 0) and negative (P, < 0) values. It is also seen from (3.61)
and (3.59) that at m = n, the longitudinal projection of Poynting vector has a term I&O,
which is non-zero on the optical axis at » = 0, since the term I& o includes the Bessel
function, which is equal to one at zero. Accordingly, for m = n, the distribution of
longitudinal component of Poynting vector in the focal region has the shape of a
single spot, while for m # n, the focus has the shape of a ring.

The transverse energy flow at the focal plane rotates anticlockwise at Q(r) > 0
or clockwise at Q(r) < 0. Considering that near the optical axis, all the magnitudes
entering Q(r) are positive, the transverse energy flow rotates anticlockwise (m >
0). The expression for Q(r) in (3.61) can be shown to change sign following the
replacement of m >0 by m < 0.

We note that if the topological charge equals zero (m = 0, the beam is non-vertical),
the transverse flow does not rotate:

Qm:()(r) = Il,n—l (IO,n + IZ,n—Z) - Il,n—l (IO,n + IZ,n—Z) =0 (362)

Next, using (8), we can derive the longitudinal component of the SAM vector
[70]:

1
S=—TIm(E* xE 3.63
8w ( ) ( )
where w- the angular frequency of light. Below, the constant 1/(8 w ) is dropped.
The density of the longitudinal SAM component at the focus takes the form:

S_1
)

+2(= 1" cos2(n — 1)@) (lo.m-nl2.m+n—2 — lominlo.m—ns2) -

_J?

2 2 2
[l 0,m+n + IZ.iﬂ+n—2 B Izwm_"+2+ (3.64)

0,m—n

As is the case with intensity (3.60), the pattern of distribution of the longitudinal
SAM component from (3.64) is seen to be axially symmetric, i.e., symmetric with
respect to the focal spot center, because after replacing ¢ by ¢ + 7 in (3.64), the
value of the SAM remains unchanged. At m = 0 (a non-vertical beam), the SAM in
(3.64) equals zero at each focal point, as one would expect because at m = 0, the
cylindrical vector field in (3.54) is linearly polarized everywhere in the focal plane
[71]. From (3.64) it is also seen that at n = 1 (radial initial polarization) the cosine
function equals 1 and the SAM pattern becomes radially symmetric:

1
S.(n=1)= 5[(10,,”_1 —Dbow1)? = Toms1 — s )?]- (3.65)

With the terms in the round brackets in (3.65) being subtracted, at definite values
of radius r, the SAM can change sign at the focus. Hence, we infer that at the
focus a radial optical spin Hall effect occurs when elliptic polarization vectors rotate
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oppositely at different radii from the optical axis, as they have the opposite sign spins.
Note that the optical Hall effect for radially polarized light was analyzed in [72].

For other values of n, the cosine function in (3.64) is dependent on the value of
the azimuthal angle. For example, at n = 0 (linear polarization), instead of (3.64),
we obtain:

S.(n=0 —112 —I?
(n= )_2[2,m—2 mi2t

+2¢0829) (lo.nlo.m—2 — Tomlo.ms2) |- (3.66)

Expression (3.66) is identical to a similar expression derived in [71] for a linearly
polarized optical vortex. In our case, four subwavelength regions form in the focal
spot at a definite distance from the optical axis, with their centers lying on the
Cartesian axes and the elliptic polarization vectors alternatively rotating clockwise
and anticlockwise. Thus, an optical spin Hall effect occurs at the focus. Atn > 1, we
find that 4(n -1) subwavelength regions occur at the focus, with half of them having
negative spin and the other half-positive spin. It is worth noting that at the center of
the focal spot, the value of SAM (3.64) takes a positive value of S, ,,—,(r = 0) =
I50/2 > 0 at m = n or a negative value of S_,—_,(r = 0) = —I5,/2 < O atm =
-n. In a similar way, at m = 2-n, the SAM at the focus center is positive, but smaller
in value, being equal to S, ,,—>_,(r = 0) = 122,0/2 > 0. If m = n-2, the SAM at the
focus center is negative, S, —,—2(r = 0) = —122’0 /2 < 0. Hence, by varying the
topological charge m # 0 it is possible to control the speed and direction of rotation
about the optical axis of an absorbing microparticle trapped at the focus center. At
m =0, SAM (3.64) equals zero, so the microparticle will not rotate. We note that in
the original plane, the longitudinal SAM component equals zero.

3.3.3 Longitudinal Projections of the Poynting Vector
and Spin Angular Momentum Averaged Over the Beam
Cross Section

In this section, we show that the total longitudinal component of SAM equals zero
at the focus. In [73], the energy of each vortex harmonic of field (3.64) was shown
to be expressed as

o0
W, = 271/ 1, (r) [P rdr =
0

r 0 6
=4nf? / sin?’*1 (5) COSSZV(E)IA(Q)IZdO =W,. (3.67)
0
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Making use of (3.67), we find that SAM (3.64) averaged over the entire focal spot

is given by
o0
0
2w
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1
E(WO —Wo+ W, — W) =0. (3.68)

The resulting zero in (3.68) is based on Eq. (3.67), leading to the integrals taken
of the first two terms being equal to each other. The same is true of the integrals
taken of the third and fourth terms, with the integral taken of the cos ¢ function over
its entire period in the last term being also equal to zero. Thus, the total longitudinal
projection of SAM turns out to be zero both in the original plane and at the focus,
conserving upon focusing, which means that an even number of local regions, 4(n-1)
of alternating spin sign is generated at the focus.

Similar to (3.68), we can derive the total energy of the beam at the focus. Averaging
the intensity distribution (3.60) over the beam cross section yields:

00 21 oo 27
1 5 5 ,
W= Irdrdg = I3 min 15 men + 13 s + 15 ypia) rdrd
0 0 0 0
oo 2m
+ / / (Ilz,m+n—1 + Iﬁ,n_n+])rdrd¢
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oo 21w

+ (=" / / cos(2(n — 1)g)

(10,m+n12,m7n+2 + IO,mntZ,eran - 211,m+n7111,m7n+1)rdrd(p

1
= E(WO + Wo+ Wr + Wo) + (W) + W) = Wy + W, 4 2W. (3.69)

In (3.69), the first two integrals are calculated based on Eq. (3.67), with the last
integral of the cosine function being taken over the entire period and equal to zero.
It is worth noting that by averaging the longitudinal projection of the energy flow
vector in (3.61) we find that not the entire energy of the beam passes the focal plane
in the positive z-axis direction. Actually, in view of Egs. (3.61) and (3.67) and similar
to (3.69), we obtain:
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From (3.70), the energy flow traversing the focal plane is smaller than the full
energy of the incident beam. The fact is that some energy partially propagates along
the focal plane, without crossing it. This portion of energy is transferred by the
longitudinal field component at the focus: I, = |E_I>. A certain portion of energy
is also ‘bounced’ backwards, in the reverse direction, and referred to as a reverse
energy flow [74].

Based on the expression for the transverse energy flow at the focus in (8), we can
derive an angular momentum density at the focus from field (3.54). The transverse
projection of the energy flow (3.61) can be written in the polar coordinates:

P, =0,

3.71
P, = QO(r). ( )

Then, the longitudinal component of the angular momentum (AM) vector [38]
J=rxP (3.72)
is given by

-,z = rQ(r) = r[ll.m+n71 (10,m+n + 12,m+nf2) + 11,m7n+1 (IO,mfn + 12,mfn+2)]-
(3.73)

From (3.73), the longitudinal component of the AM is seen to equal zero on the
optical axis, thanks to the ‘moment arm’ being equal to zero. With the AM being
positive near the optical axis, a dielectric microparticle trapped at the beam focus
will be drawn into an anticlockwise rotation on a small-radius circle.

3.3.4 Numerical Modeling

Using Richards-Wolf formulae, we numerically simulated sharp focusing of optical
vortices with high-order radial polarization, Eq. (3.54), in an aplanatic optical system
with NA = 0.95. The wavelength of the focused light was 633 nm and the A(6)
function was taken to be unit. Figure 3.13a depicts an intensity pattern at the focus
from beam (3.54) at n = m = 1. Figure 3.13b depicts a distribution pattern of the
longitudinal component of the SAM vector. At n = 1, Egs. (3.60) and (3.64) suggest
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Fig. 3.13 Patterns of a intensity / = I, + I, + I, and b longitudinal SAM component S,. Order
of phase and polarization singularity: m =1, n =1

that at the focus the intensity distribution and longitudinal component of SAM vector
are radially symmetric and independent of the azimuthal angle ¢. Besides, both the
intensity and SAM component take maximum positive values on the optical axis at
the focus center. Field (3.54) has local linear polarization (longitudinal SAM is equal
to zero), however under tight focusing conditions it acquires right-handed elliptical
polarization at the focus center, with the polarization vector rotating anticlockwise.
On a circle of definite radius (located within a dark annulus in Fig. 3.13b) the spin
changes sign and the polarization vector is rotating oppositely (clockwise). That
is, Fig. 3.13b demonstrates an optical radial spin Hall effect at the focus of field
(3.54), when left and right elliptical polarizations alternate on circles of different
radii centered on the optical axis.

Figure 3.14 depicts three Cartesian projections of the Poynting vector. The on-axis
projection of the energy flow is seen to have aradially symmetric shape and maximum
on the optical axis (Fig. 3.14c). The transverse projections indicate that the energy
flow experiences anticlockwise rotation around the axis at the focus (Fig. 3.14a, b),
in accordance with the theoretical prediction in (3.61).

Figure 3.15 depicts (a) the intensity and (b) the longitudinal SAM component at
the focus of field (3.54) at n = 2, m = 1. The intensity pattern is seen no more to be
circular-shaped, as was the case in Fig. 3.13a, taking the shape of a vertical ‘dumb-
bell’ (Fig. 3.15a) with the longitudinal SAM projection losing its circular symmetry,
although four local regions of alternating SAM sign can still be distinguished in
Fig. 3.15b.

Figure 3.16 depicts all projections of the Poynting vector at the focus of field (3.54)
at m = 1 and n = 2. The transverse energy flow is seen to rotate around the optical
axis within two concentric rings (Fig. 3.16a, b), with the rotation being clockwise in
the smaller ring and anticlockwise in the larger ring. Presence of oppositely rotating
energy flows at the focus is the manifestation of the radial orbital Hall effect, with
the on-axis projection being ring-shaped (Fig. 3.16¢). Figure 3.17 depicts (a) the
intensity and (b) the longitudinal SAM projection at the focus of field (1) at n =
m = 2. From Fig. 3.17a, it is seen that although the initial field has a topological
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Fig. 3.15 Patterns of a intensity / = I, + I, + I, and b longitudinal SAM component. Order of
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110 3 Focusing of Cylindrical Vector Beams and Their Modifications

charge (m = 2), the focal spot is circular and has an intensity maximum on the
optical axis. This directly follows from Eq. (3.60), for at m = n, the on-axis intensity
isl(r=0) = Iozy0 /2 > 0. That is, due to the phase and polarization singularities
compensating for each other, no on-axis singular point is found at the focus. From
Fig. 3.17b, four local regions with alternating sign SAM projections are seen to be
present at the focus, with two dark vertical lines spaced apart on the x-axis (SAM <
0) and two bright horizontal lines spaced apart on the y-axis (SAM > 0). Near the
optical axis, a bright spot is observed which is larger than the focal spot in area and
has right-handed elliptical polarization (the central bright spot in Fig. 3.17b). The
existence of this spot directly follows from Eq. (3.64) at m = n. It should be noted
that in the initial plane the light is linearly polarized. This effect is an illustration of
the orbital-to-spin conversion at the tight focus.

Figure 3.18 shows projections of the Poynting vector of field (3.54) atn = m = 2.
Similar to the case of n = m = 1 (Fig. 3.14a, b), a transverse energy flow is seen to
rotate anticlockwise around the optical axis (Fig. 3.18a, b). It would be interesting
to note that by changing the sign of the vortex topological charge (m = -2), the
handedness of the rotating elliptic polarization vector is changed. In Fig. 3.19b, at
the center of the focal spot, there is a dark elliptic spot where light has left-handed
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Fig. 3.16 Distribution patterns of the transverse components of the Poynting vector: a P, and
Py and b the longitudinal component P, of the Poynting vector. Order of phase and polarization
singularity: m = 1,n =2
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Fig. 3.17 Patterns of a intensity / = I, + I, + I; and b distribution of the longitudinal SAM
component. Order of phase and polarization singularity: n =2, m = 2

elliptic polarization. This effect is the direct consequence of Eq. (3.64) at n = —
m. Thus, by changing sign of polarization singularity of field (3.54) it is possible to

change the handedness of the rotating elliptic polarization vector at the focus near
the optical axis.
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Fig. 3.18 Patterns of distributions of transverse Poynting vector components a P, and b Py and
¢ longitudinal Poynting vector component P,
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Figure 3.20 depicts projections of the Poynting vector at the focus of field (3.54)
atn =2, m = -2. From Fig. 3.20a, b, the transverse energy flow at the focus is seen
to rotate clockwise, unlike Fig. 3.18a, b, which depicts the anticlockwise rotation of
the transverse energy flow. Thus, changing the sign of topological charge of vortex
field (3.54) enables both spin orientation at the focus center (Figs. 3.17b and 3.19b)
and handedness of energy flow rotation (Fig. 3.18a, b and Fig. 3.20a, b) to be altered
simultaneously.

Figure 3.21 depicts intensity patterns of the longitudinal SAM component at n
= m: (a) 3 and (b) 4. In Fig. 3.21a, 4(n-1) = 4(3-1) = 8 regions with alternating
sign SAM components (marked black and red) are seen to be arranged on a circle
‘squeezed’ into the square frame. And in Fig. 3.21b, there are 4(n-1) = 4(4-1) =
12 regions with alternating SAM sign (marked as black and bright) arranged on a
similar-radius circle ‘squeezed’ into the square frame. These are regions of spatially
separated photons of opposite spin. However, it is worth noting that on the circle of
alternating SAM sign the intensity of light is low, meaning that in this case the Hall
effect is weakly pronounced.

Thus, the following results have been obtained. Based on the Richards-Wolf
formalism, analytical relationship (3.61) for the longitudinal component of SAM
at the focus of a light beam possessing double singularity has been derived. In the
original plane, the beam of interest (3.54) has an integer topological charge m and
cylindrical polarization of order n, meaning that the beam is linearly polarized at
each point of the original plane. However, thanks to orbital-to-spin conversion, at
the beam focus and near the optical axis, a circular region is generated in which the
elliptic polarization vector rotates anticlockwise if m > 0 (Fig. 3.17b) or clockwise if
m <0 (Fig. 3.19b). At m = n, one finds at the focus 4(n—1) subwavelength regions in
which the longitudinal SAM component has alternating sign (Fig. 3.17b). This effect
is a variant of the Hall effect occurring at the focus. In addition, the transverse energy
flow at the focus has been revealed to rotate about the optical axis anticlockwise at m
>0 (Fig. 3.14a, b and Fig. 3.18a, b) or clockwise at m < 0 (Fig. 3.20a, b). Remarkably,
atn =2 and m = 1, the transverse energy flow at the focus has been found to rotate
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Fig. 3.21 The longitudinal SAM componentatam =n=3andbm=n=4

on two optical-axis-centered rings, with the flow rotating clockwise on the smaller

ring and anticlockwise on the larger one (Fig. 3.16a, b). This effect is a variant of
the radial orbital Hall effect at the focus [75].
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Chapter 4 ®
Cylindrical Fractional-Order e
and Double-Index Vector Laser Beams

4.1 Tight Focusing Cylindrical Vector Beams
with Fractional Order

Cylindrical vector beams (CVBs) [1] are now widely used because of the unique
properties they exhibit in tight focusing. In particular, using cylindrical vector beams,
it is possible to obtain focal spots with sizes smaller than the scalar diffraction
limit [2—4], optical needles [5, 6], light tunnels [7, 8], chains of focal spots [9-11],
focus shaping [12], surface plasmon-polaritons nanofocus [ 13], and pure longitudinal
magnetization [14]. The polarization at each point of the CVB is linear, but its
direction changes continuously, making one or several rotations when the azimuthal
angle changes from 0 to 2. Most of the works (for example, previously noted
[1-14]) are devoted to the study of CVBs, in which the polarization makes only
one rotation; these are radially polarized beams, in which the polarization is directed
along the radius, or azimuthally polarized beams, in which the polarization is directed
perpendicular to the radius. However, there are works that investigate the behavior
of high-order CVBs, i.e., beams in which the direction of polarization makes several
rotations [15-20]. Earlier, we showed [21-23] that for high-order CVBs in the focal
region there are regions in which the projection of the Poynting vector onto the
optical axis becomes negative, and if the beam order is two, then such a region is
located on the optical axis. One of the ways to obtain cylindrical vector beams is
to obtain sector CVBs using half-wave plates [3, 24-26], nonlinear optical crystals
[27], polarizers [28], subwavelength gratings [29-31], dielectric metasurfaces [32],
and spatial light modulator (SLM) [33, 34]. Earlier, we studied the effect of the
number of sectors on the focusing results [35] and showed that even with the number
of sectors equal to six, the differences with the focusing of the beam, in which the
polarization changes continuously, become small. However, the question of what the
focusing results will be if the direction of polarization in various sectors differs from
the planned (radial or azimuthal) polarization—the polarization will be “twisted” or
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“under-twisted” to a whole number of rotations, for example, due to technological
errors in the manufacture of a sector element.

In this section, using the Richards-Wolf equations, the focusing of a cylindrical
vector beam with a wavelength of 532 nm and fractional order was simulated by a
flat diffractive lens with a numerical aperture NA = 0.95. Two series of simulations
were carried out: in the first, beams with fractional orders from zero to one were
investigated. The transition from linear to azimuthal polarization was carried out. In
the second simulation, the influence of the deviation of the beam order from m =
2 (i.e., the case when the backflow is observed at the center of the focal spot) was
investigated. It was shown that for integer values of the beam order, the transverse
components of the Poynting vector are equal to zero, but for fractional values, they
are not. At fractional values of the order of the beam, varying from zero to one, two
pronounced centers with coordinates x = 0 and y = 4 0.1 wm are observed, around
which the transverse flow in the focal region is twisted. The flow rotates clockwise
around the upper center, and anticlockwise around the lower center. With an increase
in the order of the beam, more than one, such pronounced centers of rotation of the
transverse flow become larger. It was also shown that the reverse flow remains in
the center of the spot with a significant deviation of the order of the beam from m
= 2—it appears on the axis already at m = 1.55. Experimentally cylindrical vector
beams of fractional order could be generated using the same optical arrangement that
used for generation of cylindrical vector beams of integer order [32-34]. However,
in this case, an optical vortex phase exp{im¢} with a fractional topological charge
m should be formed on the spatial light modulator.

4.1.1 The Richards-Wolf Formulas

In this section, the studies were carried out using the Richards-Wolf formulas [36]

Omax 270

U, w0 =1 / / B®, )TOPO, 9)
0 0
x exp{ik[p sin 6 cos(¢ — ¥) + zcosO]} sinOdbd e, 4.1)

where U (p, ¥, z) is the strength of the electric or magnetic field, B(6, ¢) is the electric
or magnetic field at the input of the wide-aperture system in coordinates of the exit
pupil (6 is the polar angle, ¢ is the azimuthal angle), 7(9) is the lens apodization
function, f is the focal length, k = 2 7 / \ is the wavenumber, A is the wavelength
(in the simulation it was considered equal to 532 nm), &max iS the maximum polar
angle determined by the numerical aperture of the lens (NA = sinom,x), P(0, ¢) is
the polarization vector, for the strength of the electric and magnetic fields having the
form:
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1 + cos® p(cos® — 1)
P@©, p) = | singpcosg(cosd — 1) |a(®, ¢)
—sinf cos ¢

sin ¢ cos p(cos 6 — 1)
+ | 1+sin®p(cosd — 1) |b(b, @), 4.2)

—sin@ sing

where a (0, ¢) and b (6, ¢) are functions describing the state of polarization of the
x- and y-components of the intensities of the focused beam.
For a light field with cylindrical polarization of the m-th order, the Jones vectors

will have the form:
_(a®.9)\ [ —sin(me)
Fe.91= (b(9,¢)) B (cos(m¢) ) @)

for the electric field strength and

_ (a®.¢)\ [ —cos(me)
He.9) = (b(0,¢)> B <—sin(m¢>)) @9

for the magnetic field strength. If we put in formulas (4.3), (4.4) m = 1, then they
will describe ordinary azimuthally polarized light, and for m = 0 - linearly polarized
light directed along the y-axis.

4.1.2 Focusing Cylindrical Vector Beams with an Order
Jrom Zero to One

Consider focusing beams have fractional order varying from zero (linearly polarized
light) to one (azimuthal polarization) with increment Am = 0.25. Figure 4.1 shows
the direction of polarization for fractional values of m is equal to 0.25, 0.5 and
0.75. Figure 4.2 shows the change in the total intensity and individual intensity
components for this case, and in Fig. 4.3, similarly, the component of the Poynting
vector, calculated as S = Re(E x H*).

Figures 4.2 and 4.3 show that when the beam of order m changes from zero to
unity, the intensity distribution changes from elliptical to annular, while intermediate
states have the form of inclined ellipses. In this case, the inclination and broadening
of the spot in one of the directions at beam of orders m close to zero is provided
by the longitudinal component of the intensity, and at m close to unity, by the trans-
verse components. For the longitudinal component S, the shape of the distribution
changes from circular to annular (for m = 3/4, the distribution already looks like an
asymmetric ring), but the intermediate ellipses are not inclined, but oriented along
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Fig. 4.2 Distribution of the total intensity / and intensity components /., I, and I/, when focusing
the CVB of various orders: m = 0 (linear polarization), m = 0.25, m = 0.5, m = 0.75, and m = 1
(azimuthal polarization)
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Fig. 4.3 Distribution of components of the Poynting vector Py, Sy, and S, when focusing the CVB
of various orders: m = O (linear polarization), m = 0.25, m = 0.5, m = 0.75, and m = 1 (azimuthal
polarization)

the y-axis (polarization directions at m = 0). For integer values of the beam order,
the transverse components of the Poynting vector are equal to zero, but for fractional
values they are not. Two centers with coordinates x = 0 and y = =+ 0.1 wm are
observed, around which the transverse flow is rotated in the focal region (Fig. 4.4).
Around the upper center, the flow rotates clockwise, and around the lower center,
anticlockwise. We can say that the trajectory of the transverse energy flow has a
shape of the figure "eight". To analyze the polarization state at the focal spot, we also
calculate spin angular momentum (SAM) in the focal spot: SAM = Im(E* x E)[37].
Figure 4.5 shows the longitudinal projection of SAM for CVB of different fractional
orders: m = 0.25, m = 0.5, and m = 0.75.

Figure 4.5 shows that CVB of fractional order form areas with elliptical polariza-
tion and different directions of rotation. Moreover, the axial projection of the SAM
vector is positive in areas with the energy flow rotating counterclockwise (lower part
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Fig. 4.5 The longitudinal projection of spin angular momentum at the focus (z = 0) when focusing
the CVB of various orders: m = 0.25 (a), m = 0.5 (b), and m = 0.75 (¢)

of Fig. 4.4). In contrast the axial projection of the SAM vector is negative in areas
with the transverse energy flow rotating clockwise (upper part of Fig. 4.4).

It is also interesting that there is a change in shape: for linear polarization, the
intensity is elliptical, and the longitudinal energy flux is round, while for a beam with
order m = 0.5, on the contrary, the intensity is almost round, and the longitudinal flux
is elliptical. Note that when focusing an optical vortex with azimuthal polarization
(beam order m = 1, topological vortex charge n = 1), a round spot is also observed.
The focal spot sizes for these three beams are shown in Table 4.1.

Comparison of the intensity values in Table 1 shows that the smallest focal
spot is observed when focusing an azimuthally polarized optical vortex. But when
comparing the values of the longitudinal projection S, it should be noted that the
smallest value is observed for a focused linearly polarized beam.

Experimentally focusing of cylindrical vector beams of fractional order could be
investigated using the same optical arrangement that used for generation of cylin-
drical vector beams of integer order [32-34]. Another way is a generation of a
converging vector beam using metalens, which was previously used, for example, in



4.1 Tight Focusing Cylindrical Vector Beams with Fractional Order

125

Table 4.1 Sizes of the focal spot by the full width at half maximum of the intensity and the
longitudinal projection of the Poynting vector when focusing the CVB of various orders

The order of
the CVB, m

Optical
vortex order,

Full width at half
maximum / = Ix + Iy +

Spot width at half of the
longitudinal projection

n Iz, au of the Poynting vector
Sz, a.u
FWHMXx, A | FWHMy, » | FWHMXx, \» | FWHMy, A
Azimuthally | 1 1 0.460 0.460 0.475 0.475
polarized
optical
vortex
CVB of 0.5 0 0.517 0.484 0.517 0.936
order m =
0.5
Linearly 0 0 0.421 0.751 0.456 0.456
polarized
light

[38]. In particular, to generate a beam with an order of 0.5, it could be used a subwave-
length grating metalens, shown in Fig. 4.6 The metalens combines subwavelength
grating based polarizer and Fresnel zone plate with focal length f = A = 633 nm,
it converts linearly polarized plane wave to CVB of order m = 0.5 and focuses it.
The lens consists of 16 radial sectors, each of which rotates the polarization of the
incident light to produce the CVB. The index of refraction of the metalens was n =
4.352 + 0.486i (amorphous silicon). Figure 4.7 shows the distribution of Poynting
components when focusing by this metalens (Fig. 4.6) calculated by FDTD method
implemented in FullWave software (the simulation mesh step was A/30 along all

three axes).

Fig. 4.6 Subwavelength
grating based metalens,
which generates CVB of

order m = 0.5 and focuses it
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Fig. 4.7 Distribution of components of the Poynting vector Sy (a), Sy (b), and S, (¢) when focusing
by the proposed metalens (Fig. 4.6)

Figure 4.7 shows that the results of numerical simulation of the metalens are in

agreement with the results obtained using the Richards-Wolf formulas (Fig. 4.3 for
m = 0.5).

4.1.3 Focusing Cylindrical Vector Beams with an Order
Jrom One to Two

Figure 4.8 shows the distribution of the longitudinal projection of the Poynting vector
when the beam order changes from 1.5 to 1.9 (i.e., the polarization is “under-twisted”
up to two full turns of its direction in the beam cross section).

Figure 4.8 shows that a decrease in the order of distribution m, the longitu-
dinal component of the Poynting vector S, becomes asymmetric view — the ring
is compressed and the negative flux vanishes in the center. Figure 4.8 also shows
that small deviations of the order of the beam from m = 2 do not immediately lead
to the disappearance of the reverse energy flux on the axis. Negative values of the
longitudinal component in the center of the focal spot are observed already at m =
1.55. Figure 4.9 shows the change in Sz at the center of the focal spot.

When the beam order m deviates from an integer value, the transverse components
of the Poynting vector S, and S, also become nonzero, although they were absent at

m=1.9 m=1.5
10
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ER ER ¢
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-0.5 -0.5 2
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-05 0 05 -05 0 05
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Fig. 4.8 Distribution of the longitudinal component of the Poynting vector when focusing the CVB
with orders varying from 1.9 to 1.5
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m = 1 and m = 2. The energy flow in the focal plane turns from laminar to turbulent.
Unlike the fractional expressed centers of rotation, the cross-flow becomes larger
(Fig. 4.10).

Using the Richards-Wolf formulas, the focusing of a cylindrical vector beam
with a wavelength of 532 nm and a fractional topological charge was simulated by
a flat diffractive lens with a numerical aperture NA = 0.95 [39, 40]. Two series
of simulations were performed: the influence of the deviation of the order of the
beam from m = 2 (i.e., the case when the backflow is observed in the center of the
focal spot) was investigated and beams with fractional orders less than one were
investigated: m = 1/4, m = 1/2 and m = 3/4. It has been shown that: when the
order of the beam changes from zero to one, the intensity distribution changes from
elliptical to annular, while the intermediate states have the form of inclined ellipses.
For the longitudinal component of the Poynting vector, the shape of the distribution
changes from round to circular, but the intermediate ellipses are not inclined. For
integer values of the beam order, the transverse components of the Poynting vector
are equal to zero, with deviations of the beam order from an integer value, the energy
flux becomes turbulent. For the order of the beam from zero to unity, two centers with
coordinates x = 0 and y = =+ 0.1 wm are observed, around which the transverse flow
is rotated in the focal region. With an increase in the order of the beam above unity,
such centers of rotation become larger. Small deviations of the order of the beam
from m = 2 do not lead to the disappearance of the backflow of energy on the axis.
Negative values on the axis start at m = 1.5. The transverse energy flows at the focus
for CVB of orders m = 0.5 (Fig. 4.4) and m = 1.9 (Fig. 4.10) are connected with the
spin angular momentum (SAM). Moreover, the axial projection of the SAM vector
is positive in the areas with the energy flow rotating counterclockwise. In contrast
the axial projection of the SAM vector is negative in the areas with the transverse
energy flow rotating clockwise. In other words the flow rotates counterclockwise in
the area where the polarization vector rotates counterclockwise, and the energy flow
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Fig. 410 Components of the Poynting vector S, (a) and Sy (b) and intensity pattern / with direc-
tions of the Poynting vector Syx + Syy (c) in the focal region when focusing the beam with the
order of polarization m = 1.9

rotates clockwise in the area where the polarization vector rotates clockwise. This
spatial separation at the focus of regions with left and right circular polarization is a
demonstration of the optical Hall effect [41].

4.2 Spin Hall Effect of Double-Index Cylindrical Vector
Beams in a Tight Focus

In micromachines, elements can be driven by light [42, 43]. This requires designing
optical tweezers appropriate for driven elements, depending on their shape, material,
and motion trajectory. The work [44] discusses how to control the mechanical motions
of various particles in optical tweezers under complicated actuation of optical forces
and torques by tightly focused laser beams. Typically, a light beam comes out from
a laser with a Gaussian shape. Then, for certain applications, not only for optical
trapping, but also for optical data transmission, laser welding, the beam should be
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converted to attain an on-demand shape. For this purpose, a huge branch of modern
optics, laser beam shaping, is developed [45]. The beam shaping techniques are devel-
oped both within a resonator and outside it [46], by using refractional or diffractional
optical elements. External beam shaping can be done to shape a beam that maintains
this shape on propagation [47], or in some specific area, for instance, in the focal
plane [48]. However, in optical trapping, there can also be a need not only to trap a
particle in a certain point, but also to make her do some movements. For instance,
the particle can be forced to travel along some trajectory, or rotate around its own
center. Such a rotation occurs, when the light possesses the spin angular momentum
(SAM) [49], or nonlinear polarization. Thus, in addition to the task of shaping the
beam intensity distribution, there can be a task of shaping the SAM distribution. In
addition to the optical trapping, the SAM can be used as information in optical data
transmission [50].

In paraxial approximation, the intensity shaping can be done for a single trans-
verse field component of a homogeneously polarized light. However, for shaping the
SAM, both transverse components should be tailored with a controlled phase delay
between them. The problem becomes more difficult at tight focusing conditions.
Recently, it has been observed that when a linearly polarized light beam is tightly
focused, then, near the focus, areas occur with elliptic polarization [51]. Since the
areas with negative and positive SAM are spatially separated, this phenomenon is
a manifestation of the optical spin Hall effect. Later, the same effect was discov-
ered for tightly focused high-order cylindrical vector beam [51]. In [52], the SAM
is distributed mostly on a ring and consists of alternating areas with positive and
negative values. The cylindrical vector beams have the Jones vector J = [cos m ¢,
sin m @] with ¢ being the angular polar coordinate and m being the polarization order
(for m = 1, radial polarization). A further generalization is a two-index polarization
singularity with the Jones vector J = [cos m ¢, sin n ¢], where m # n [53], i.e.,
such a generalized vector field has different orders on the different axes. Recently,
we studied such fields with V-points and for many values m and n we obtained the
Poincare-Hopf index analytically [54].

In this section, based on the Richards-Wolf approximation [55], we study what
happens with the SAM of a light field with the double-index polarization singularity
in the tight focus. We obtain an expression for the complex amplitude near the focus.
Then, based on this expression, we derive the formula for the SAM and found that
it can be nonzero only for the orders m and n of different parity. For analytical
prediction of the SAM distribution, we decomposed the in-focus light field into the
orbital angular momentum (OAM) spectrum and estimated the contribution of each
angular harmonic. It turns out that if a light field being focused is not of ring shape and
has a homogeneous or decaying Gaussian shape, than the OAM spectrum consists
mainly of mth and nth angular harmonics which exceed the other harmonics by an
order of magnitude. It allows to estimate the polar angles with zero SAM and thus
to predict the SAM distribution. As an example, we obtained SAM distributions on
aring where the areas with positive and negative SAM occur in pairs.
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4.2.1 A Light Field with a Double-Index Polarization
Singularity Near the Tight Focus

In [54], we investigated a generalization of cylindrical vector beams, when the polar-
ization indices of the E, and E, field components were different. The amplitude of
the electric vector of such a field is given by.

cos mw)
E@.9) =A0)| . 4.5
sin ng

where E is the strength vector of the electric field, ¢ is the azimuthal angle in the
source plane, (1, n) is the two-index polarization order, 6 is the polar angle, describing
the tilt of the light rays to the optical axis, A(9) is the amplitude of the source field
as a function of the axis tilt angle. Directions of the electric vectors are illustrated in
Fig. 4.11

In work [36], we have obtained expressions for the Cartesian components of a
linearly polarized optical vortex, focused by an aplanatic system. If an optical vortex
with a topological charge m is linearly polarized along the axis x, then, in the input
plane, the electric field is given by the following:

E(0. ¢) = A0) exp(img) ( (1)) @.6)

whereas near the tight focus, the complex amplitude reads as

~ =k

Fig. 4.11 Conventional radial polarization (m = n = 1) (a), third-order radial polarization (m =
n = 3) (b), double-index polarization singularity (m = 1, n = 3) (c). For radial polarization (a), there
are two angles (0 and ) with horizontal electric vector and two angles (77 /2 and 3 7 /2) with vertical
electric vector. For 3rd-order radial polarization (b), there are six angles with horizontal electric
vector and six angles with vertical electric vector. For the field with double-index polarization
singularity of the order (1, 3), there are six angles with horizontal electric vector and two angles
with vertical electric vector
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where (p, ¥, z) are the cylindrical coordinates with the origin in the focus. In Eq. (4.7),
the functions /,,, are defined as follows:

r 6 6 .
1, = 2kf f sin”*! <§) cos3"<5> cos'/2(0)A(0)e™ 0], (krsin0)dl, (4.8)
0

where k = 2/ is the wavenumber of monochromatic light with the wavelength X,
f is the focal length of the focusing lens, a is the maximal tilt angle of rays to the
optical axis, defining the numerical aperture of the aplanatic lens NA = sin(«), J,()
is the vth-order Bessel function of the first kind.

The same way, if such an input field is linearly polarized along the axis y, the field
components near the tight focus are equal to

1 . .
E(p,¥,2) = —5i i"e"™ (Y Lyys — €2V I s),

Lot " L 4.
Ey(p, 1/[7 Z) = _Elm+161mw (210m - 62”/ I2,m+2 —e 2”1[[2,m72)7 ( 9)

Ez (,0, w» Z) = im+1€imw (eiwll,m-&-l + eiivjll,m—l)~
The field with circularly symmetric amplitude distribution A(6) and with polariza-

tion (4.5) can be decomposed into a superposition of four linearly polarized optical
vortices:

cos me 1 ino [ 1 1 —imo [ 1
E _A(9)<sinngo ) = EA(@)e “’(O> + 2A(@)e ‘p<0)

+;A(9)e"’“’ (?) + éA(@)e_i”“’<(1)).

Using this decomposition, we get the field components of the field with
polarization (4.5) near the tight focus:

(4.10)
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The longitudinal component of the spin angular momentum is defined as [56]:
S. = 2Im{E}E,} (4.12)

For simplicity, we suppose that the functions A(f) are real valued. Thus, all the
integrals 1,,, are also real valued in the focal plane (z = 0). Then, substituting the
transverse field components from Eq. (4.11), we get the following expression:

S, = %Im{i””"} {20o,m cosmyr + I i cos[(m + 2)Y] + L s cos[(m — 2)yr1}
x {2l nsinny — L pyp sin[(n + 2)¥] — Ly sin[(n — 2)¥/]}
1
+3Im (") { B2 cosl(n + 2)Y] = 2 cosl(n = 2)y/1}

X {2 sin[(m — 2)¥] — D s sin[(m + 2)¥1}.
(4.13)

This expression is cumbersome, but it reveals that the SAM is zero unless the
polarization orders n and m are of different parity. When the parity is the same for
both orders, then polarization is linear in the focus, since, according to Eq. (4.11),
both E; and E, are proportional to "1 (or 1), multiplied by some real-valued
function. Near the center (r << \), if n > m > 2, the transverse components E, and
E, are approximately proportional to the vector J = [cos (m —2) ¢, —sin (m - 2) ¢].
If m > n > 2, they are proportional to the vector J = [cos (n —2) ¢, —sin (n — 2) ¢].
Thus, a saddle-type polarization singularity is generated in the center [57].

For n and m of different parity, simplifications yield

41y nlo.n cos myyr sin nyr
=21y ml2 12 cos my sin[(n + 2) Y]

=21y ml2.n—2 cos my sin[(n — 2)y]

S, = %Im{i"””} +21o I min Sin Y cos[(m + 2)v/] ) (4.14)
421y n1p, m—2 sin nyr cos[(m — 2)yr]

+(12,n+212,m+2 + Iz,n_zlz,m_z) sin[(m — n)y¥]
—(Lonialon— + hom—2lr,n42) sin[(m + n)yr]
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This equation is hard to analyze without knowing which terms contribute the
most. Thus, we need to decompose the near-focus field into the angular harmonics
and study its OAM spectrum.

4.2.2 Balance of Light Field Energy Near the Tight Focus

At first, we study the OAM spectrum of linearly polarized light after tight focusing.
According to Eq. (4.7), if the input field is polarized along the axis x, then the x-
component of the electric vector near the focus consists of three angular harmonics,
whose topological charges are m, m — 2, m 4 2. The y-component consists of only
two angular harmonics with the topological charges are m — 2 and m + 2, whereas the
z-component also consists of two angular harmonics with the topological charges are
m —1 and m + 1. Each harmonic is proportional to the function 7, from Eq. (4.8).
Therefore, such a harmonic has the following energy W, ,:

0

o

0

W, = 4mf? / sin2’+! (5) cos5_2V<§> A% ©)|*d6 (4.15)
0

This expression indicates that the energy of the angular harmonic is independent
of the distance z from the focal plane and of the topological charge of the optical
vortex that determines the index . As seen from the above expressions for the field
near the tight focus, each angular harmonic is proportional to the function /,,;, from
Eq. (4.8). Below we derive the energy W, of such a separate angular harmonic:

oo 2w o0
Wy, = / [ 1, (r, 2) P rdrdg = 2 / |1, (r, 2) P rdr (4.16)
0 0 0

Substituting here the function 7, from Eq. (4.8), we get

o

o0
0 0 ,
Wy = 87rk2f2/ [/ sinvH! (5> 0053_‘}(5) cos!/2(0)a* 0)e=*2050 1, (kr sin 9)d9:|
0

0 4.17)

o
4 0’ ; ’
: 1 3— 1/2 k % :
X |:/ sin”t <5> cos” Y (5) cos!/ (6")A(6")e™ % J,, (kr sin 6’)d6/:| rdr.
0

Changing the integration variables n = sin 6, ’ = sin ' and changing the
integration order, we obtain
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3—v

) ()

sin o 1
WV#M = 87Tk2f2 / ( — )
0

x(1— ;72)1/4A*(arcsin n) exp(—ikzm> 1‘17’7

_772

sin vl 3
ra 1—V1—=n2\ " (14+/1—92\"

X 2 (4.18)
0

2

/

(1= )" Aaresin ') exp ey T— 77—

1— 77/2
o0
X f]u(krn)J,L(krn’)rdr .
0

Due to the orthogonality of the Bessel functions [58], the inner integral over r
reduces to the Dirac delta function (if u > —1):

r , _ S(kn—kr)/) 1 8(77—17’)
O/J,L(knr)JM(kn r)rdr = e (4.19)

Thus, Eq. (4.19) is simplified and only one integral remains:

sin v+1 3—v
. ) 1—y/1-—9n2 1++/1—9n2 . .2 dn
W, . = 8nf > 2 |A (arcsin n)| 4\/172
0 ny1l—n
(4.20)

Now we return back to the trigonometric functions n = sin 6 and get (4.15):

Sff 1—cos VL cosO\ T | (9)|2 de
W =87 2 sin 0

0 0
= 4nf2fsin2”+1 (5> 00552”<§>|A*(«9)|2d9.
0

The integrals (4.15) can be evaluated analytically only in simple cases, but, never-
theless, contribution of each angular harmonic can be estimated. For example, if the
field being focused is a uniform field with a constant amplitude A(6) = 1, then.

421
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Wo,u = 4rf? /a sin(%) cos5<g>d9 = %nfz[l - cos%%)] (4.22)
0
—4nf /sm ( >cos (i)d@ = %nf sin (2>[1+2c0s (2)]

(4.23)

Wy, =4 9Vao = 2 np2 sind (% 4.4
o = 4mf? /sm( )cos(z) —gnf sin (§> (4.24)

According to Eq. (4.7), the x-component E, consists of three angular harmonics
with their amplitude being proportional to the functions I, 12 m+2/2, 12 m-2/2. The
component E|, is a superposition of harmonics described by the functions I ,,42/2 and
I5m2/2. And, finally, the component E; is a superposition of harmonics described
by the functions I 41 and I, ,_;. Therefore, the total energy of the focal field is

1 1 1 1
W= (Wo,m + ZWZ,m+2 + ZWZ,m—2> + (Z W m+2 + ZWZ,m—2> + (Wims1 + Wi m—1)
4.25)

The brackets in Eq. (4.25) illustrate, respectively, the energies of angular
harmonics in the E,, E,, and E; field components. Since I3 420 = 12,n2 and I | jp41 =
Iy 1, we get

W = Wom + Wamio +2W) g (4.26)

Substitution of Egs. (4.22)—(4.24) into Eq. (4.26) yields

Wzi”f [1—0086(2)] + 7tf sin (Z)—i—

(4.27)
+- nf sin (2>[1 + 2cos <2>]
After simplifications, we get.
W =2nf*(1 —cosa) (4.28)

This expression is exactly the size of a part of a sphere bounded by the polar angle
o. Thus, if a light field with unit amplitude is converging from a spherical surface
with a numerical aperture sin(a), this field has exactly the energy given by Eq. (4.28).
This means that we found the balance when the energy of the input field is equal to
the sum of energies of all angular harmonics of all three Cartesian components of
the electric field in the focus.
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In an extreme case, when the numerical aperture is close to unit, i.e., o = /2, we
get Wo,, = (7/6)7f?, Wi = (1/3)7f?, Wa,, = (1/6)7f?. The whole energy
is coinciding with the square of a hemisphere: W = Wy, + Wo 2 + 2Wi 1 =
27f 2. Thus, the total energy W of the input field is distributed in the focal field in the
proportions shown in Fig. 4.12 One third W/3 goes into the longitudinal component
E., and 2W/3 goes into the transverse components E, (5W/8) and E, (W/24). The
energy of the component E, is distributed into the mth-order angular harmonic (7W/
12) and into the harmonics of the orders m — 2 and m + 2, each of the energy W/48.
The energy of the component E| is distributed equally in the angular harmonics of
the orders m — 2 and m 4 2, each of the energy W/48. The energy of the component
E. is distributed equally in the angular harmonics of the orders m — 1 and m + 1,
each of the energy W/6.

Obviously, if the input field is linearly polarized along the axis y, the energy
distribution is the same, but the main portion (7W/12, or 58%) goes into the mth-order
of the angular harmonic of the y-component E,.

The above energy proportions can change if the field intensity is not homogeneous,
i.e., if A(f) # 1. However, if the amplitude function A() decays from the center to
the periphery, then the contribution of the mth-order angular harmonic becomes even
greater. Indeed, for instance, if the aperture is bounded by an angle o, then the energy
of the side angular harmonics of the orders m + 2 and m — 2 relative to the energy
of the central mth-order harmonic is.

Wam _ sin®(ar / 2) _ sin*(r / 2)
Wom 1 —cos®(a/2) 1+ cos®(a/2)+ cos*(a/2)

(4.29)

When o decreases from 77/2 to 0, the numerator also decreases, while the denom-
inator increases. Thus, this portion decays. For instance, if o = 7/2, then W, ,/W
= 1/7 =~ 0.143, but even if sin a = 0.95, then W ,,/W,,, ~ 0.057, i.e., almost all
energy goes into the central mth-order harmonic.

Fig. 4.12 Energy

distribution of a tightly K
focused linearly polarized /
optical vortex by the field

components and by the /
angular harmonics m+2
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Now we apply the above introduced technique for obtaining the OAM spectrum
of a light field with the double-index polarization singularity (4.5). Actually, the
input field consists of four optical vortices of the orders m, —m, n, and —n. In the tight
focus, each of these vortices splits into the several harmonics with the above derived
energies. We suppose here for simplicity that o« = /2 and that these harmonics do
not coincide with each other. Thus, we have the energy distribution (OAM-spectra
of the components E,, E,, and E_), illustrated in Fig. 4.13

As seen in Fig. 4.13, side angular harmonics of the orders m & 2 and n &£ 2 have
relative low energy (28 times lower than that of the orders m and n), and this energy
becomes even lower when the aperture angle starts to decrease from o = /2.

4.2.3 Spin Angular Momentum of Double-Index Polarization
Vortices in a Tight Focus

Since it was found that almost all of the energy of the transverse field components goes
into the mth-order and nth-order angular harmonics, we can suppose approximately
that the SAM from Eq. (4.14) reduces simply to

S, & 2Im{i" " o ulo,» cos(my) sin(nyr) (4.30)

Thus, it is seen that the SAM is equal to zero at the following polar angles:
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V=L p=0..2n—1,
n
4.31)
2 (
wZ,q = M, q = O, ceey 2m — 1.
2m

At certain conditions, these angles can coincide. For example, if n = 2m, we get.
S, ~ 4Im{i" 1o ;o 2m sin(myy) cos® (myr) (4.32)

This indicates, that there are 4m lines with zero SAM, starting from the origin
and tilted with the polar angles

np
v=— (4.33)
2m
with p =0, 4m — 1. However, at odd p, the cosine in Eq. (4.32) is zero, but it is squared.
This means that the SAM does not change its sign at these angles. Instead, due to
the square, there is a second-order edge dislocation. At even p, the edge dislocation
has the first order and the SAM changes its sign. In comparison with the first-order
dislocations, the dislocations of the second order look as wider dark areas between
the maxima. Thus, the SAM distribution should look as a set of pairs of the spots
with positive and negative SAM.

Another case occurs when m = 1. For the SAM to be nonzero, n should be even.
Thus, the angles o = = /2 are again the lines of second-order edge dislocation,
where the SAM does not changes sign. At other angles, the SAM changes the sign.

If m and n are relatively large and close to each other, the roots of the sine and
cosine do not coincide but are close to each other. Therefore, the SAM changes its
sign at each such angle, but, due to the pairs of close zeros, the SAM between them
is insignificant.

4.2.4 Simulation

Numerical simulation was done by the Richards-Wolf equations. At first, we studied
the case when n = 2m. Figure 4.14 illustrates the intensity |E,I> + |E,> + IE I
and the longitudinal SAM density of a tightly focused light field with double-index
polarization singularity of three different orders (m, n): (1, 2) (Fig. 4.14a, d), (3, 6)
(Fig. 4.14b, e), (7, 14) (Fig. 4.14c, f) at the following parameters: wavelength A
= 532 nm, focal length of the lens f = 10 wm, numerical aperture sin a = 0.95,
amplitude apodization function is homogeneous, i.e., A(0) = 1.

As seen in Fig. 4.14, indeed, the SAM distribution consists of alternating pairs of
spots with positive or negative SAM. This is different from the patterns we obtained
earlier near the focus, when the spots with positive and negative SAM were alternating
in singles rather than in pairs [52].
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Fig. 4.14 Distributions of intensity |E,I> + IEyI2 + |E.I? (a—c) and of longitudinal SAM density
2Im{E X*Ey} (d—f) of tightly focused light field with double-index polarization singularity of the
orders (m, n) = (1, 2) (a, d), (m, n) = (3, 6) (b, e), (m, n) = (7, 14) (c, f) at the following parameters:
wavelength . = 532 nm, focal length of the lens f = 10 wm, numerical aperture sin o = 0.95,
amplitude apodization function is homogeneous, i.e., A(9) = 1. All the figures have the size 4 x 4
pm? (scale mark shows 1 um). Red and blue colors (d—e) mean, respectively, positive and negative
SAM

Figure 4.15 illustrates the intensity and the longitudinal SAM density of tightly
focused light field with double-index polarization singularity of two different orders
(m, n): (6, 7) (Fig. 4.15a, ¢) and (16, 17) (Fig. 4.15b, d) at the following parameters:
wavelength A = 532 nm, focal length of the lens f = 10 wm, numerical aperture
sin o = 0.95, amplitude apodization function is homogeneous, i.e., A(f) = 1.

According to theoretical predictions, polar angles with zero SAM should occur
by pairs of close angles. Figure 4.15 confirms it. It is seen that the positive SAM
is mostly in the upper side while the negative SAM is mostly in the bottom side.
Actually, the SAM is alternating, but between each spot with the positive or negative
SAM, there is a weak spot of the opposite SAM, which is almost invisible in Fig. 4.15.

The above theory predicts that the SAM is zero for the orders m and n of the
same parity. Computation confirms this and polarization of the focal field is thus
linear. Figure 4.16 depicts the intensity distributions and the polarization directions
of tightly focused light fields with double-index polarization singularity of the orders
(m, n) = (3, 7) (Fig. 4.16a) and (m, n) = (5, 3) (Fig. 4.16b) with the rest parameters
being the same as in Figs. 4.14 and 4.15: wavelength X = 532 nm, focal length of
the lens f = 10 wm, numerical aperture sin o = 0.95, radial apodization function
A0) = 1.
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Fig. 4.15 Distributions of intensity |E,? + IE,I* + IE|? (a—¢) and of longitudinal SAM density
2Im{E," Ey} (df) of tightly focused light field with double-index polarization singularity of the
orders (m, n) = (6, 7) (a, ¢) and (m, n) = (16, 17) (b, d) at the following parameters: wavelength \ =
532 nm, focal length of the lens f = 10 pwm, numerical aperture sin o = 0.95, amplitude apodization
function is homogeneous, i.e., A(#) = 1. Figures have the size 4 x 4 pum?2 (a, ¢) and 6 x 6 pm? (b,
d) (scale mark shows 1 wm). Red and blue colors (¢, d) mean, respectively, positive and negative
SAM

Fig. 4.16 Intensity distribution and polarization directions of a tightly focused light field with
double-index polarization singularity of the orders (m, n) = (3, 7) (a) and (m, n) = (5, 3) (b) at
the following parameters: wavelength A = 532 nm, focal length of the lens f = 10 pm, numerical
aperture sin o = 0.95, radial apodization function is A(9) = 1. Scale mark shows 1 pm
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It is seen in Fig. 4.16 that £, = 0 on the horizontal axis (¢ = 0 and ¢ = ) and
E, = 0 on the vertical axis (¢ = =+ w/2), which is consistent with Eq. (4.11) for the
complex amplitudes of the light field. It is also seen that in both cases a saddle-type
polarization [57] singularity is generated in the center.

Based on the Richards-Wolf approximation, we have investigated here the spin
angular momentum of double-index cylindrical vector beams in the tight focus.
Such set of beams is a generalization of the conventional cylindrical vector beams
since the polarization order is different for the different transverse field components.
Thus, in the beam periphery, the number of areas with horizontal polarization is
not equal to the number of areas with vertical polarization. It turns out that if the
polarization orders are of different parity, then the spin Hall effect occurs in the
tight focus that is there are alternating areas with positive and negative spin angular
momentum, despite linear polarization of the initial light field. On the contrary, if the
polarization orders are of same parity, then polarization in the tight focus remains
linear (but inhomogeneous). For analytical description of the spin angular momentum
distribution, we also analyzed the orbital angular momentum (OAM) spectrum of a
linearly polarized mth-order vortex field in the tight focus. It turns out that if the initial
light field is not of ring shape and has a homogeneous or decaying Gaussian shape,
then the energy of the angular harmonics with the orders m =+ 2 in the transverse
field components are at least 28 times lower than the energy of the mth-order angular
harmonic.

This decomposition of the focused field into the OAM spectrum allowed us to
predict the spin angular momentum distribution and, as an example, we demonstrated
the ability to generate the focal distribution where the areas with the positive and
negative spin angular momentum reside on a ring and are alternating in pairs, or
separated in different semicircles.

Application areas of the results obtained are designing micromachines for optical
driving biological objects [59, 60] or microtools in a lab-on-a-chip [61]. Cylindrical
vector laser beams with a double index were studied in [58].
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Chapter 5
Sharp Focusing of Modified Cylindrical oy
Vector Laser Beams

5.1 Spin-Orbital Conversion of a Strongly Focused Light
Wave with High-Order Cylindrical-Circular
Polarization

The rigorous description of a linearly polarized electromagnetic field in the strong
focus was proposed in a classical work by Richards and Wolf [1]. Numerous follow-
up publications relied on the Richards-Wolf formalism to look into the behavior of
more general electromagnetic fields with various polarization states. Topics studied
included characteristics of a radially polarized electromagnetic field in the strong
focus [2] and spin-orbital conversion in the strong focus of a circularly polarized
wave [3, 4]. Tightly focusing an elliptically polarized optical vortex has been studied
[5, 6] and a concept of cylindrical vector beams has been proposed [7], which include
radially and azimuthally polarized beams. Focusing promising beams with hybrid
polarization has also been studied [8—10]. For this type of polarization, the transposed
Jones vector takes the form E = (exp(i§), exp(—id)), where 6 = ar + B, risa
real variable, o, B are constant, and E is the initial light field. This type of hybrid
polarization is linear along some radii and circular on the others, however, being
independent of the polar angle ¢. A more general type of hybrid polarization was
discussed in Ref. [11], where tightly focusing was analyzed for an incident field
described by the polar angle dependent Jones vector, E = (cosgcosy — icos(2yr —
@)siny, singcosy — isin(2y — ¢)siny), where ¢ is the polar angle and y, ¥ are
constant. This field was found to be polarized either linearly or circularly, depending
on the specific value of the polar angle. However, no analytical relations to describe
the hybrid field and projections of the Poynting vector were proposed in Ref. [11].
A field with hybrid polarization described by E = (exp(id) sin ¢, cos¢), where ¢
is a polar angle and § is constant, has also been studied [12]. We note that in this
work, we discuss a more general polarization of which the above-said polarization is
aparticular case (at m = 1). We also note that in Ref. [12], projections of the Poynting
vector were not defined analytically. Beams with arbitrary polarization represented
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on a Poincare unit sphere have also been analyzed [13, 14]. In such beams, the pre-
focusing polarization vector can be represented as E = (exp(—ilg + ix)cosf +
exp(ilp + ia)sin B, iexp(—ilp + ia)cosB + iexp(ilp + iw)sin B), where [ is
topological charge, ¢ is the polar angle, («, 8) are (constant) angles on the Poincare
unit sphere. It is worth noting that Refs. [13, 14] studied these beams experimentally,
not offering a theoretical substantiation and expressions for the field intensity and
projections of the Poynting vector in the tight focus. Tightly focusing higher-order
cylindrically polarized light was studied in Refs. [15, 16], with the incident field being
represented as E = (cos(py + o), sin(pe + o)), where p is the order of cylindrical
polarization and « is constant. Vortex beams with arbitrary topological charge m
and nth order cylindrical polarization were theoretically studied in Ref. [17]. The
incident field was described by E = exp(img)(cos(ng), sin(ng)).

A distinctive feature of this work is that for the first time we analyze a new
type of hybrid polarization of light never studied previously, with polarization of
the incident field of interest being represented by E = (—isin(mg), cos(mg)). In
this case, with changing polar angle of the initial field, polarization changes from
circular, to elliptical to linear, alternating in this manner m times per full circle of the
polar angle. We also propose analytical relationships for projections of the electric
and magnetic field strength in the strong focus, for intensity distributions, and for
projections of the Poynting vector and spin angular momentum (SAM) vector.

5.1.1 Intensity of Light with Hybrid Polarization in the Focus

Let the amplitudes of the original magnetic and electric field vectors for mth-order
hybrid polarization be given by

E:A(e)(_iSinm¢), H=A(9)<—cosmgp )’ 5.1)

cos me —isinmg

where E and H are the electric and magnetic field vectors, m is a positive integer
number defining the order of cylindrical polarization, and A(6) is the amplitude of the
original light field as a function of the field angle with the optical axis. Polarization
of the field in Eq. (5.1) is called hybrid because it combines properties of mth-
order cylindrical polarization and circular polarization. At different polar angles ¢,
polarization of field (5.1) will be either circular (at ¢ = nwn/(4m), n = 1,3,5...,
elliptical, or linear (at ¢ = 7wn/(2m), n = 0, 1, 2...). From (5.1), it also follows
that at m = 0, the field will be homogeneously linearly polarized. Relying on the
Richards-Wolf formalism [1], we can derive projections of the electric field vector
in the strong focus of an aplanatic optical system from the original field (5.1):
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(5.2)

(5.3)

5.4)

where X is the incident wavelength, f is the focal length of the aplanatic system,
x = krsinf, J,(x) is the Bessel function of the first kind, and NA = sinf, is the
numerical aperture. The original amplitude function A(9) (here, assumed to be real)
can be either constant (for a plane incident wave) or given by a Gaussian beam:

—y2sin® 9)
sin

AB) = exp<

(5.5)
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where vy is constant. By way of checking Egs. (5.2), let us reduce them to the familiar
expressions [1, 4] for a linearly polarized light field (m = 0):
Ey = _7112,2 sin(2¢),

—i
Ey = 7[10,0 — L cos(29)], (5.6)

E.o =1, sin(gp)

The only difference is that the linear polarization vector is directed along the
y-axis in Eq. (5.1), being directed along the x-axis in Refs. [1, 4]. From (5.2), the
intensity distribution of the electric field in the focal plane (z = 0) is found as:

I, =

+ = (17 ey + Tomlom—2) sin®((m — D). (5.7)

Atm = 0, from Eq. (5.7) follows a familiar relation for the intensity distribution
in the tight focus from the incident linearly polarized light field [1, 18]:

1 1
lo= 7 (Igo+ 217, +215,) — 3 (I7 ) + Iooh2) cos(2p). (5.8)

From Eq. (5.8), the intensity is seen to have two local maxima lying on the vertical
axis (at ¢ = £ /2) because the incident field is linearly polarized and directed along
the y-axis. Atm = 1, Eq. (5.7) suggests that the intensity in the focus of the first-order
hybrid field (5.1) is given by

1
Iy = —(I&, +112,2+122.1 +122A,3 +Io15,1)

~

— %(112,2 + Io,11,3) cos(4¢). (5.9)

From (5.9), the intensity distribution in the focus for the first-order hybrid field
(5.1), i.e., for azimuthal circular polarization, features four local maxima (at ¢ =
+m /4, 237 /4). In the general case of an arbitrary m, the intensity distribution in
Eq. (5.7) has 2(m + 1) maxima lying on the rays formed by the polar angles ¢ = (7 +
2rrn)/2(m+1), n =0, 1,2, ...2m+ 1. It follows from the fact that Eq. (5.7) contains
the square of the sine, which have 2(m + 1) maxima when the angle ¢ changes from
0 to 2z. Numerical simulation has confirmed the theoretical conclusions.
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5.1.2 Energy Flow in the Focus of Light with Hybrid
Polarization

We note that in the original field (5.1), only the longitudinal projection of the energy
flow is present because the longitudinal components of the electric and magnetic
field vectors are zero, as is the transverse projection of the Poynting vector. Instead,
the longitudinal component of SAM vector is non-zero. Hence, due to the effect of
spin-orbital conversion, a transverse energy flow may be expected to be generated in
the strong focus. Below, we demonstrate that this is the case. Let us derive projections
of the Poynting vector (the energy flow)

P =Re(E* x H) (5.10)

where Re is the real part of the number, x denotes a vector product of two vectors,
E" denotes complex conjugation in the focal plane (z = 0) for the original field with
hybrid polarization, Eq. (5.1). Substituting the projections of the electric field in
Eq. (5.2) and the magnetic field in Eq. (5.3) into Eq. (5.10) yields:

1
Px - Z[IO,m(Il,m+1 +Il,mfl) COs (,0“{‘

+ It 112.m—2 cos((m + 1)g) cos((m — 2)¢)
+ I m—112,m12 cos((m — 1)g) cos((m + 2)¢)
+ 11 mt1L2, 2 sin((m + 1)) sin((m + 2)p)
+ I m—112,m—2 sin((m — 1)@) sin((m — 2)p)],
1

Py 4 [IO,mll,erl Sln((zm + 1)‘P)+
+ lo,ml1,m—1 8in((2m — 1)g)
+ 11,m+112,n172 COS((m + l)@) sin((m - 2)§0)
— I 112, m12 cos((m — 1)g) sin((m + 2)¢)
+ 11 mt 112, mi2 sin((m + Dg) cos((m + 2)p)
— I u—11,m—2 sin((m — 1)p) cos((m — 2)¢)],
1 1 1
P. = Z(Ig*’” — Elgmﬁ -3 ;m_z) (5.11)

Although the expressions for the projections of the Poynting vector in Eq. (5.11)
are quite cumbersome, they allow us to make some significant general conclusions.
From Eq. (5.11), the longitudinal energy flow is seen to be radially symmetric at
any m, being ¢-independent. The on-axis energy flow will be positive and non-zero
only at m = 0 (linear polarization): P,(r = z = 0) = 1&0/4. Besides, the on-axis
projection of the Poynting vector in the focus in Eq. (5.11) will be non-zero and
negativeonlyatm =-2orm=2: P,(r =z =0) = —122,0/4. Thus, we can infer that
similar to conventional 2nd-order azimuthal polarization [18, 19], for hybrid incident
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polarization, a reverse energy flow also occurs at m = 2. From (5.11) at ¢ =0, we
can derive:

1
Pyp =0) = Z[IO,m(Il,erl + lint1) + D1 ln—a

+ 1l me1lmi2] > 0

(5.12)

From (5.11), we also find that P,(y = 0) = 0, Py(¢ = 0) = =Py (¢ = 7) >
0. Hence, at any m, on the horizontal axis x, the transverse energy flow is always
directed along the x-axis in both directions from the center. It also follows from
(5.11) that on the vertical axis y, the transverse energy flow is directed along the y-
axis because P, (¢ = 7/2) = Py(¢ = 3w /2) = 0. Equation (5.11) also suggests that
when passing through the y-axis zero point, the energy flow changes sign: P, (¢ =
w/2) = —Py(¢ = 37/2) # 0. The sign of the transverse flow alternate moving
along the y-axis. For instance, if at m = 1 the energy flow on the y-axis is directed
toward the center, at m = 2, the flow will be directed from the center. Summing
up, at m = 1, the transverse energy flow will be directed from the center on the
x-axis and toward the center on the y-axis. This can occur if the transverse energy
flow rotates anticlockwise in quadrants I and III, rotating clockwise in quadrants II
and IV. Next, at m = 2 on the vertical axis, the transverse energy flow will change
sign becoming directed from the center, while remaining being directed from the
center on the horizontal x-axis. This can occur if in the four quadrants there will be
four lines (at an angle of 45°) along which the energy flow is directed to the center.
Thus, at m = 2, eight transverse energy vortices will be generated (by twos in each
quadrant), characterized by alternating energy rotation handedness (clockwise and
anticlockwise). Using a similar reasoning, it can further be shown that at an arbitrary
m, in the focus there will be 4m energy flow vortices. The vortex handedness will
change to the opposite in passing from one vortex to the other.

For simplicity, below, we analyze particular cases of Eq. (5.11). From (5.11), it
also follows that at m = 0 (linear polarization), the transverse energy flow components
equal zero in the focus: P, = P, = 0. This can be checked by directly substituting m
= O into (5.11) and taking into account properties of the integrals in Eq. (5.4): I,_4
= (= 1)1, 4. At m > 0, there is a non-zero transverse energy flow of Eq. (5.11). Let
us remind that for mth-order cylindrical polarization, the transverse energy flow in
the focus is always zero [18]. At m = 1 (circular azimuthal polarization), we can
derive from Eq. (5.11) the following expressions for projections of the energy flow:

1 . .
P, = 1 [10,1 (11,2 + 11,0) cos@ + 11 215 3 sin2¢ sin 3¢
+ 11030839 — 11 2151 cos 2¢ cos q)],

1 . .
P, = Z[IO'](I]’Z sin3¢ — I o sing)

+ 11 21 3 cos2¢ cos 3¢ — I 0123 5in 3¢
+ 112151 cos 2¢ sin go],
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Lis 1, 1,
P, = Z<Io,1 —5hs— 512,1 . (5.13)

From (5.13), the longitudinal energy flow component is seen to be ring-shaped
with the on-axis intensity null. The transverse energy flow components are non-zero
and devoid of radial symmetry. From Eq. (5.13), the transverse components of the
Poynting vector in the focus are seen to have the following structure:

0=0: P,=A+B>0, P, =0,
p=m/2:P,=0,P,=—-A+B <0,

©o=m: P.=—A+B) <0, P,=0, (5.14)
¢ =31/2:P,=0,P,=A—-B>0,

A=1Iyi(ho+15o)/4 B=ILohs—1sh,.

From (5.14), the energy flow in the focal plane on the horizontal x-axis is seen to
be directed along the x-axis from the center, being directed toward the center on the
vertical y-axis. This effect occurs if the transverse energy flow rotates anticlockwise
in quadrants I and III, rotating clockwise in quadrants II and IV.

One more general conclusion can be made from Eq. (5.11) without the need to
do numerical simulation. In the relationship for the projection of the Poynting vector
in Eq. (5.11), the sine function P, with the maximal spatial frequency is given by
sin(2m + 1)¢. Hence, at a given r, the integrals from (5.4) that enter Eq. (5.11) will
take constant values, with the entire expression for P, being only dependent on the
angle ¢, so that after one full circle of radius r in the focal plane, the value of P, will
change sign 2(2m + 1) times.

5.1.3 SAM in the Strong Focus of a Field with Hybrid
Polarization

First, we remind that the longitudinal projection of the spin density vector or SAM
vector equals zero for any mth-order cylindrical polarization of the initial field [18].
In this section, we will demonstrate that given hybrid polarization of Eq. (5.1), the
longitudinal projection of the SAM vector in the focus will be non-zero. Actually,
let us define the SAM vector in the form [4]:

S = Im(E* x E) (5.15)

where Im is the imaginary part of the number. Substituting the E-field projections
from (5.2) into (5.15) yields the longitudinal component of SAM:
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1

Sz = Z[Io,m(lzym_,'_z — 12,171—2) sin 2(p

+ (150 — an—2Domy2) sin@mg)].

(5.16)

Equation (5.16) suggests that at m = 0 (linear polarization), S, = 0. Atm = 1,
Eq. (5.16) is rearranged to

S, = 4—11[10,1(1273 + 12,1)+ (1&1 + 12'112,3)] sin 2¢. 5.17)

From (5.16), the on-axis projection of the SAM vector in the focal plane changes
its sign 4m times, because Eq. (5.16) contains the function sin(2m¢). Hence, there
will be 4m local vortices of the transverse flow and 4m local regions with the positive
or negative longitudinal projections of the SAM vector. Notably, in the focal plane
regions of anticlockwise handedness of the transverse energy flow, the polarization
vector also rotates anticlockwise, meaning that the projection of the SAM vector is
positive (S; > 0). And vice versa, in the focal plane local regions of the clockwise
handedness of the transverse energy flow, the polarization vector also rotates clock-
wise, meaning that the longitudinal projection of the SAM vector is negative (S, < 0).
Dielectric microparticles, which are slightly less in size than the local energy vortex
region, placed in the focal plane will start rotating around their axis. It is interesting
that particles in the adjacent regions will rotate in the opposite directions.

5.1.4 Results of the Numerical Simulation of Focusing Light
with Hybrid Polarization

The numerical simulation based on the Richards-Wolf formulae [1] was conducted
for focusing a 532-nm plane wave with hybrid polarization, Eq. (5.1) by means of
an aplanatic objective lens with NA = 0.95. Figure 5.1 depicts (a) intensity patterns
and Poynting vector components (b) P, (c) Py, and (d) P in the focal plane when
focusing a plane wave with hybrid polarization of Eq. (5.1) at m = 1. From Fig. 5.1a,
the intensity is seen to have 2(m + 1) = 2(1 + 1) = 4 local maxima located at
the corners of a square-shaped contour. At the focal spot center there occurs an
intensity null. Shown in Fig. 5.1b, c are distributions of the transverse energy flow
and transverse projections (b) P, (c) P, of the Poynting vector. From Fig. 5.1b, c, the
energy flow is seen to change its sign 2(2m + 1) = 6 times per one full circle around
center. Figure 5.1d shows the longitudinal projection P, of the Poynting vector, which
is ring-shaped and has a zero value at the center. The patterns in Fig. 5.1 confirm
the conclusions made on the basis of the theoretically derived relationships for the
intensity in Eq. (5.9) and the energy flow in Eq. (5.11).

Figure 5.2 depicts patterns of (a) intensity and (b, c, d) projections Py, Py, and P,
of the Poynting vector in the focal plane when focusing a plane wave with hybrid
polarization of Eq. (5.1) at m = 2. The numerically simulated patterns in Fig. 5.2
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Fig. 5.1 Patterns of a intensity and (b, ¢, d) Poynting vector components Py, Py, and P in the focal
plane when focusing a plane wave with hybrid polarization of Eq. (5.1) atm =1

corroborate theoretical predictions that follow from Eqgs. (5.9) and (5.11). Actually,
the intensity distribution in Fig. 5.2a is seen to have 2(m + 1) = 6 local maxima
lying on a closed curve around the center. Figure 5.2b, ¢ depicts distributions of the
transverse projections Py (b), P, (c) of the Poynting vector, from which the energy
flow is seen to change its sign 2(2m + 1) = 10 times per full circle around the center.
Figure 5.2d depicts the longitudinal projection P, of the Poynting vector in the form
of aring. The central energy flow is negative and equal to P,(r = z = 0) = _122,0 /4,
as seen from (5.11).

Figure 5.3 depicts distributions of SAM components (a, b, ¢) S, S, and S, when
focusing a plane wave with hybrid polarization of Eq. (5.1) at m = 1. From Fig. 5.3c,
the longitudinal component of the SAM vector changes its sign 4m = 4 times, which
is seen from (5.17).

Figure 5.4 shows distributions of SAM vector components (a, b, ¢) S, S, and S,
when focusing a plane wave with hybrid polarization of Eq. (5.1) at m = 2. From
Fig. 5.4c, the longitudinal projection of SAM vector is seen to be equal to 4m = 8§,
which follows from (5.17).

Figure 5.5 depicts intensity distributions when focusing a plane wave with hybrid
polarization in Eq. (5.1) at (a) m = 2 and (b) m = 3, with arrows marking the direction
of the transverse Poynting vector component in the focal plane. From Fig. 5.5, the
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Fig. 5.2 Distributions of a intensity and components (b, ¢, d) P, Py, and P, of the Poynting vector
in the focal plane when focusing a plane wave with hybrid polarization of Eq. (5.1) atm =2
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Fig. 5.3 Distribution of SAM vector components S (a) Sy (6) u S, (b) when focusing a plane wave
with hybrid polarization of Eq. (5.1) atm =1
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Fig. 5.4 Distribution of the SAM components (a, b, ¢) Sy, Sy, and S; when focusing a plane wave
with hybrid polarization in Eq. (5.1) atm =2
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Fig. 5.5 Intensity distribution and the magnitude and direction of the Poynting vector (arrows) in
the focal plane when focusing a plane wave with hybrid polarization of Eq. (5.1) for a m = 2 and
bm=3

number of the transverse flow vortices equals (a) 4m = 8 and (b) 4m = 12, which can
be inferred from the expression (5.11) for transverse Poynting vector components.
From Fig. 5.5, the centers of the transverse energy flows in the focus are also seen
to not coincide with the local intensity maxima. The vortices are centered at points
where the transverse energy flow is zero. From the comparison of Figs. 5.4c and
5.5a, the number of regions with positive- and negative-valued longitudinal SAM
projections (4m = 8) is the same as the number of the transverse energy vortices (4m
= 8). The comparison of Figs. 5.4c and 5.5a also suggests that the longitudinal SAM
component is positive (S, > 0) in the regions of anticlockwise handedness of the
transverse energy flow. And vice versa, the longitudinal SAM component is negative
(S, <0) in the regions of clockwise handedness of the transverse energy vortex. Thus,
the polarization vector in the focal plane rotates anticlockwise in the regions where
the transverse energy flow also has anticlockwise handedness. And vice versa, the
polarization vector rotates clockwise where the transverse energy flow has clockwise
handedness. This is in good agreement with the spin-orbital conversion effect. This
spatial separation at the focus of left and right circular polarization is a manifestation
of the optical spin Hall effect [20].

5.1.5 Experiment

Figure 5.6a shows an optical setup for generation of the beam (5.1) with m = 2.
Figure 5.6b—d show images of obtained beam. Light from a laser Cobolt 06-MLD
(A = 633 nm, 200 mW) propagates through neutral density filter ND and Glan-
Taylor polarizer GT. The resulting linearly polarized light propagates through vortex
half-wave plate (Thorlabs, WPV 10-633), which transform linearly polarized light
into cylindrical vector beam of the second order. And finally the beam propagates



156 5 Sharp Focusing of Modified Cylindrical Vector Laser Beams

(a)
ND G

T

Fig. 5.6 a Optical setup for generation and registration of hybridly polarized beam Eq. (5.1) of the
second order m =2

through a quarter-wave plate. The resulting beam was registered by a CCD camera
(Ucmos 10000 KPA).

ND is a neutral density filter, GT is a Glan-Taylor polarizer, CVB2 is a vortex half-
wave plate (Thorlabs, WPV10-633), A/4 is a quarter-wave plate, CCD is a camera
Ucmos 10000KPA. (b)—(d) Images of the beam: a linear polarizer-analyzer P was
placed before CCD camera, it was rotated by an angle 6 equals to O (b), 90 (¢), 45
(d).

To be sure that the experimentally obtained beam corresponds to the desired
hybrid polarization, we simulated insertion of a linear polarizer into the beam using
the Jones calculus formalism. After a linear polarizer the polarization of the beam
changes in accordance with the following equation:

(Ex,out) _ ( ?0529 - sir.lezcose)<Exiin) (5.18)

Ey out —sin6 cos6 sin” 6 Eyin

where E,;, and Ey;, are electric field components before the polarizer (calculated

by Richards-Wolf formula), E, o and Ey .y are electric field components after the

polarizer-analyzer, 6 is an angle between the x-axis and axis of the polarizer.
Figure 5.7 shows the intensity distribution of hybridly polarized beam Eq. (5.1)

m = 2 propagated through a linear polarizer-analyzer, which is rotated by angle 0
(Fig. 5.7a), w/2 (Fig. 5.7b), /4 (Fig. 5.7¢). From Eq. (5.1) it follows that at the angle

4
¢ = 7+ 75 (along diagonal lines) there is E, component only E = 0 ; however,

n

at the angle ¢ = 5 (along Cartesian axes) there is only £, component E = ( 1).
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Fig. 5.7 Intensity distribution (simulation) of a hybrid beam Eq. (5.1) with m = 2 propagated
through a linear polarizer-analyzer rotated by an angle 6 equals to 0 (a), /2 (b), /4 (c)

From comparison of Figs. 5.6 and 5.7, it could be seen that the state of polarization
coincides in the simulation and the experiment.

In this section, tightly focusing laser light with mth-order circular azimuthal
polarization has been analyzed. This is a new type of inhomogeneous polarization
which combines properties of mth-order cylindrical and circular polarizations. Using
the Richards-Wolf formalism, we have deduced analytical expressions to describe
projections of the E- and H-vectors, the intensity distribution, and projections of the
Poynting vector and SAM vector in the tight focus of light. It has been shown theo-
retically and numerically that the intensity pattern in the focal spot has 2(m + 1) local
maxima located along a closed contour centered at the on-axis zero-intensity point.
We have shown that in the focus there are 4m vortices of the transverse energy flows
with their centers located between the local intensity maxima. It has also been shown
that the transverse energy flow vortex changes its handedness 2(2m + 1) times per full
circle around the optical axis. Interestingly, the longitudinal SAM component in the
focus changes its sign 4m times. The longitudinal SAM component has been shown to
be positive in regions of anticlock handedness of the transverse energy vortex, with the
polarization vector rotating anticlockwise around the optical axis. And vice versa, the
polarization vector rotates clockwise and the longitudinal SAM component is nega-
tive in the regions where the energy flow rotates clockwise. The obtained results of
control of intensity maxima allows the transverse mode analysis in waveguide-based
sensors [21, 22]. This kind CVBs can be used in phase-sensitive surface plasmon
resonance biosensors with high resolution [23] or in graphene biosensors for real-
time subcellular imaging [24]. Other application include Raman spectroscopy [25]
and vector magnetic field sensing [26]. Sharp focusing of modified cylindrical vector
laser beams was studied in [27].
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5.2 Sharp Focusing of a Hybrid Vector Beam
with a Polarization Singularity

For the first time, vector singularities as a generalization of scalar singularities were
proposed in 1983 by Nye [28], where lines of zero-valued transverse components of
the E-field were called ‘disclinations’ (to distinguish them from scalar edge and screw
dislocations [29]). However, both in Refs. [28, 29] and in Ref. [30] the polarization
singularities were studied locally, i e., in a neighborhood of singular (critical) points.
It would be of significant interest to globally investigate inhomogeneously polarized
light fields characterized by different (linear, elliptical, or circular) polarization at
different points of the beam cross section. That is, we aim to determine topological
charges and singularity indices of the whole light field. Such studies become relevant
due to a growing number of publications concerned with inhomogeneously polarized
vector fields [7]. Inhomogeneously polarized beams can be generated by interferom-
etry [31], inside a cavity [32], as well as with g-plates [33], metasurfaces [34, 35],
polarization prisms [36], and spatial light modulators [37]. Points of intensity nulls
at which the linear polarization vector is not defined are called V-points [30]. In a
similar way, points of a light field with inhomogeneous elliptical polarization where
the direction of the major axis of the polarization ellipse is undefined are called
‘C-points’, with the light being circularly polarized at such points. If the C-points
are arranged on a line, the line is called a C-line [30]. Polarization singularities
are described by singularity indices, which are calculated similar to the topological
charges of scalar light fields [38]. The polarization singularity index of V-points is
called a Poincare-Hopf index [30] and calculated using Stokes parameters [39—41].
Meanwhile the C-points are described by an index equal to the number of turns by
7 the major axis of the polarization ellipse makes around the C-point. The index of
a C-point can take a fractional (half-integer) value if on a complete turn the polar-
ization ellipse makes an odd number of turns by w. When intersecting C-lines, the
polarization ellipse axis makes a jump by 7 /2.

In this section, we look into a hybrid nth order vector light field whose polariza-
tion varies from linear to elliptical, to circular depending on the polar angle. This
field contains just C-lines with their number being equal to n. For this field, we
find components of the Stokes vector and show the polarization index to be half-
integer, n/2. Using a Richards-Wolf formalism [1], we derive analytical expressions
for projections of the E-vector at the tight focus for a source hybrid nth order vector
field and analytical relations for the field intensity at the focus. We find that at an even
number 7, the intensity has nth order symmetry and C-points at the focus. Thus, we
numerically demonstrate that C-lines in the source field ‘disintegrate’ into C-points
at the focus, which are located on the same C-lines. We also derive analytical rela-
tionships for the projection of the Stokes vector at the focus, which suggest that for
an odd number n, the field at the focus is purely vector, consists of vectors of linear
polarization, has n V-points, and has no C-points.
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5.2.1 Source Hybrid Vector Field with Polarization
Singularity Points

Let us analyze a new hybrid nth order vector field defined in the original plane by
two transverse projections of the E-vector and a Jones vector in the form:

Edp) = —=( " (5.19)
2 \ia + sinng

where n is integer and 0 < || < 1. From (5.19) it follows that at n = 0, light field
(5.19) is elliptically polarized, while at |«| = 1 it is circularly polarized. At o = 0,
field (5.19) has inhomogeneous nth order vector polarization.

Field (5.19) has points of linear, elliptical, and circular polarization. Points of
circular polarization are called C-points of polarization singularity because the direc-
tion of the major axis of the ellipse polarization is undefined at such points [30].
Topology of the polarization ellipses around a C-point is described by an index Ic,
which shows how many (integer) times the major axis of the polarization ellipse
changes its direction by an angle of & while making a full circle around the C-point.
To find the index Ic of field (5.19), let us find all projections of the Stokes vector [40]
S = (S], SQ, 53), where

E — |E, 2Re(E*E,) 20m(EXE,)
1= s D2 = s O3 — T 5>
L+ |E, L + |E [ B + ||

(5.20)

where Re and Im denote the real and imaginary parts of the number. From (5.20),
the Stokes vector is seen to be of unit length: 512 + 522 + 532 = 1. For field (5.19), the
Stokes vector components in Eq. (5.20) take the form:

cos2ng — o _ 2sin2ng _ 2acosng

§ =28 g , S5 =
: 2 14«2 3 14«2

5.21
14+ a2 (5-21)

From (5.21) it follows that polarization of light is linear on the rays outgoing
from the center at angles defined by the equation S35 = cosng = 0. At angles ¢ that
satisfy the equation S3 = 1 or cosng = %1 and @ = 41, —1 the light is circularly
polarized. Elsewhere, the light is elliptically polarized. Thus, we can infer that field
(5.19) has no isolated C-points but has C-lines, with the direction of the major axis
of a polarization ellipse jumping by 7/2 on crossing the line. A single C-point is
equivalent to a screw dislocation and a C-line is equivalent to an edge dislocation.
The number of C-lines in the source field (5.19) equals the field order n, with the
lines found on 2n rays outgoing from the center at angles wm/n, m =0, 1, 2, ...,
2n — 1.

In Ref. [30], a local index of hybrid vector fields for polarization singularities (C-
points) was calculated and the hybrid vector field itself was locally defined near the
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singularity. Hereinafter, we shall calculate the topological index of the whole hybrid
vector field (5.19) in a global way, in a similar way to calculating the topological
charge of the whole scalar complex vortex field using Berry’s formula [38]. To these
ends, let us form a complex Stokes field by the rule:

Se =81 +15 (5.22)
For the source vector field (5.19), the complex Stokes field is given by

g 2exp(2in<p) —a?

¢ 5.23
14 a2 (5-23)

The Stokes index o for field (5.23) can be calculated using Berry’s formula [38]:

2
1 a8, 0
0'=——{n{/d¢——ifklf. (5.24)
27 Se(9)
Substituting Stokes field (5.23) into (5.24) yields:
2
/ 2inexp(2ing)
c=—1Im [ dp———=
2 exp(ing) — a?
2
1 — a®cos2n
_r ( ?) (5.25)

- E[ Y1+ o —2a2cos2ng
0

Putting in Eq. (5.25) @®> = 1, we find that ¢ = n and the index of the C-points and
the whole field (5.19) equals Ic = ¢/2 = n/2. The index Ic can be half-integer owing
to the tilt of the major axis of the polarization ellipse varying from 0 to 7, rather than
to 2. Putting in (5.25) o = 0, Eq. (5.19) will describe an inhomogeneous linearly
polarized field (S3; = 0), containing just V-points (where the linear polarization vector
is undefined), where the Stokes index of Eq. (5.25) equals 0 = 2n, meanwhile the
Poincare-Hopf index [30] of field (5.19) is half as large: n = n. At0 < |a| < 1, the
Stokes index in (5.25) can be calculated using a reference integral [42]:

= ; (5.26)

2 m
/T COS mx & 2 Jar—-b2—a
a+bcosx  JaZ—p?

0

In view of (5.26) and at 0 < || < 1, the Stokes index of field (5.19) equals o =
2n, whereas the Poincare-Hopf index is n = /2 = n. In this case, there are no points
where the light is circularly polarized.
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5.2.2 Vector Field with Polarization Singularity Points
in the Plane of the Tight Focus

In this subsection, using a Richards-Wolf formalism [1] we derive projections of the
E-vector in the focal plane from source field (5.19). Thus, we obtain:

in+l o )
E =— 7 (lo,n cosng + I ,_» cos(n — 2)<p) + Elz,z sin 2¢,
it . . o 5.27
E, = _ﬁ(lo’n sinng — b, sin(n — 2)¢) + «/_5(10'0 — by cos2g), (5.27)
E. = N2i"I1 ,_i cos(n — 1)g — ia~/21; 1 sin g,
where the integrals in (5.27) take the form:
4af\ [ 0 0
I, = dnf / sin" ™ ( = ) cos?V( =
’ A 2 2
0
x cos'/2(0)A(0)e™ % T, (x)d6, (5.28)

where X is the wavelength of light, f is the focal length of an aplanatic system, x =
krsind, J ,(x) is a Bessel function of the first kind, and NA = siné, is the numerical
aperture. The original amplitude function A(f) (here, assumed to be real) may be
constant (for a plane wave) or described by a Gaussian beam:

A®) <—y2 sin29>

=exp| ————
P sin? 6,

where vy is constant. At = 0, the field at the focus described by Eq. (5.27) is identical

(up to a constant 1/+/2) to the field at the focus from an nth order radially polarized

wave [17]:

in+1
E, = ———(lopncosng + b ,_» cos(n — 2)¢),

V2

n+1
E, = — lﬁ (Io.nsinng — b 5 sin(n — 2)g), (5.29)

E, = ﬁi’1[1,,1_1 cos(n — 1g.

Field (5.29) contains just V-points of polarization singularity while having neither
C-points nor C-lines. Atn = 0 and @ = 1, field (5.27) is fully identical to the field at
the focus from an incident wave with right-handed circular polarization [43]:
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i .
E, = _ﬁ(lo,o + L),
1 A 5.30)
E, = —(loo — €**L,), .
ﬁ i) i)
Ez = —\/Eei(pllyl.

Because of this, the source field (5.19) and the field in the focus in (5.27) can be
called hybrid, as at some points they have linear, elliptical, or circular polarization.
For field (5.27), the intensity at the focus is given by

1
I = 3 I, + 55 + 2Io ulon2 c0s 2(n — D)o

+ Q’ZI&O + 0121222 — 20[10_0122 cos2¢

+ 41127”710052(11 — Do + 4a2112’lsin2go
1
— 20 cos (%) T [sin ne (Io,olo,n + 12,212’,1,2)

—sin(n — 2)¢(loola.n—2 + I,210.1)
—sin ¢ sin(n — 1)<p11.111,n_1]}. (5.31)

Equation (5.31) is rather cuambersome, but putting n = 2p (even) yields cos(n +
1)mr/2 = 0, leading to a simpler relationship of the intensity:

1
Loy = E{I&n + 13, 5 + 2ol 02 c0s2(n — Dy

+ 0121&0 + Ol2122,2 — 20510,012,2 cos2¢

+ 417, cos’(n — D)o + 4’17 | sin” ¢}. (5.32)

From (5.32), the intensity at the center of the focal plane is seen to be non-zero
because the term 0521& o 1s non-zero. The intensity pattern has central symmetry as
Eq. (5.32) contains cosines of the double angle 2¢, as well as squared cosine and
sine functions, meaning that replacing ¢ with ¢ + 7 introduces no changes to the
intensity pattern. From (5.32), the intensity pattern is also seen to have 2(n — 1)
local intensity peaks (not considering central intensity maximum) because the term
cos2(n — 1)¢ changes sign 2(n — 1) times per full circle. At odd numbers n = 2p
+ 1, we obtain cos(n + 1) /2 = %1, which means that the intensity in Eq. (5.31)
has no central symmetry due to different intensity values at ¢ and ¢ + m, but has a
central intensity peak, similar to the previous case.

Let us derive formulae for projections of the Stokes vector at the focus. Since these
formulae are rather cumbersome, below, we give only relationships for projections
of symmetrical fields at the focus for an even number n = 2p. The Stokes vector can
be defined in a different way using four projections, rather than three use in definition
(5.20):
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2 2 2 2
so = |Ex|” + ‘Ey .81 = |Ex]” — ‘Ey ,

Sp = 2Re(EjEy), 53 = ZIm(E;Ey).

(5.33)

Based on (5.33), for field (5.27) (at n = 2p) we obtain:

1
so= E(Ig,n + 13, 5 + 2l -2 cOs 2(n — Dy

+ Olzl(io + 0121222 - 20[210,012'2 cos 290),

_ L 2 _
51=3 (I5,, co82ngp + I3, _, cos 2(n — 2)¢

~+ 21y pl5 p—2 cOs 2¢p — azlg,O — a2122’2 cos 4o
+ 2a210,012,2 cos Z(p),
5= S (12, sin2ng + 12, sin2(n —
h = 2( onSin2ne + 15, ,sin 2(n—2)¢

+ 2]0’,1]2,,,,2 sin 2(p — Ol2]22

, Cos 4¢

+ 2a210,012,2 cos 2(p),
1
S3 = sin(n + )JT[COS I’l@(]()’ol()qn — 12‘2[2,,1,2)

+ cos(n — 2)¢(lo.0lo.n—2 — b21o.0) |- (5.34)

In (5.34), the relations for sg, s;, sy are given for even numbers n = 2p, except
for s3 which holds at any n. The purpose is to demonstrate that at odd n = 2p + 1
we have s3 = §3 = 0, hence we can infer that the field at the focus has no C-points,
being purely vector and composed of linear polarization vectors.

Using two components of the field from Eq. (5.34), the complex Stokes field can
be expressed as

1 . .
S =si+isy = S[I5," + 13, pe¥

—a’I3,e" + 26 (oI oo o + I nlon—2) — @*I5 o] (5.35)

From (5.35), it follows that the topological charge of the vortex Stokes field is
undefined, varying over the entire focal plane, for at large radii r, the amplitudes by
the exponents vary in magnitudes, making it impossible to determine which term in
the sum (5.35) is larger in the absolute value at each particular case. For instance, at
some radii, the Stokes index of field (5.35) can be 0 = 2n, being 0 = 2(n — 2) at
other radii and taking values of 4, 2 or 0 elsewhere. What may be said definitely is
that near the optical axis only the last term in (5.35) remains non-zero, which has no
vortex phase. Hence, at any n, the Stokes index at the center of the focus is zero (o
= 0). Conclusions arrived at in this section are validated by the numerical modeling.
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5.2.3 Numerical Modeling

Figure 5.8 depicts a distribution of polarization ellipses in the source field (5.19) at
different n: 3(a), 2(b), 1(c), and 4(d). Indices for C-lines of the fields in Fig. 5.8,
derived from Eq. (5.25) using a complex Stokes field, equal Ic = o/2 = n/2: 3/
2(a), 1(b), 1/2(c), and 2(d). From Fig. 5.8a, field (5.19) with n = 3 is seen to have
three C-lines located at angles ¢ = wm/3, m = 0, 1, 2. The tilt of the major axis of
the polarization ellipses changes by /2 at each of six sectors between the adjacent
C-lines. Thus, after a full circle, the tilt of the major axis changes by 67/2 = 37,
meaning that the index of the field in Fig. 5.8a is Ic = 3n/(2w) = 3/2. In a similar
way, in Fig. 5.8b, field (1) with n = 2 has two C-lines located on the Cartesian axes.
With the angle ¢ in a sector between C-lines changing from 0 to 7/2, the tilt of the
major axis of the polarization ellipse is rotated by an angle of 7/2, hence after a full
circle around the center, the tilt of the major axis changed by 47r/2. Hence, the index
of the field in Fig. 5.8b equals Ic = 2n/(27) = 1. In Fig. 5.8c, the C-line is found on
the horizontal Cartesian axis. With the angle ¢ in one of the sectors between C-lines
changing from O to 7 (in the upper semi-plane), the tilt of the polarization ellipse
major axis is rotated by /2, and in the bottom semi-plane the tilt of the major axis is
also rotated by 7 /2. Hence, after a full circle, the polarization ellipse makes a turn by
7 and the singularity index equals Ic = w/(2r) = 1/2. Finally, in Fig. 5.8d, a change
in the tilt of the major axis of polarization ellipses can be analyzed in a similar way.

Shown in Fig. 5.9a is a total intensity at the focus of field (5.19) at « = 1 and
n = 2. The numerical modeling was conducted using a Richards-Wolf formalism
[1] for a wavelength of A = 532 nm and numerical aperture NA = 0.95. Shown in
Fig. 5.9b, ¢ are an amplitude and phase of the complex Stokes field S, = s; + is»,
which was calculated with the aid of the Stokes vector components in Eq. (5.34).
From Fig. 5.9a, it is seen that according to theoretical predictions in Eqgs. (5.31) and
(5.32), the intensity pattern at the focus remains unchanged after replacing ¢ by ¢
+ m, with an intensity peak located at the center. From Fig. 5.9¢, it is seen that there
is no singular point at the center of the phase pattern for the Stokes field (5.35),
because there is no isolated intensity null. Two isolated intensity nulls (singularity
points) in Fig. 5.9¢, each having the topological charge 1, are seen on the vertical
axis (1 and 2 points in Fig. 5.9d). In Fig. 5.9d, the arrows specify a pattern of the
polarization ellipses at the focus. Figure 5.9¢ depicts C-points at the focus, which
are all located on the Cartesian axes, it is where the C-lines are located in the source
plane (Fig. 5.8b). Thus, the numerical modeling has shown that as a result of tightly
focusing, C-lines ‘disintegrate’ into a number of C-points arranged on the same
lines. This effect is analogous to an effect of astigmatic edge-to-screw dislocation
conversion of a wavefront in scalar paraxial optics [44]. Indices of two symmetrical
and closest to the center C-points on the horizontal Cartesian axis are Ic = £ 1/2
(1 and 2 points in Fig. 5.9c), with the indices of the next two neighboring C-points
located farther from the center on the horizontal axis being Ic = = 1/2 (3 and 4 points
in Fig. 5.9¢).
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Fig. 5.8 Polarization patterns (shown in half-tones and with arrows) in the source field (5.19) at «
= 1 at different orders n: 3 (a), 2 (b), 1 (¢), 4 (d). The arrows show the handedness of the E-vector;
the origin of the ellipse is determined based on the phase of the field at this point

In a similar way, Fig. 5.10 depicts numerical simulation results at the focus for n
= 3 (the rest parameters being the same as in Fig. 5.9). Figure 5.10a suggests that in
agreement with the theoretical prediction in (5.31), the intensity pattern at the focus
at odd n = 3 is asymmetric. As can be inferred from (5.34), there is a vector field
with purely inhomogeneous linear polarization at the focus (Fig. 5.10d), as putting
n =2p 4+ 1, we obtain s3 = S3 = 0. In a phase pattern of the complex Stokes field
in Fig. 5.10c, there occur three phase singularity points with the topological charge
+ 2 (1, 2, and 3 points in Fig. 5.10c). In total, the Stokes index is o = 6, and the
V-points singularity index is Ic = o / 2 = 3. The pattern in Fig. 5.10d is seen to
contain three V-points (2 points of the “center” type and 1 point of the “knot” type).
Thus, when field (5.19) has an odd order n, the C-lines (Fig. 5.8a) of the original
plane are transformed into a number of V-points (Fig. 5.10d) and the whole field
becomes vectorial (with no points of elliptical polarization).

Shown in Fig. 5.11a is an intensity pattern at the focus, which has a fourth-order
symmetry relative to the Cartesian coordinates. The amplitude and phase of the



166 5 Sharp Focusing of Modified Cylindrical Vector Laser Beams

1
50
0.5 40
= 30
g 0
A 20
-0.5
10
-1
-1 -05 0 05 1
a)

x (pm)

circular

» (um)

c)

linear

N 0 7 linear
e) X, pum

Fig. 5.9 a Anintensity / = Ix + Iy + Iz, b amplitude, and ¢ phase of a complex Stokes field (5.35)
when focusing field (5.19) at n = 2. d Pattern of elliptic polarization at the focus, and e pattern of
points with circular, elliptic, and linear polarization

complex Stokes field are depicted in Figs. 5.11b, c. Phase singularities points linked
with the C-points are observed in the phase pattern of the Stokes field (Fig. 5.11e).
Finally, Fig. 5.11f depicts a plot for the Stokes index against the radius R of an origin-
centered circle along which the phase delay of the Stokes field (5.35) of Fig. 5.11c
is calculated. From the plot it is seen that at different radii R, the Stokes index takes
values of 8, 6, 2, 0, which is in good agreement with the theory in Eq. (5.35).
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Fig. 5.10 a An intensity / = Ix + Iy + Iz, b amplitude, and ¢ phase of the complex Stokes field
(5.35) when focus in field (5.19) at n = 3. d A pattern of linear polarization vectors at the focus:
(black V-points of the “center” type and red V-point of the “knot” type)

From Fig. 5.11e, d, the C-points are seen to lie on the Cartesian axes and two diag-
onal lines, where C-lines were located in the original plane (Fig. 5.8d). Two center-
symmetrical C-points located on the horizontal axis (Fig. 5.11e, f) have a singularity
index of & 1/2, producing a ‘lemon’-shaped topology. Remarkably, when making
a circle around such a C-point, the surface of the polarization ellipses produces a
Mobius strip in the 3D space [45-47].

Figure 5.12 depicts the neighborhood of a C-point (marked with bold black) in
more detail, showing a characteristic tilt of the major axis of polarization ellipses
(‘lemon’-type topology) lying on a circle centered on the C-point. The axes of the
polarization ellipses are seen to turn by an angle of 7 when making a full circle, i.e.,
the index of the C-point equals 1/2.

Summing up, we have theoretically and numerically studied a new type of nth
order hybrid vector light field that is tightly focused with an aplanatic system [48]. The
polarization of the source hybrid vector field varies in the original plane from linear,
to elliptical and circular with the polar angle. The polarization pattern of the field has
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Fig. 5.11 a An intensity / = Ix + Iy + Iz, b amplitude, and ¢ phase of the complex Stokes field
(5.35) when focusing field (5.19) at n = 4. d pattern of points characterized by circular, elliptic, and
linear polarization at the focus, e pattern of the elliptical polarization in focus, and f dependence of
the Stokes index o on the radius R of the circle on which it is calculated (1 iwm frame size)

n C-lines of circular polarization that pass through the center. Components for the
Stokes vector of such a field have been analytically derived and the field polarization
singularity index has been shown to equal n/2. Based on a Richards-Wolf formalism,
analytical relationships for projections of the E-vector and an intensity of light at the
tight focus have been deduced. At even #, the intensity at the focus has been shown
to possess a center symmetry and have C-points lying on lines coincident with the
C-lines of the source field. Analytical relationships have been deduced to describe
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Fig. 5.12 Polarization 0.5
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projections of the Stokes vector at the focus, which suggest that at odd n, the field at
the focus is purely vector and has several V-points, while having no C-points.

5.3 Spin-Orbital Conversion in a Tight Focus of an Axial
Superposition of a High-Order Cylindrical Vector
Beam and a Beam with Linear Polarization

Cylindrical vector fields, including those of higher orders, are well known [7, 49].
They are an example of inhomogeneously polarized light beams, in the cross section
of which the local linear polarization vector changes its direction from point to
point. Cylindrical beams of low orders are called beams with radial and azimuthal
polarizations [49]. Such beams can, for example, be formed using two half-wave
plates rotated relative to each other [49], multisection polarizers [50], metasurfaces
[51], quarter-wave plates, and alight modulator [52]. Cylindrical vector beams (CVB)
are used in particle micromanipulation [53], microscopy [54], quantum informatics
[55, 56].

CVBs of any order do not have a spin angular momentum (SAM) and the third
component of the Stokes vector is zero. This means that both in the initial plane and
in any other section of the beam during its propagation the polarization is locally
linear. It has recently been shown that local subwavelength regions with circular and
elliptical polarization appear at the focus of CVBs with a fractional order [57]. The
optical effect of spin-orbital conversion is known in laser beams, when a transverse
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vortex energy flux is formed during sharp focusing of an ordinary Gaussian beam
with a circular polarization. That is, such a beam has an orbital angular momentum
(OAM) in the focus [4]. However, the occurrence of a local SAM in the focus of
fractional-order CVBs [57] have not the explanation since such abeam has nota SAM
in the initial plane. Another disadvantage of the research [57] is that it is impossible
to apply the analytical theory of Richards-Wolf [1] to describe the electromagnetic
field in a sharp focus due to the fractional order of the beam. In [58], a modification
of a cylindrical vector field formed by a superposition of such a beam with a beam
of uniform linear polarization was considered. However, in [58] the tight focusing
of such a superposition did not considered.

In this section, all six projections of the electric and magnetic field strength vectors
in the sharp focus of a superposition of a cylindrical vector field and a uniform
field with linear polarization are calculated theoretically and numerically, using the
Richards-Wolf approach [1]. Energy fluxes (projections of the Poynting vector),
intensity distributions, and Stokes components in the focus are also obtained. It was
shown that local transverse vortex energy fluxes and subwavelength regions with an
elliptical and a circular polarization are formed in the focus of such a field with an
odd integer order.

5.3.1 Projections of Vectors of Electric and Magnetic Fields
in Focus

We consider an initial light field with a non-uniform polarization, the Jones vector
for the electric and magnetic fields of which has the form:

E . cos(my) — a _ cos(me) 1
m(g. @) = sin(mg) — \ sin(mg) ~No)

Hy(g.a) = <_Sm(m‘”) )

cos(my) —a

(5.36)

where (7, ¢) are polar coordinates in the initial plane, a is a real number. This light
field was considered in [58]. It was shown that the field (5.36) has the Poincaré-Hopf
polarization singularity index v [30], which is n = m for |a| < 1, n = m/2 for
la| = 1, and n = O for |a| > 1. The light field (5.36) is an axial superposition of
two well-known light fields: a cylindrical vector field of the mth order and a light
field with the linear polarization directed along the horizontal axis. The real number
a determines the polarization singularity index of the field (5.36) and the distribution
of intensity, the energy flux, and the density of SAM in the sharp focus of the field
(5.36).

For a = 0, the field (5.36) is a well-known CVB of a high order [7, 17]. The beam
(5.36) at a = 0 has an inhomogeneous polarization and the polarization is locally
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linear in each point of the beam cross section. The polarization of mth order CVB
is also linear in each point of the focus. The purpose of this study is to show the
presence of local areas in the focus of the field (5.36) with a # 0, where a transverse
energy flow (the energy circulates in a closed loop) is formed, and the longitudinal
projection of the SAM vector is different from zero, i.e., there is an elliptical and a
circular polarization.

Using the Richards-Wolf formalism [1], explicit expressions for all projections
of electric and magnetic field intensity vectors in the sharp focus of the light field
(5.36) were obtained:

E(r, ) =" (cos(m@)lom + cos((m — 2)¢)a m—2) + ia(lo.o + cosRp)Lr.2),
Ey(r,p) = im! (sin(mgp)lo,m — sin((m — 2)(p)]2,m,2) +iasin(2p)l, 2,

E.(r, 9) = 2i" cos((m — )p)I, u—1 + 2acos ¢l |,

H.(r, ) = —i""! (sin(m<p)10,m ~+ sin((m — 2)(p)12,m,2) +iasin(2p)l 2,

Hy(r, ¢) = =" (= cos(mp) o m + cos((m — 2)@) o m—2) + ia(lpo — cos2p) L),
H,(r, ) = =2i" sin((m — 1)@)]; m—1 + 2asin ol ;.

(5.37)

In (5.37), functions 1, depend only on the radial variable r and are equal to the
expression:

6o

4 0 (% .
L, = (%) /sin"‘H(E) cos3_”<§) cos'/?(0)A(0)e™ <], (x)dg, (5.38)
0

where k is the wave number of light, A is the wavelength of light, f is the focal length
of an ideal spherical lens that forms the focus, z is an optical axis (z = 0 is the focal
plane), x = krsinf, J,, (x) is the Bessel function of the first kind and of the jth order,
NA = sinf is the numerical aperture of the aplanatic optical system, A(6) is any real
function that describes the input field amplitude, which has axial symmetry (plane
wave, Gaussian beam, Bessel-Gaussian beam). For the integrals /v,  (5.38), the first
index v = 0, 1, 2 describes the type of the integral, and the second index u = 0, 1,
2, ..., m1is equal to the order of the Bessel function.

Each projection of electric and magnetic field vectors (5.37) is the sum of two
beams vectors projections: a cylindrical vector field of the mth order and a light
field with linear polarization. This is easy to verify if we recall what projections an
electromagnetic field with linear polarization directed along the horizontal axis has
in the focus [1]:



172 5 Sharp Focusing of Modified Cylindrical Vector Laser Beams

Ep(r, @) = —i(lo,0 + cosQe)ly2),
Epy(r, ) = —isin2p) D 2,

Ep (r,9) = =2cos ¢l 1,

Hp(r, ) = —isin(2p)la 2,

Hyy(r, ¢) = —i(loo — cos(2e)L2),
Hi (r,9) = —2asingl] ;.

(5.39)

5.3.2 The Intensity Distribution in the Focal Plane

Based on the obtained amplitudes of the electric field vector projections in the focus
(5.37), it is possible to derivate expressions for the intensity and its components along
the Cartesian axes. It should be noted that the expressions for the intensity with even
and odd numbers m will be different. Indeed, formula (5.37) implies expressions for

2
=1 +1+1I = |EJ] + |E| + |E[*

[a(=1)7"" (0,0 + cosQ)D2.2) + cos(m@)o m + cos((m — 2)9) s 2],

m=2p,
= 2 2
[a(lo.0 + cos2)2)|” + [cos(m@) o m + cos((m — 2)@)hm—]
m=2p+1,
(5.40)
[a(=1y*" sin2p) D2 + sin(m@)ly, — sin((m — 2)9) o ]’
m=2p,
[y = ) P ) ' ) ) (5.41)
[asinRe)L2]” + [sin(me)lo,m — sin((m — 2)@)m—2]",
m=2p+1,
4[a(=1)? cos(@)I1 1 + cos((m — D)y 1]
m = 2p,
I = ) ) (5.42)
4lacos(@) 1] + 4[cos((m — D)y 1]
m=2p+1.

It can be seen from (5.42) that for m = 2 and p = 1 the intensity is equal to the
simple expression:

L.(r, ¢) = 4cos* (I} (1 — a)*. (5.43)
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It can be seen from 5.43) that the longitudinal intensity is zero at a = 1, and it has
two local maxima on the horizontal x-axis (¢ =0 and ¢ =m) ata # 1.

Next, we obtained the expressions for the total intensity in the focus at m = 2p +
1, because, as it will be shown later, the transverse energy fluxes and the longitudinal
projection of the SAM arise in the focus only for odd numbers m:

I =a*[Io+ 15,421} +2cos2¢(loohy + 17 ,)]
+ [Igm + 122,m—2 + 2[ﬁm_1 4+ 2cos2(m — 1)p)
(Tomlam—a + 17 ,,1)]- (5.44)

The expressions for the intensity (5.40) and (5.44) for an arbitrary m contains
a term azl(io > 0, in which according to the integral (5.38) the zero-order Bessel
function is used as one of the factor. Therefore, the intensity will be different from
zero (there will be a local maximum) on the optical axis (at r = 0), since Jo(0) =
1. The arguments of the cosines are even in the expression (5.44) for the intensity.
This means that the intensity pattern, although it does not have radial symmetry, has
axial symmetry, i.e., I(r, ¢) = I(r, ¢ + ). Also it can be seen from (5.40) that the
intensity 7, will have a maximum on the optical axis due to the term azl(i o» and it
follows from (5.41) that I,, will have a zero on the optical axis. It should be also noted
that that the intensity pattern /, will have 2m local maxima since the expression for
I, contains the squared cos(mg). The total intensity (5.44) will have 2(m — 1) local
maxima (except the intensity maximum on the optical axis), since formula (5.44)
has cos(2(m — 1)¢). These conclusions will be confirmed by modeling.

5.3.3 The Energy Flux Density in the Focal Plane

In this section, the expressions for three projections of the Poynting vector in the
focus of the light field (5.36) are obtained. It is known [17, 59] that a cylindrical
vector field of any order with a = 0 does not have a spin or vortex energy flows both
in the initial plane (E;, Ey) = (cos(mg), sin(img)) and in the focus (5.37). It means
that the longitudinal projections of the SAM and the OAM vectors in the focus are
zero at each point. Below we will show that the superposition of a CVB and a light
field with linear polarization (5.37) has a local spin and a vortex energy flux. The
Poynting vector is given by the next formula [1]:

c

P= Re(E* x H), (5.45)

where E and H are vectors of electric and magnetic fields, * is a complex conjugation,
X 1is a vector multiplication, c is the light speed in vacuum. Further the constant
c/(2m) will be ignored. We substituted the expressions for the projections of the
electromagnetic field in the focus (5.37) into expression (5.45) and obtained:
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2a(=1)""D2cos((m — D) (I.1lam—2 = To.olim-1)
Pu(r, @) = { +cos((m+ Do) (Lolymer — liilow)], m=2p+1, (5.46)
0, m=2p, p=0,1,2,...

2a(—1)" V2 [=sin((m — D) (I 1m—2 — Io.ol1m—1)
Py(r,9) = § +sin(m+ Do) (balimt — liidom)], m=2p+1, (547
0, m=2p, p=0,1,2,..

az(lg,o - [22,2) + ([g,m - [22,m72)
P.(r, @) = § +2a(=1)" cos(me)(L2lom—2 — loolom), m = 2p,

(5o —55)+ (I — L) m=2p+1,p=0,1,2, ...
(5.48)

It can be seen from (5.48) that the distribution of the Poynting vector longitudinal
component for odd numbers m has a circular symmetry in the focus. For an even
number m it depends on the polar angle and has m maxima when going around
the optical axis. It can be seen from (5.46) and (5.47) that the transverse energy
flow takes place only for odd numbers m and is equal to zero for an even m. To
characterize the transverse energy flux in the focus in more detail, we proceed to the
polar projections of the transverse energy flux vector. Using the transition from the
Cartesian projections of the Poynting vector to polar:

P, =P,cos¢ + P,sing,
r= TR COS@ L, SINe (5.49)
P, =—P,singp + P, cos ¢,

from (5.46) and (5.47) we find the transverse components of the Poynting vector
in the tight focus of field (5.36) in polar coordinates for odd numbers m (for even
numbers m, the Poynting vector components are equal to zero):

P, =2a(—1)" cos(mp)Qi(r), m=2p+1,
01(r) = Lim—1 (L2 + Io0) — I (Bom—2 + Tom)
P, =2a(=1)"sin(me)Qs(r), m=2p+1,
O2(r) = It m—1(l22 — 1o.0) + 1.1 (Tom — 2m—2).

(5.50)

It can be seen from (5.50) that the transverse energy flow rotates non-uniformly at
different radii and for different p the rotation occurs counterclockwise or clockwise.
The irregularity lies in the fact that the transverse vector of the energy flux rotates
around the optical axis not tangentially to some circle, but at a different angle to
some circle. There are an 2m subwavelength regions on a circle centered on the
optical axis in which the transverse energy flow rotates along a closed trajectory.
This follows from (5.50), in which the argument of cosine and sine is equal to me.
From Egs. (5.46) and (5.47) it follows that the transverse flow changes sign 2(m +
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1) times per complete revolution. This follows from the fact that in Eqgs. (5.46) and
(5.47) there are terms with sin(m + 1) or with cos(m + 1), which change sign 2(m
+ 1) times. Moreover, the energy flow rotates in different directions (clockwise or
counterclockwise) in neighboring areas. Integration of radial and azimuthal energy
fluxes in (5.50) over the angle ¢ gives zero. It means that the total transverse energy
flux is zero in the focus.

5.3.4 The Density of the Stokes Vector in the Focal Plane

In this section, we find the projections of the Stokes vector in the focus of the initial
vector field (5.36). The components of the Stokes vector S are calculated by the
formulas [60]:

ELR - B _ 2Re(EIE,) _ 2Im(EZE,)
CTEPHEF T EPHIED T EPHIE 6s)
s1 = E) = |E|’, 52 =2Re(E’E,), s3=2Im(E’E,),

where Re and Im determine the real and the imaginary parts of a complex number. In
(5.51), the small letters (s;, s», s3) denote the unnormalized components of the Stokes
vector. The normalized Stokes vector, as it can be seen from (5.51), has a unit length
S 12 + S% +S 32 = 1. Due to the cumbersomeness of the expressions, and in order to find
out whether the circular polarization will be in focus, we obtained expressions only
for the third Stokes projection without normalization, i.e., we calculated a function of
the form s; = 2Im (EjEy) It should be preliminarily noted that the third component
of the Stokes vector is proportional to the longitudinal projection of the SAM [59]:

1 *
S = @Im(E x E), (5.52)

where o is a cyclic frequency of light. Further the constant 1/(167 w) will be ignored.
It can be seen from (5.52) that the longitudinal component of the SAM (without taking
into account the constant) coincides with the unnormalized third component of the
Stokes vector:

53 = 8. = 2Im(E}Ey) (5.53)
Substituting the projections of the electric field (5.37) into (5.53), we obtain:

2a(=1) "D [sin((m — 2)@) (Io.oLo.n—2 — D,210.m)
53 = S.(r,¢) = { —sin(me) (lo.olo — halbw—)], m=2p+1, (5.54)
0, m=2p, p=0,1,2,..
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It can be seen from (5.54) that there are no regions with a circular (elliptical)
polarization in the focus of field (5.36) for an even m. If m is odd and a # 0O than
there are 2m local regions in the focus, in which the light has an elliptical polarization.
It should be noted from (5.50) that for an odd m there are also 2m local regions of
transverse vortex energy flows in the focus. Comparison of (5.50) and (5.54) shows
that the number of regions with a transverse vortex energy flow in focus is 2m and is
equal to the number of regions with an elliptical polarization. Moreover, the direction
of the transverse energy flow rotation is different in neighboring regions, just as the
direction of the polarization vector rotation alternates in neighboring regions. Since
the field (5.36) does not have the transverse energy flow and the longitudinal SAM
in the initial plane then both the total (over the entire focal plane) longitudinal SAM
and the total transverse energy flow must be equal to zero in the focus. It should be
noted that if we integrate the spin density (5.54), i.e., the longitudinal component of
the SAM, over the entire beam cross section in the focus, then the integrals over the
angle ¢ will give zero, and the total beam spin (5.36) in the focus, as in the initial
plane, will be equal to zero:

2

8§83 = / s3(r, )rdrdp = 0.
0 0

To compare the theory and simulation results, we derive an expression for s, only
for the even number m = 2p,p =0, 1, 2, ...:

5o = sinQR@)[2lomwhom—2 + a*ha(loo + cosp)h )]

) ) ) 5 (5.55)
sin(2me)ly ,, — sin(2(m — 2)p)1y, _, , m = 2p.

It can be seen from (5.55) that, the distribution of s, in the focus will be axisym-
metric since all arguments of the cosines and sines are even. The maximum argument
in (5.55) has sin(2m¢) which is equal to 2m. Therefore, the number of sign changes
for the function s, will be equal to 4m.

The mechanism of occurrence of an even number of local vortices of energy fluxes
at the focus for field (5.36) with an odd order number of a cylindrical vector field
can be described as follows. First, only when m is odd and when a = 1 does the
index of the polarization singularity of the field (5.36) become half-integer n = m/2.
Second, for even m, there are no transverse energy fluxes at the focus (5.46), (5.47).
The half-integer polarization singularity index leads to the fact that the initial light
field has m polarization singularity lines emanating from the center (the direction of
linear polarization is not determined on the singularity lines) and dividing the beam
cross section into m parts. In each of these parts (between two adjacent singularity
lines), two local regions are formed at the focus (there are 2m such regions at the
focus), in which the polarization is circular (elliptical), but of different signs (left and
right). This also follows from expression (5.54). On the other hand, the presence in
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the focus of regions with non-zero spin density (5.52), according to the effect of spin—
orbit interaction, must simultaneously generate local regions with a vortex transverse
energy flux (non-zero longitudinal projection of the orbital angular momentum). In
total, such regions with a vortex energy flow should be equal to the number of regions
with circular polarization, that is, equal to 2m. For the total OAM of the beam to be
equal to zero, the number of local regions with a vortex transverse energy flow must
be even. And the direction of rotation of the energy flow in neighboring areas should
be opposite.

The presence of local regions with a vortex energy flow in the focus can be

explained in another way. Field (5.36) with a = —1 can be represented as
me
cos(me) + 1 COS(_)
Engea=—1= ") Cgeos(m)[ 2 (5.56)
sin(mg) 2 sin(T(p)

It can be seen from (5.56) that the initial field (5.36) fora = —1 and odd m is a
cylindrical vector field of fractional order (72/2). And it was shown in [57] that such
a light field has local regions with a vortex energy flow and with circular polarization
at the focus.

The formation at the focus of local regions with circular and elliptical polarization
for the field (5.36) immediately follows from the expressions for the projections of
the electric vector at the focus (5.37). From (5.37) it can be seen that at a = O (there
is no field with linear polarization), the product of the transverse projections of the
electric vector will be real Im(E} E,) = 0, since both projections will have the same
factor (—i)"~!. If a # 0, then both expressions for the transverse projections of the
electric vector in (5.37) consist of two terms with factors (—i)”~! and i. Therefore,
the product £ E;, will have a factor (—i)™, which will be imaginary when m is odd.
Therefore, the longitudinal projection of the SAM or the third Stokes component
will be non-zero Im(E} E,) # 0. This means that there are local regions at the focus
in which the polarization is elliptical or circular.

5.3.5 Numerical Simulations Results and Discussion

In this subsection, we present the simulation results for the intensity distribution,
the projections of the Stokes vectors (or the SAM longitudinal projection), as well
as the Poynting vector projection in the focus of the initial light field (5.36). The
calculation was carried out using the general formulas of Richards-Wolf [1], which
describe the light in the focus area:

. o 2
v =-1 [ [ s0.orre.ox
o Jo
x expfik[psinB cos(p — ) 4+ zcos B} sin 6 db dp, (5.57)
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Fig. 5.13 The geometric
interpretation of the problem

where U(p, ¥, z) is an electric or a magnetic field strength, B(8, ¢) is an electric or
a magnetic field at the input of a wide-aperture optical system dependent on the exit
pupil coordinates (6 is a polar angle, ¢ is an azimuth angle), 7(0) is a lens apodization
function, f is a focal length, kK = 27/X is a wave number, X is a wavelength, « is the
maximum polar angle defined by the lens numerical aperture (NA = sina), and P(6,
@) is a polarization matrix. Integral (5.57) allows to calculate the distribution of the
electromagnetic field components in the exit pupil coordinates (Fig. 5.13).

The polarization matrix P(0, ¢) for the strength of electric and magnetic fields
has the form [61, 62]:

sin? ¢+ cos? ¢ cos singcosp(cosd — 1) cos ¢ sinb a(@, ¢)
P(O,¢) = | singpcosg(costd — 1) coszqﬁ + sin? ¢cosh singsing | x | b0, ¢)
—sin 6 cos ¢ —sin 6 sin ¢ cos 6 c@, o)

(5.58)

where a(0, ¢), b0, ¢), and c(0, ¢) are polarization functions for x-, y-, and z-
component of an incident field. For example, for the linearly polarized along the
x-axis light, the components will be equal to a = 1, b = 0, and ¢ = 0. For all the
examples considered in this section, the longitudinal component of the focused field
was proposed to be zero: ¢ = 0 (the initial plane), then:

1 4 cos?p(cosf — 1) sin ¢ cos p(cosf — 1)
P, ) = | singcosp(cosd — 1) |a(®, @) + | 1+ sin*p(cosd — 1) [b(©, ¢),
—sinf cos¢ —sinfsing

(5.59)
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For the initial field (5.36), the polarization functions will have the form:

. a@, ¢) _ cos(my) —a
E@®,¢) = (b(e,w)) = (Sin(w) ) (5.60)

for the electric field strength and

H(, ) = (a(e, W) - <_sm(m¢) ) (5.61)
b, ¢) cos(mp) —a
for the magnetic field strength.

The distribution of linear vectors over the beam cross section in the initial plane
depends on the number m and the parameter a. Figure 5.14 shows the distributions
of linear polarization vectors in the cross section of the field (5.36) for m = 2 (a, c,
e)andm =3 (b,d,f),anda=1/2(a,b),a=3/2(c,d),a =1 (e, f).

It was shown in [58] that the polarization singularity index (the number of linear
polarization vector rotations by 27 while going around the closed contour around
the optical axis—around the singularity point) at a < 1 is equal to m. Thus, the
polarization singularity index is equal to 2 (a) and 3 (b) in Fig. 5.14. The polarization
singularity index is equal to m/2 for a = 1, since there are only singularity lines
Fig. 5.14e, f in the field (5.36) and the linear polarization vectors rotate from line to
line by an angle . Therefore, the index is equal to 1 (e) and 3/2 (f) in Fig. 5.14. For a
> 1, the polarization singularity index of the field (5.36) is equal to zero (Fig. 5.14c,
d).

The calculation of the intensity in the focus of the field (5.36) was carried out
using the Richards-Wolf formulas (5.57)—(5.61) for the wavelength of 633 nm and
the numerical aperture NA = 0.95. The intensity distribution and its components
were calculated for the vector beam (5.36) of the second (m = 2) (Figs. 5.15, 5.16
and 5.17) and third (m = 3) (Figs. 5.18, 5.19 and 5.20) orders. The beam parameter
a (5.36) was chosen to be 1 (Figs. 5.15 and 5.18), 1/2 (Figs. 5.16 and 5.19), and 3/2
(Figs. 5.17 and 5.20).

Figures 5.15a, 5.16 and 5.17a show that for any a > 0 an elliptical focal spot
elongated along the x-axis is formed near the optical axis in the center of focus.
The intensity maximum on the optical axis follows from formulas (5.42)—(5.44).
The intensity distributions in Figs. 5.15a, 5.16 and 5.17a differ only by the size of
the central and two side lobes. For a > 1, the side lobes are small and almost all
the intensity is in the central elliptical spot. For a = 1, the energy of the side lobes
increases. For a < 1, the energy of the two side lobes, whose intensity maxima lie on
the vertical y-axis, is comparable to the intensity of the central focal spot. A feature
of the intensity distribution in Figs. 5.15, 5.16, and 5.17 is that the longitudinal
component is absent for case of @ = 1. This unique case takes place only when m =
2 and a = 1, and is described by the formula (5.43). Figures 5.15d, 5.16 and 5.17d
confirm formula (5.42), according to which the longitudinal intensity I, at a # 1
has two local intensity maxima on the horizontal axis at ¢ = 0 and ¢ = 7. There



180 5 Sharp Focusing of Modified Cylindrical Vector Laser Beams

‘\\\\'\'\ > _ A V-7 ‘\\
@ W @ 73y
VAT \}k ‘\\{ DFATTINN
N&H//"“\\'}\ fA DX /\/‘I\\‘}H
N\ ti///:\ FAA YR ¥ o Hf A
111\”}“ LS AV 5 i S 6: N A A A
27 e | St T e
/{4‘ AR Z F VNN (s )y E;jl%\\\
r \\\v«.ﬁ"/!%\\///i\/\._"//j¥
PANNNITIZZ L A PO SINTE LS
P XX XN~ “ XY i ¥t\l/\\ AN
LNAACCEBREAAAANTAN B ARES L LA “ LA

3 [“—i—v\\\\\\‘ y T PEPERES S
g ::IH—«‘\\\\\ Y ) (d) =~ //::M‘\\

SRR Y Y \/// R N
VP Pt r VYD

S a
455//’¢\x\\\\\ﬁ5&\\\25[$\\\\\
X S IENRNRNY s o R T N NN
K FEFF A N e 2SN S ANNY

L &

SRR KR A S H~

R e il & S S S A
AR RN :,,///;:\‘«,,,//
YROROR R CHES SIS E A SN e E s

vy gy by o S a

'\\\\\“‘_‘_l,/‘/‘/‘ ;//,\\\\\\&—4—(’

AN S S S S ROV S\ N NN S SRS,

> e~ SNNKXX ) ERVV I~
oLz i@ s
- //,‘,.‘_‘\ > //’4_*\\

2 pBEER NS SN IAAARE LSRR N
(AR SSPEE N A L LRI HCN N R RN TSN BN
'/'I’/// A_\\\\\\x ,\\\\\ /*\\\\\\
}iiiﬁiiix\\\\k IS Y~ N R
e A e WL
XXX NN~ “ XSV AF S
XXX N~~e “F AV AR N Nwes X4 FF
XN NN~ XX K S SN ’///Ig\\\ il 4]
SRt A A A R TN

Fig. 5.14 The distributions of linear polarization vectors in the cross section of the field (5.36) for
m=2(a,c,e)andm =3 (b,d,f),anda=1/2(a,b),a=3/2(c,d),a=1 (e, f)

are 4 local maxima for any a in Figs. 5.15¢c, 5.16 and 5.17c. This is consistent with
formula (5.41), since I, should have 2m such maxima. Figures 5.18, 5.19 and 5.20
show intensity distributions similar to those shown in Figs. 5.15, 5.16, and 5.17 but
for the odd m = 3.

Figures 5.18a, 5.19a and 5.20a show a focal elliptical spot with side lobes that
in the center of the intensity pattern near the optical axis. The number of lobes,
according to the formula (5.44), is 2(m — 1) = 4. These lobes are clearly visible
in Fig. 5.19a where the parameter a < 1 and almost invisible in Fig. 5.20a where
a> 1. Figures 5.18d, 5.19d and 5.20d confirm formula (5.42) according to which the



5.3 Spin-Orbital Conversion in a Tight Focus of an Axial Superposition ... 181

10 (b)

8

6 -

4

2

Fig. 5.15 The intensity / (a) and its components I, (b), I, (¢) I, (d) of the focused vector field

(5.36) of the second (m = 2) order with a = 1
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Fig. 5.16 The intensity / (a) and its components I, (b), I, (¢) I, (d) of the focused vector field
(5.36) of the second (m = 2) order with a = 1/2
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Fig. 5.17 The intensity / (a) and its components I, (b), I, (¢) I, (d) of the focused vector field
(5.36) of the second (m = 2) order with a = 3/2

8 8
7 7
6 6
5 5
4 4
3 3
2 v
1 1
2
1.5
1
0.5

Fig. 5.18 The intensity / (a) and its components I, (b), I, (¢), I, (d) of the focused vector field
(5.36) of the second (m = 3) order witha =1
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Fig. 5.19 The intensity / (a) and its components I, (b), I, (c), I (d) of the focused vector field
(5.36) of the second (m = 3) order with a = 1/2
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Fig. 5.20 The intensity / (a) and its components I, (b), I, (¢), I, (d) of the focused vector field
(5.36) of the second (m = 3) order with a = 3/2



184 5 Sharp Focusing of Modified Cylindrical Vector Laser Beams

longitudinal intensity 7, has 4 local intensity maxima for any a. Two maxima located
on the horizontal x-axis are larger in magnitude than two maxima on the vertical
y-axis. There are 6 local maxima for any a in Figs. 5.18c, 5.19¢ and 5.20c. This is
consistent with formula (5.41), since /,, should have 2m such maxima.

The Distribution of the Stokes Vector Projections in the Focal Plane

It can be seen from (5.54) that the third projection of the Stokes vector is equal to
zero for even m. This means that the polarization is linear at each point of the field in
the focal plane. Figure 5.21 shows projections of the non-normalized Stokes vector
s; and s, (s3 = 0) for even numbers m = 2 (a, b) and m = 4 (c, d).

It can be seen from Fig. 5.21a that the distribution pattern s; almost coincides
with I, (Fig. 5.16b). This is because s; = I, — I, and I, > I,.

The third projection of the Stokes vector is non-zero in the focus only for an odd
number m. Figure 5.22 shows three projections of the non-normalized Stokes vector
in focus of field (5.36) withm =3 and a = 1.

Figure 5.22a shows that the distribution pattern of s; almost coincides with I,
(Fig. 5.19c¢). This is because s; = I, — I, and I, > I,,. It can be seen from Fig. 5.22¢
that the third projection of the Stokes vector 53 changes sign 2m = 6 times on circles
with certain radii and with center on the optic axis. This is consistent with formula
(5.54), which includes sin(mg). This function changes sign 2m times per turn. The
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Fig. 5.21 The Stokes vector components s; (a, ¢) and s2 (b, d) of the focused vector field (5.36)
withm =2 (a,b)and m =4 (¢, d) fora =1
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Fig. 5.22 The Stokes vector components s; (a), s2 (b), and s3 (c) of the focused vector field (5.36)
withm =3 anda =1

second Stokes projection changes sign when going around a closed trajectory around
the optical axis 4m times: 8 (Fig. 5.21b), 16 (Fig. 5.21d), and 12 (Fig. 5.22b). This is
consistent with formula (5.55), in which the term with the maximum argument has
the form sin(2mg).

For comparison, Fig. 5.23 shows the second s, (a, c) and the third s; (b, d)
components of the Stokes vector of the focused vector field (5.36) with other odd
numbers m: 1 (a, b) and 5 (c, d).

It can be seen from Fig. 5.23 that the distribution s, changes sign 4m times when
going around the optical axis: 4 (Fig. 5.23a) and 20 (Fig. 5.23c). This is consistent
with formula (5.55). And the distribution s3 changes sign 2m times: 2 (Fig. 5.23b)
and 10 (Fig. 5.23d). This is consistent with formula (5.44).

For the sake of completeness, we show the distributions of the third component
of the normalized Stokes vector (Fig. 5.24).

Figure 5.24 shows that the magnitude and size of the regions with an elliptical
and a circular polarization, where the component S is close to 4 1 (the brightest)
or — 1 (the darkest), decreases with decreasing parameter a. The comparison of
Figs. 5.22c and 5.24 shows that the structures of normalized S; and non-normalized
s3 qualitatively agree.

In this subsection, it is shown by numerical examples that local regions (size is
about 200-250 nm) with an elliptical or a circular polarization are formed in the
focus of the vector field (1) (wavelength is 532 nm, NA = 0.95). The number of
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Fig. 5.23 The Stokes vector components s2 (a, ¢) and s3 (b, d) of the focused vector field (5.36)

withm =1 (a,b)and m =5 (¢, d)

Fig. 5.24 The third component of the normalized Stokes vector (5.51) S3 of the focused vector
field (5.36) with m = 3 and different parameters a: 1/2 (a), 1 (b), and 3/2 (c)
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such regions is related to the field number m. The number of such regions is 2m on
some circle centered on the optical axis. It should be noted that the regions with
local elliptical polarization appear in the focus only for an odd number m and for a
non-zero parameter a. If the parameter a = 0, then the field (1) reduces to the well-
known cylindrical vector field of order m, which has for any m only a local linear
polarization in the focus, and regions with an elliptical polarization are absent.

The Distribution of the Poynting Vector Projections in the Focal Plane

This subsection presents the calculation of the energy flux vector (the Poynting
vector) (5.45) in the tight focus of the field (5.36) carried out by the Richards-Wolf
formulas (5.56)—(5.60).

Figure 5.25 shows the projections of the Poynting vector in the focus of the field
(5.36) with the even number m = 2 and a = 1. According to the obtained for an
even number m formulas (5.46)—(5.48), the transverse projections of the energy flux
vector P, and Py are equal to zero (Fig. 5.25b, c), and the longitudinal component
P, does not have radial symmetry (Fig. 5.25a). It can be seen from Fig. 5.25a and
formula (5.48) that the Poynting vector longitudinal component has a local maximum
on the optical axis and two local maxima (side lobes) are located on the vertical axis
at ¢ = /2 and ¢ = 37/2, since the function P, (5.48) for m = 2 depends on the
angle as cos(2¢). The calculation parameters in Figs. 5.25 and 5.26 are the same as
in all previous figures. Figure 5.25a also shows that the longitudinal component of
the Poynting vector outwardly coincides with the intensity distribution in Fig. 5.15a
(m = 2). This is explained by the fact that the expression for the intensity (5.44) at
m = 2, as well as (5.48), depends on the angle as cos(2¢).

Figure 5.26 shows the Poynting vector projections for the odd number m = 3 and
a = 1 in the focus. It can be seen Fig. 5.26a that the longitudinal component P, is
radially symmetric and has a maximum value on the optical axis. This is consistent
with Eq. (5.48). It can be seen from Fig. 5.26b, c that the transverse energy flow rotates
in 8 local subwavelength regions: counterclockwise in 4 regions and clockwise in
other 4 regions. Both transverse projections of the energy flux P, and P, change sign
8 times when going around the optical axis along a circle of some radius. This is
consistent with formulas (5.46) and (5.47), since the dependence on the angle in these
formulas is determined by the function cos((m + 1)¢) at m = 3. But local areas with
a transverse vortex flow will be 2m. This follows from Eq. (5.50), in which there are
factors in the form cos(mg) and sin(mg). The number of local regions with a vortex
energy flow must be equal to the number of regions with circular polarization, that is,
2m. This follows from the effect of spin—orbit interaction. In Fig. 5.26d, their number
is 6, and they lie along a circle of some radius. Their size is about 200 nm. Integrating
in (5.50) the angular P, and the radial P, projections of the Poynting vector over the
angle ¢ we obtain that the total transverse energy flux is equal to zero in the focus.

Comparing Figs. 5.22¢ and 5.26d shows that there are 6 regions lying on a circle
of a certain radius centered on the optical axis, in which the polarization is circular,
and also 6 regions in which the energy flow rotates around the ring.

In the section, theoretically and numerically, using the Richards-Wolf approach,
all six projections of electric and magnetic field strength vectors in the sharp focus
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Fig. 5.25 The Poynting vector components in focus for m = 2 and a = 1: P; (a), Py (b), Py (c)

of a superposition of a cylindrical vector field with order m and a uniform field with
linear polarization are calculated [63]. Energy fluxes (projections of the Poynting
vector), intensity distributions, and Stokes components are calculated in the focus
plane. The study shows that local regions of about 200-250 nm in size (wavelength
is 532 nm, NA = 0.95) with the an elliptical or circular polarization are formed in
the focal plane of such an incident field. The number of such areas is related to the
field number m. The number of such regions on some circle with center on the optical
axis is 2m in focus. It should be noted that regions with local elliptical polarization
appear in the focus only for an odd number m and for a non-zero parameter a. If
the parameter a of the initial field is zero then the field reduces to the well-known
cylindrical vector field of order m, which for any m has only a local linear polarization
in the focus. And regions with an elliptical polarization are absent in this case. In
addition to the presence of a local SAM for case of an odd number m, there are local
subwavelength regions in the focus where the transverse energy flux propagates
along a closed contour. The number of such regions lying on a circle of some radius
is 2m. Moreover, the energy flow in neighboring areas rotates in different directions
(clockwise and counterclockwise). The total flow of the transverse energy flow is
zero. The total transverse energy flow is zero. These beams can be used to create a
micromachine in which two microparticles in the form of gears are captured in the
focus of the beam into neighboring local areas in which the energy flow rotates in
different directions, and therefore, these gears will also rotate in different directions.
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Chapter 6 ®)
Poincare Beams at the Tight Focus e

6.1 Poincare Beams at the Tight Focus: Inseparability,
Radial Spin Halls Effect, and Reverse Energy Flow

Among other recipients of the 2022 Nobel Prize in physics, A. Zeilinger was recog-
nized for research in quantum entanglement between photons. By way of illustration,
his work [1] has amassed 6,000 + citations. As far as photons are concerned, (hybrid)
quantum entanglement (in terms of both polarization and angular momentum) implies
that two photons are in superposition, which can be described by the expression [2]:

ly) = alH)|l) + €° V1 — a?|V)|-1),

where H and V stand for the horizontal and vertical polarization vectors, [ is the
orbital angular momentum (OAM) of photon or topological charge, a is the weight
coefficient (probability density of detecting the photon state), and 3 is the phase delay.
Ata = 0.5, the state |¢) gets fully entangled. It turns out that similar entanglement
may be found in classical physics and refers to a light field described by on-axis
superposition of two vortex laser beams with different polarization states and different
topological charges. Physically, a classical entangled state is when the light field is
impossible to describe as a direct product |P)|OAM ), with no way to simultaneously
determine a particular polarization state |P) and a particular OAM state |OAM ) of
the light field of interest. Hence, the light field described by the aforementioned
superposition is ill-defined. In this work, we discuss an example of ill-defined light
fields in the form of a wide class Poincare beams [3, 4], which include linearly and
circularly polarized vortex laser beams and cylindrical vector beams [5]. Below, we
show that given specific parameters, remarkable optical effects occur at the tight
focus of such beams, including a reverse on-axis energy flow [6, 7] and an optical
Hall effect [8]. The optical Hall effect is divided into spin (SHE) [9-13], orbital
[14], and spin-orbital [15] effects. An optical Hall effect occurs due to conservation
of angular momentum of light and spin—orbit interaction. As a rule, the optical Hall
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effect occurs because of the light—-medium interaction, for instance when light reflects
at a metasurface [16]. What we are interested in more is studying the SHE that occurs
without the involvement of medium and microparticles but by tightly focusing laser
beams propagating in free space (see the review [17]). For instance, an off-axis focal
spot has been shown to be generated by passing a tightly focused vortex laser beam
through an aperture [18]. In this work, analyzing free-space propagation of Poincare
beams, we show that given specific parameters, there is a transverse energy flow at
the tight focus, rotating about the optical axis clockwise or anticlockwise. We also
reveal that at the tight focus, a radial spin Hall effect occurs, when on-axis SAM
projections (that may be looked at as ’spin’) have different signs on different-radius
circles centered at the optical axis. That is, on the different-radius circles, vectors of
elliptic polarization rotate oppositely.

6.1.1 Inseparability of Vector and Spatial Degrees of Freedom

In a previous work [19], we derived expressions to describe an intensity pattern from
Poincare beams at the tight focus. In this work, our purpose is to derive expressions for
Poynting vector projections and an on-axis projection of the spin angular momentum
(SAM) at the tight focus of the Poincare beam. But beforehand it makes sense to
discuss a topic of inseparability (entanglement) of polarization and spatial degrees
of freedom of the Poincare beam.

The light beams whose polarization state is described by unit vectors on a Poincare
sphere are described by a Jones vector given by [3, 4]:

Ep() = (@b 6.1)
P = V2 \ige ™ — ibe |’ '

where a = cos(0/2)e” /2, b = sin(0/2)eV/?, a®> + b*> = 1,0 and ¢ are the
polar and azimuthal angles on the sphere, and 7 is an integer number that describes
the topological charge of the optical vortex or the order of cylindrical (azimuthal or
radial) polarization. Beam (6.1) can be represented as superposition of two beams
with one having right-handed and the other left-handed polarization:

1 aefingo + beinqo ae—imp 1 beimﬂ 1 . .
= ) ) = )+ | = ae™™|R) + be"’|L),
ﬁ(iaemzp _ibemw> ﬁ (l) ﬁ (—l)
(6.2)

where |R) and |L), respectively, denote Jones vectors for the right- and left-handed
polarization. Considering that a> + b> = 1, Eq. (6.2) can be rearranged as follows:

E,(9) = /ye ™|R) + /1 —ye™|L), y = da*. (6.3)
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The two quantities are said to be inseparable [20-22] when it not possible to
represent the vector field as the direct product of the spatial scalar function by a Jones
vector that describes the polarization state of the field. In other words, the vector
field of inseparable quantities is not possible to represent as U (r, ¢, z)|P), where
U(r, ¢, z) is a scalar function that describes the solution of a paraxial Helmholtz
equation and |P) is the state of transverse polarization of a paraxial light beam.

The entanglement notion is a classical analog of quantum entanglement [1, 2,
20-22]. The degree of inseparability is defined based on Neumann’s entropy Ent,
which in a simple case of Eq. (6.3) is given by the following:

Ent(E,) = —[y log,(y) + (1 — ) log,(1 — p)]. (6.4)

Entropy in Eq. (6.4) lies in the range 0 < Ent(Ep) < 1. If entropy is zero, the vector
field is fully separable but if entropy equals unity, the vector field is fully (maximally)
inseparable. At y = 1/2, the Poincare beam is maximally inseparable. In this case,
a = b = 1/+/2, which means that the Poincare beam with maximal inseparability is
identical to an nth order cylindrical vector beam:

Ep(p;a=b=1/v2) = (:f;((:(j))). (6.5)

Atother values of a and b, the Poincare beams in Eq. (6.1) are partially inseparable,
and if one of the parameters equals zero (either a = 0 or b = 0), the Poincare beams
become separable circularly polarized vortex beams. Hereinafter, we analyze what
happens with beam (6.1) at the tight focus.

6.1.2 Flow Energy at the Tight Focus of Poincare Beam

Using Richards-Wolf formalism [23], projections of the electric and magnetic fields
at the tight focus of Poincare beam (6.1) can be derived in the form:

n—1

~

E, = [(bei"“’ + ae_"”“’)loi,, + (bei(”_z)“’ + ae_i(”_z)“’)lz,n,g],
3 ;
E, = \/z[(ae_”"” — be”’“’)loy,, — (ae_’(”_z)‘/’ — be’(”_z)‘/’)lln_z],
EZ — \/Ein(bei(n—])w + ae—i(n—l)go)[l’nil’
n
H, = \l/j[(bei”‘p - ae_""“’)loy,, + (bei(”_z)‘/’ - ae_"(”_z)‘/’)lln_z],
i1 4 . 4 .
I‘Iy — _2[(bem¢ + aefmgo)lo’n _ (bel(n72)¢ + ae*t(n72)<p)12,n_2]’
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H, = V2" (be! D¢ — ge= =D)L, . (6.6)

In Eq. (6.6), the notation /,, , stands for integrals that depend just on the radial
variable r:

0o

4 0 0 e cos
L, = <%f> / sin"“(z) c033“<§> cos'2(0)A(0)e™ T, (x)db, (6.7)
0

where f is the focal length of an aplanatic optical system (an ideal spherical lens), A is
the wavelength, NA = sin 6 is the numerical aperture, J , (x) is the Bessel function of
the first kind and pth order, x = kr sin 6 and (7, ¢, z) are the cylindrical coordinates.
The function A(0) can be in the form of Gaussian, Bessel-Gaussian function or a
constant (plane wave).

Using Eq. (6.6), we can write a relationship for the intensity distribution across
the focal spot:

2
I(r,¢) = |E|* + |E,|” + |E.]?

=15, + 13,5+ 21}, +2sin0 cos2(n — D + ¥) (o nlonz + 217 ,,_,).
(6.8)

From Eq. (6.8), it is seen that at sinf = 0, the intensity pattern at the focus is
radially symmetric and independent of the polar angle ¢. Specifically, at n = 0, 1,
2, the focal spot forms a circle, but at n > 2 or n < 0, the focal spot forms a ring. At
sinf # 0, the focal spot is devoid of radial symmetry, depending on the polar angle
¢ and index n in Eq. (6.8).

By using relationships for the field projections in Eq. (6.8), we obtain Poynting
vector projections (energy flow density) in the form [23]:

c *
P = ~—Re(E" x H). (6.9)

where E and H are the electric and magnetic field vectors, * denotes complex conjuga-
tion, x stands for the vector product, and c is the speed of light in vacuum. Hereinafter,
the constant ¢/(27) is neglected. Substituting the relationships for electromagnetic
field projections at the focus in Eq. (6.6) into (6.9) yields:

P, =2(lal* — [b1?) sin(@)]1 n—1 (lo.n + Io.n—2),
Py = =2(lal* = 1b*) cos(@) 1 n—1(Io.n + bo.n—2).
P.=1I5,—13,,. (6.10)

In view of the relationships for the parameters a and b from Eq. (6.1), the Poynting
vector projections of Eq. (6.10) at the focus can be rewritten as follows:
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P, =2cos(8) sin(@)]y -1 (lo.n + b.n—2),
Py = —2¢0s(6) cos(@)1 n—1 (lo.n + Ir.n—2),
P.=I,— 1, (6.11)

In Eq. (6.11), the angle 6 is a parameter that defines a point on the Poincare sphere
of polarization states. The transverse Poynting vector projections in Eq. (6.11) can
be converted from the Cartesian to the polar coordinates, with Eq. (6.11) transformed
into:

P, =0,
Py = —cos(O1 -1 (Ion + hon2).
Po=1, =15, (6.12)

An analysis of Eq. (6.12) allows the following conclusions. With the on-axis
Poynting vector component depending only on the radial coordinate, the distribu-
tion of the energy flow propagating along the optical axis turns out to be circularly
symmetric for any parameters (a, b) or (6, V). Interestingly, at n = 2, it follows from
Eq. (6.12) that near the optical axis in the focal plane a reverse energy flow occurs:

Pz,Z(V) = _Iio + I(iz,
P (r=0)=-I7, <0. (6.13)

The second equality in Eq. (6.13) stems from the fact that among the integrals
entering Eq. (6.7), only those with zero second index (x = 0) remain nonzero on
the optical axis (r = 0). This is because only the zero-order Bessel function is
nonzero at the origin: Jy(0) = 1. Equation (6.13) suggests that an on-axis reverse
flow will occur when tightly focusing a multitude of initial optical fields, including a
second-order optical vortex with left-handed circular polarization, exp(i2¢) (1, —i )T,
where T denotes vector transposition, a minus second-order optical vortex with
right-handed circular polarization exp(—i2¢)(1, i)7, a second-order radially polar-
ized vector field (cos(2¢), sin(2¢))”, a second-order azimuthally polarized optical
field, (—sin(2¢), cos(2¢))” and so on. Previously, the reverse energy flow at the
tight focus was discussed in Refs. [6, 7].

From Eq. (6.12), it also follows that at cosf # 0 the near-axis transverse energy
flow at the focus is rotating clockwise at cos6 > 0 and anticlockwise at cosé < 0.

At cosf = 0, the energy flow at the focal plane is laminar (the on-axis Poynting
vector component is zero) and not rotating. Given cosf # 0 (meaning that elliptic
polarization is found in the source field), the transverse energy flow at the tight focus
of Poincare beams will rotate around the optical axis at any topological charge n
due to spin-orbital conversion. At cosf > 0 and n = 0, the energy flow will rotate
anticlockwise and at n > 0 — clockwise.
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6.1.3 Spin Angular Momentum at the Tight Focus
of Poincare Beams

In this subsection, we derive the spin angular momentum (SAM) of the Poincare beam
(6.1) at the focus. The spin density vector is calculated using a familiar formula [24]:

1
S=—Im(E* xE), 6.14
8tw ( ) ( )
where o is the cyclic frequency of light. Hereinafter, the constant 1/(8rw) is
neglected. From (6.14), the on-axis SAM component (without regard for the constant)
is seen to coincide with the third Stokes vector component, s3:

53 =S, = 2Im(E’E,), (6.15)

Thus, we infer that it is the on-axis SAM component which indicates that the
field at the focus is circularly or elliptically polarized. Substituting the electric field
projections (6.6) into (6.15) yields:

S. = (lal* = 1bP)[I5,, — 13, 5] (6.16)

For the source Poincare field (1), the on-axis SAM component is given by the
following:

S..in = lal* = |b]* = cos 6. (6.17)

From Eqgs. (6.16) and (6.17), the initial homogeneous spin density, defined by
cos#, is seen at the focus to become inhomogeneous, as well as changing sign and
taking a zero value at certain radii. The radius-dependent separation of regions with
the opposite sign of spin (6.16) may be interpreted as a radial spin Hall effect for
all n. If in the initial plane, the spin density is zero (cosé = 0), then at the focus the
on-axis spin density component of Eq. (6.16) will also be zero. If the original spin in
(6.17) is positive (cosf > 0), i.e. the initial polarization vector rotates anticlockwise
(Eq. (6.12), then, given n = 0, the transverse energy flow at the focus will also rotate
anticlockwise thanks to the spin-orbital conversion.

6.1.4 Orbital Angular Momentum at the Tight Focus
of Poincare Beams

Now, let us analyze the behavior of the angular momentum at the tight focus of a
Poincare beam (6.1). The angular momentum is given by [25]:
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1 2r
= —Re(r x (E* xH)) = —(@ x P), 6.18
J = 3-Re(r x ( )) =@ xP) (6.18)
where r is the radius vector and c is the speed of light in vacuum. Dropping the
constant 277/c? in Eq. (6.18) and considering Eq. (6.12), the on-axis projection of the
angular momentum vector (6.18) takes the form:

Jo = 1Py = —rcos(O)]1 y_1(lon + bn2). (6.19)

From Eq. (6.19), the angular momentum is seen to always be zero on the optical
axis at r = 0, because the “lever” is zero. The angular momentum is the sum of SAM
and orbital angular momentum (OAM) [25]:

1 1 X
J=S+L=_—Im(E" xE) + %[)zxzyzlm(Ep(r x V)E,,). (6.20)

Dropping the constant 1/(8rw) in Eq. (6.20) and taking into account Eq. (6.16)
and (6.19), the relation for the on-axis component L, of the OAM density takes the
form:

L, = —cos@O)[rl1n-1(lon + Do) + 15, — 13,5 ]- (6.21)

Equation (6.21) suggests that if the source Poincare beam has zero spin (cosf =
0), the OAM is zero at the focus (L, = 0). If, however, the source Poincare beam has
nonzero spin (cosf # 0), both the angular momentum (6.19) and OAM (6.21) occur
at the focus.

6.1.5 Numerical Modeling

The numerical simulation in this section is based on calculating the Debye integral
using a Richards-Wolf method [23]. The focusing is assumed to be conducted with
an aplanatic objective with NA = 0.95 for a wavelength of A = 0.532 nm. Figure 6.1
depicts intensity patterns I = |E,|* + ]Ey|2 + |E.|? at the tight focus of a Poincare
beam at the parameters 6 = /4, v = /4, n = 0 (non-vortex elliptically polarized
beam, Fig. 6.1a); 0 =0, ¥ = /2, n =0 (non-vortex right-handed circularly polarized
beam, Fig. 6.1b); 6 = n/4, = /4, n = 1 (elliptically polarized vortex, Fig. 6.1c¢);
and 6 =0, ¥ = 0, n = -1 (right-handed circularly polarized vortex, Fig. 6.1d).

From Fig. 6.1, beams with elliptical (a), circular (b), and near-radial (c) polar-
ization are seen to produce an elliptic or circular focal spot, whereas a vortex beam
with circular polarization (d) produces an annular focal spot. Such types of intensity
patterns agree well with Eq. (6.8).

Figure 6.2 depicts transverse Poynting vector components P, (a, ¢) and P, (b,
d) at the foci of two out of the four beams shown in Fig. 6.1. The energy flow
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Fig. 6.1 Intensity patterns at the focus for different Poincare beams of Eq. (6.1): 0 =n/4, ¥ =n/
4,n=0@);0=0,¢y=n2,n=00b);0=n/4,y=n/4n=1();0=0,¢y =0,n=—-1(d)

in Fig. 6.1a, b for the beam with the parameters 6 = w/4, v = /4, n = 0 is
identical to those for the beams with 8 = n/4, v = /4, n =1 and 6 = 0, ¥
= 0, n = —1 (d). From Fig. 6.2a, b, the transverse energy flows at the focus are
seen to be rotating anticlockwise for these three beams. Meanwhile, the transverse
energy flow produced by the beam with 7/4, v = n/4, n = 1 (Fig. 6.2c, d) will
experience clockwise rotation. This may be concluded from Eq. (6.12), because at
n = 0, —1 the angular projection of the near-axis energy flow (kr < 1) is positive:
P, = cos(@)ll,l(loﬁo + 12,2) >0, P, = 005(9)11,2(10,1 + 12,3) > 0, becoming
negative at n = 1: P, = —cos(0)],0(lo,y — I»,1) < 0. The only situation when the
energy flow does not rotate is at cos 6 = 0.

Figure 6.3 depicts patterns of the on-axis SAM vector component (6.16) at the
foci of two beams with the parameters: 0 = /4, =n/4,n=0(a,b); 0 =n/4, ¥
= /4, n = 1 (¢, d). We note that the beam with the parameters 6 =0, v = /2, n
= 0 produces a SAM pattern similar to that in Fig. 6.3a, with the beam at 6 = 0, ¢
=0, n = —1 producing a pattern of the on-axis SAM projection analogous to that in
Fig. 6.3c. This conclusion follows from Eq. (6.16), because at n = 0, the on-axis SAM
projection does not take zero values: S, (r = 0) = cos 9[1& 0= 122.2] # 0, meanwhile
at n = 1, everywhere on the optical axis the SAM projection is zero: S,(r = 0) =
cos¢9[1&1 —13,] =0, asisthe caseatn =-1: S,(r = 0) = cos@[l&l — 122,3] =0.
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Fig. 6.2 Patterns of the transverse energy flow (Poynting vector projections) at the tight focus: Py
(a, ¢), Py (b, d) for two different Poincare beams: 6 = w/4, ¥ =n/4,n=01(a, b); 0 =n/4, ¥ =
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Figures 6.3b, d, f show sections along the x-axis of the axial projection of the
SAM vector. It can be seen from Fig. 6.3b, d that at some distance from the optical
axis, the SAM projection becomes negative (see enlarged fragments). In Fig. 6.3f,
negative SAM values appear near the optical axis. Negative values of the longitudinal
projection of the SAM take place in those places of the focus plane where the axial
energy flow is negative, since it follows from (6.12) and (6.16) that

S, = P, cos6. (6.22)

In this section, we obtained the following new results. Using a relationship for von
Neumann entropy it has been shown that the family of Poincare beams represents
a classical entangled (non-separable) state of light [26]. The entanglement has been
shown to become maximal when the Poincare beams are reduced to cylindrical nth
order vector beams, Eq. (6.5). Classical entanglement, or non-separability, of a light
beam implies that polarization and orbital degrees of freedom cannot be separated.
However, at certain parameters, the Poincare beams are fully separable, in which
case they are reduced to left- or right-handed circularly polarized vortex beams. The
Poincare beams show remarkable properties at the tight focus. Namely, at n = 2, a
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Fig. 6.3 Distributions of the axial projection of the SAM (Sz) and their cross sections along the
x-axis for three different Poincaré beams: 0 = /4, =n/4,n=0(a,b); 0 =n/4, ¥ =n/d, n=
1(c,d);0=mn/d, ¥ =nld,n=2(ef)

near-axis reverse energy flow has been found to occur when the on-axis Poynting
vector component is negative, Eq. (6.13). Given certain parameters of the Poincare
beam (cosf # 0), the transverse energy flow has been found to rotate around the
optical axis at any topological charge n thanks to spin-orbital conversion, Eq. (6.12).
More specifically, the energy flow rotates anticlockwise at cosf > 0 and n = 0,
rotating clockwise at n > 0. The condition cosf 7 0 means that in the source plane,
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the on-axis SAM component of Poincare beams is nonzero, Eq. (6.17). In this case, at
the focus, a nonzero on-axis SAM component with alternating sign is also observed,
Eq. (6.16) that can take zero values on certain radii. Radius-dependent separation
of focal regions with alternating sign of spin density (6.16) can be interpreted as a
radial spin Hall effect for all n. Finally, it has been revealed that thanks to spin-orbital
conversion, a nonzero on-axis component of the OAM vector occurs at the focus of
Poincare beams, Eq. (6.21).

6.2 Generalized Poincaré Beams in the Tight Focus

Poincaré beams, whose polarization state is related with the polarization Poincaré
sphere [4, 27, 28], are actively studied in optics, starting with works [3, 28-30].
In a general case, a Poincaré beam is a superposition of two optical vortices with
different topological charges (TC) p and g and with orthogonal polarizations. As the
optical vortices, the conventional Laguerre-Gaussian beams of different indices [31—
33] can be chosen, or diffraction-free Bessel beams, or the Bessel-Gaussian beams
generated by axicons [34-36]. The Poincaré beams can be generated as all the other
vector beams, by using liquid—crystal light modulators, half-wave and quarter-wave
plates [34, 37, 38], or by using the lasers and g-plates [39], and metasurfaces [36]. In
[19], polarization singularity index (Poincaré-Hopf index) of the Poincaré beams was
studied. In [26], the optical Hall effect was theoretically discovered in the tight focus
of the Poincaré beams. The optical (or photonic) Hall effect is divided into the spin [9,
18] and orbital [13, 14]. Usually, the Hall effect in optics is observed when a light field
is reflected from an interface between the media [13, 14], or when it passes through
multilayered media [40], crystals [16, 41], or through a metasurface [42]. There are
known works investigating the Hall effect in the tight focus of a laser radiance [24,
43] or in vicinity of the focal plane [44]. We note that the above mentioned works do
not contain theoretically obtained, with using the Richards-Wolf formalism [23], key
characteristics of the generalized Poincaré beams in the tight focus: amplitudes of
the electric and magnetic vectors, intensity distribution, distributions of components
of the Poynting vector and of the spin angular momentum (SAM) vector.

In this section, adopting the Richards-Wolf approach, we obtain analytical expres-
sions, describing key characteristics of the generalized Poincaré beams in a case when
the topological charges (TC) of the two optical vortices with left and right circular
polarization are equal, respectively, to p =m + 1 and g = —m. We demonstrate that in
the focus of such beams, radial spin and orbital Hall effects take place. We note that
in [45] we demonstrated the spin Hall effect for fractional-order cylindrical vector
beams in the focus plane. In the current work, at p = m + 1 and g = —m, there is also
a cylindrical vector beam with a fractional order m + 1/2. Therefore, we can expect
that there is also the spin Hall effect in the focus of such generalized Poincaré beam.
The work [45] does not contain analytical expressions for electric field components
in the focus of fractional-order cylindrical vector beams. In the current work, we
derive such analytical expressions.
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In our previous work [46], we have shown that the orbital Hall effect occurs
before and after the focus of the conventional vectorial cylindrical beams, which are
a special case of the Poincaré beams when the optical vortices have the TCs m and
—m, and that local areas in the beam cross section, where the transverse energy flow
is rotating clockwise or counterclockwise, reside in pairs on a certain-radius circle
with the center on the optical axis. In this work, energy flows, rotating clockwise or
counterclockwise, reside on circles with different radii. Therefore, this orbital Hall
effect is called radial.

We note that the Richards-Wolf formalism [23] adequately describes the light
field only near the focus. The work [47] investigates behavior of light in the focus
by using an exact solution of the Helmholtz equation in the spherical coordinates,
which is correct in the whole space. However, generating such a light field in the
focus requires generating in the initial plane all three components of the electric
vector. This is a challenging problem. In our case, only the transverse components of
the electric field should be generated in the initial plane, which is easy to implement
in practice.

6.2.1 Vector Field in the Initial Plane

We consider here the following Jones vector of the initial light field:

_exp(ipp) (1 exp(iqy) ( 1
ot () e ()

a*+ b =1, (6.23)

with (r, @) being the polar coordinates in the initial plane, and a, b being complex
constants. If p = —n and g = n, the beam from Eq. (6.23) reduce to a conventional
Poincaré beam [3,29,30]. Ifa =b =1/ /2 then the field (6.23) becomes maximally

inseparable [26]:
2

sin a—p 1%
2

When p = ¢, the field (6.23) reduces to a linearly polarized optical vortex with
the topological charge (TC) g. When p = —q, the field (6.23) is a cylindrical vector
beam of the order ¢ [5]. When p = —m and ¢ = m + 1, the field (6.24) is given by

E, = exp(w) (6.24)

2
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The field (6.25) is interesting for it is a cylindrical vector beam of a half-integer
order. In [48], the beam (6.25) is called a vector vortex beam with a fractional
topological charge not quite correctly. As was already shown in [45], in the tight focus
of the fractional-order cylindrical vector beams, subwavelength areas are generated
with elliptic polarization of different handedness, that is the polarization vector in
these areas is rotating clockwise or counterclockwise. We note that the initial light
field (6.25) is linearly polarized in each point of its cross section. Therefore, similarly
to [45], it should be expected that the focused field (6.25) should also contain the
areas with elliptic polarization of different handedness. It is also seen from Eq. (6.25)
that the initial field is a coaxial superposition of two optical vortices with left and
right circular polarization and with different topological charges of m + 1 and —m.
Since these topological charges do not compensate each other, it is worth to expect
circular energy flow in the focus. This means that in the focus, nonzero distribution
of the axial component of the angular momentum vector should be present. Below
we show that this is indeed so.

(6.25)

6.2.2 Components of the Strength Vector of the Electric Field
in the Focus

The Richards-Wolf formalism [23] allows obtaining all the components of the
strength vector of the electric field in the tight focus of the initial field (6.25):

m
l

E2x — 5 [ei(m+l)(p10,m+l + ei(m_l)(pIZ,m—l _ l'e_im(p]()ym _ ie—i(m—Z)(plzym_z]’

e - im— i im—
E2y = E[_lel(WHrl)‘pIO,mel + lel(m 1)«}12,mfl +e lmq;IO,m —e ém 2)w12,m72]v

E2z - lm [ieimwll,m + eii(mil)wll.m—l]a (626)
where
anf | 0 0
I, = <%f> / sin"*l(E) cos3”<§> cos'2(0)A0)e™ 0T, (£)dO, (6.27)
0

where k = 27 /A is the wavenumber of light with the wavelength A, f is the focal
length of an aplanatic system (ideal spherical lens), v=0, 1, 2, J,(§) is the uth-order
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Bessel function of the first kind, & = krsin6, 6 is the polar angle that defines the tilt
to the optical axis of rays converging into the focus, 8 is the maximal angle that
defines the numerical aperture of the aplanatic system (NA = sin 6y), (7, ¢, z) is the
cylindrical coordinate system with the origin in the focus (z = 0 is the focus plane),
A(0) is the amplitude of the initial circularly symmetric field (real-valued function).

6.2.3 Intensity Distribution of the Electric Field in the Focus

From the components of the electric vector (6.26), we can derive the intensity
distribution of light field in the focus plane (z = 0):

I=01,+L=L+1+I

1 .
= 5[(I<$,m+1 + 13,5 — 2sin((2m — D))o i1 lom—2)

+ (1§ + I3y — 28in(2m — D)o D m—1)
+2(12,, + 1T ey — 25in(@m — D)y Iym—1)], (6.28)

where the first two terms in the round brackets describe the transverse intensity
I, = I + I, whereas the third term in the round brackets describes the longitudinal
intensity /. As seen from Eq. (6.28), the intensity is a non-negative function (I > 0),
since each term in the round brackets in Eq. (6.28) is non-negative, for the sum of
two squared numbers is equal or greater than their doubled product. From Eq. (6.28)
also follows that the intensity distribution contains 2m — 1 local maxima and 2m — 1
local minima (or intensity nulls), that reside on a certain-radius circle with the center
on the optical axis. Thus, the number of these intensity maxima and nulls is always
odd 2m —1).

6.2.4 Longitudinal Component of the Spin Angular
Momentum Vector in the Focus

Using the components of the electric field vector in the focus (6.26), longitudinal
component can be derived of the spin angular momentum (SAM) vector of the field
(6.25), since the longitudinal SAM component S, is equal to the third Stokes param-
eters S3, whose magnitude indicates the presence of elliptic or circular polarization
in the beam cross section. The SAM vector is defined by the following expression
[24]:

1 *
S = —Im(E" xE), (6.29)
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with o being the angular frequency of light. Below we omit the constant factor 1/
(167 w) for brevity. It is seen from Eq. (6.29) that the longitudinal SAM component
(without the constant) coincides with the non-normalized third component of the
Stokes vector:

S3 =S. =2Im(E[E,). (6.30)

Substitution of expressions (6.26) for the electric field components into Eq. (6.30)
yields

1 .
SZ = E[(Igm + 122,m—l -2 Sln((zm - l)w)IO,mIZ,m—l)

— (g1 + I3y — 25in(@m — D)o ms1 Bom—2)]- (6.31)

Comparison of Egs. (6.28) and (6.31) reveals that if the transverse intensity is a
sum of two positive terms A and B:

_ _lvp 2 B
L=A+B=3 (o1 + 13 ey = 25i0(Q2m = D)o ms1 Iom2)
+ (13 + 13,y — 25in(Q@m — D)o Lnor)]. (6.32)

then the longitudinal SAM component is a difference of these terms:
S.=B—A. (6.33)

According to Eq. (6.31), similarly to the intensity distribution in Eq. (6.28), the
SAM distribution also has 2m — 1 local maxima and 2m — 1 local minima. As seen
from Eq. (6.33),if B>A then S, >0 (polarization vector is rotating counterclockwise).
And vice versa, if B < A then S, < 0 (polarization vector is rotating clockwise). In
the areas with B = A (S, = 0), polarization is linear. The points in the beam cross
section in the focus, where S, = 0, are called in [49] topological spin defects. Thus,
it follows from Eqgs. (6.31) and (6.33) that there are areas with different spin in the
focus: positive (S, > 0) and negative (S, < 0). Spatial separation of areas with left
circular and right circular polarization is called the spin Hall effect [24, 43, 44]. In the
Simulation section below, these conclusions are confirmed by concrete examples.

6.2.5 Energy Flow Density in the Focus

Here, we derive the Poynting vector (energy flow density) in the focus of the field
(6.25). To do this, we should obtain at first the components of the strength vector of
the magnetic field in the focus. The same way as we obtained the components of the
electric vector (6.26) by using the Richards-Wolf theory [23], we can obtain also the
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magnetic vector:

i 1 Cimet . —itm—2
Hy, = E[lel(er Wlomer + i "D g — ey — D 0],
sm

1 . . . .
Hy = g[e“"’*“‘”lo,mﬂ — " —ieT gy 4 i TP,

Hy, = —i"["I} 4 ie”" "0 . (6.34)
The Poynting vector is defined by the well-known formula [23]:
P = [c/(87)]Re[E x H*], (6.35)

where c is the vacuum speed of light, Re is the real part of a complex number, E x
H is the cross-product, * is the complex conjugation. Below we omit the constant ¢/
(8m) for brevity. Substituting the components (6.26) and (6.34) into Eq. (6.35), we
get the components of the Poynting vector in the focus of the field (6.25):

Py = Q(r)sing,
Py, = —Q(r) cos ¢,

1.5 2 2 2
P, = E(Io,m 15 =L — 130 2)s

Or) = I w1 (lon + om—2) — Lim(Tons1 + Lom—1)- (6.36)

Passing to the polar components P, and P, of the transverse Poynting vector, we
get:

P, =0,
P, =—Q(r). (6.37)

As seen from Eq. (6.36), the longitudinal component of the Poynting vector in the
focus has a circularly symmetric distribution and does not depend on the azimuthal
angle ¢. It is also seen from Eq. (6.36) that if m = 1 or m = 2 then there is reverse
energy flow on the optical axis, since for m = 1 or m = 2, we get on the optical axis

_o=_lp
P.(r=0) = 212’0<O.

Equation (6.37) indicates that the transverse energy flow in the focus is rotating
along a closed trajectory with the center on the optical axis, clockwise if Q(r) > 0,
and counterclockwise if Q(r) < 0. Since the function Q(r) is of different signs on
different radii r, it can be stated that the radial orbital Hall effect occurs in the focus
of the light field (6.25). This also follows from the expression for the longitudinal
component of the angular momentum vector J of the field (6.25), when it is written
by definition via the azimuthal component of the energy flow [24]:
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J=rxP,
J. =rP, = —rQ(r). (6.38)

The energy flow in the focus is rotating along a spiral around the optical axis, since
the topological charges of the two optical vortices, present in the superposition in the
initial field (6.25), do not compensate each other for they have different magnitudes:
m + 1 and —m.

6.2.6 Simulation

Using the Richards-Wolf formalism [23], we computed the distributions of intensity
and of the longitudinal component of the SAM vector (spin density) in the tight focus
of the light field with the initial distribution given by Eq. (6.25). We supposed that
the field amplitude in the initial plane is constant, i.e., A(f) = 1, wavelength A =
532 nm, focal length f = 10 pwm, numerical aperture NA = 0.95. Shown in Fig. 6.4
are distributions of the longitudinal component of the spin angular momentum S,
(Fig. 6.4a—d) (red and blue colors denote positive and negative values), of intensity
I (Fig. 6.4e-h) (black and yellow colors denote zero and maximal values) and of
the angular component of the Poynting vector P, (Fig. 6.4i-1) (red and blue colors
denote positive and negative values) of a light beam with polarization (6.25) of
different order m in the tight focus. The beam orders in Fig. 6.1 are m = 1 (Fig. 6.4a,
e, i), m =2 (Fig. 6.4b, {, j), m = 3 (Fig. 6.4c, g, k), m = 5 (Fig. 6.4d, h, 1). The arrows
in Fig. 6.4i-1 illustrate the directions of the angular energy flow. The scale mark in
each figure denotes 1 pm.

As seen in Fig. 6.4 (2nd row), the number of local maxima in the intensity distri-
bution in the focus is consistent with the theory [Eq. (6.28)] and is equal to 2m —1: 1
(Fig. 6.4e), 3 (Fig. 6.4f), 5 (Fig. 6.4g) and 9 (Fig. 6.4h). It is also seen in Fig. 6.4 (1st
row), that, according to Eq. (6.31), the SAM distribution also contains 2m — 1 local
maxima (red color in Fig. 6.4a—d), where S, > 0, and which reside on a certain circle
with the center on the optical axis. On a circle with a larger radius, (blue color in
Fig. 6.4a—d), S, < 0. Black color in Fig. 6.4a—d denotes the areas with zero spin, i.e.
where polarization is linear. Since the brightness of the blue color in Fig. 6.4a—d is
2-3 times lower than that of the red color, elliptic polarization in the areas of positive
spin is closer to circular polarization, whereas the polarization ellipses in the areas of
negative spin are more elongated and close to linear polarization. Nevertheless, space
separation of the areas with positive and with negative spin in the focus demonstrates
the spin Hall effect.

Figures 6.4i-1 (3rd row) confirms theoretical predictions [Eq. (6.37)] and demon-
strates that the transverse energy flow in the focus plane rotates. On a circle closer
to the optical axis (blue color in Figs. 6.4i-1), P, <0, i.e. the transverse energy flow
is rotating clockwise. On a larger radius circle (red ring in Figs. 6.4i-1), P, > 0, and
the energy flow is rotating counterclockwise. Such spatial separation of the orbital
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Fig. 6.4 Distributions of the longitudinal component of the spin angular momentum (a—d) (red
and blue color denotes, respectively, positive and negative values), intensity (e-h) (black means
zero and yellow means maximum), and angular component of the Poynting vector (i-1) (red means
positive and blue means negative values) of a light beam with polarization (6.25) and with different
order in the tight focus. Arrows (i-1) denote the directions of the angular energy flow. Scale mark
in each figure denotes 1 pm

energy flux in opposite directions is a manifestation of the radial orbital Hall effect
in the focus.

6.2.7 Discussion of the Results

Here, we compare the transverse components of the electric field in the initial plane
(6.25) and in the focus plane (6.26). Although in the initial plane the components E
and E|, of the field (6.25) have the same phase, and thus the field has inhomogeneous
linear polarization, then, in the focus, the transverse components of the field (6.26)
acquire relative phase delay by /2 or by 37/2. This leads to the areas with elliptic
polarization in the focus. On the other hand, the longitudinal SAM component (6.29)
in the initial plane is equal to zero S, = 0, while the energy flow (6.35) has only one
longitudinal component, equal to unit: P, = 1. In the focus plane, the SAM density is
given by Eq. (6.31), but if the functions S is integrated over the whole focus plane,
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then it is equal to zero. Thus, the full longitudinal SAM component is conserved
and equal to zero. The field (6.25) in the initial plane has a nonzero density of the
longitudinal component of the orbital angular momentum (OAM) vector [50]:

L, =1 Ef—E.+E'—E,| = —1 (6.39)
< * 8(p * 7 8(p y 2

If the OAM density (6.39) is integrated over the angle ¢ from O to 27, then the full
OAM in the initial plane is nonzero and equal to the half of the initial beam power
Wi2.

In the focus plane, longitudinal OAM component can also be obtained:

0 0 0
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(6.40)

According to Eq. (6.40), the OAM density depends on the angle as sin(2m — 1)¢.
This means that on a certain-radius circle with the center on the optical axis, the
OAM has (2m — 1) local maxima and minima, similarly to the SAM distribution
(6.31). It can be shown that if the OAM density is integrated over the whole focus
plane, then this also yields the half of the initial beam power W/2. Thus, in this case,
the full SAM and OAM are conserved separately. Therefore, it can be concluded that
the spin Hall effect in the focus of the beam (6.25) arises due to the conservation
of the full longitudinal SAM of the beam. Since the longitudinal SAM of the whole
beam is zero, the areas with the spin of different sign should arise in pairs. The same
way, the radial orbital Hall effect in the focus occurs due to the conservation of the
full longitudinal OAM of the beam.

Summing the SAM (6.31) and OAM (6.40) densities, we get:

1
E {m(IOz,erl + 2112,m + 122,m71) - (m - l)(lg,m + 2Ilz,mfl + 122,m72)

—sin@m — Do[lom -1 + lomr1lom—2 + 2L m Trm—1]} (6.41)

Lz+Sz:

Comparison of Eq. (6.38) for the density of the longitudinal component of the
angular momentum (AM) vector and of Eq. (6.41) for the sum of the longitudinal
SAM and OAM components reveals that they are not equal to each other: J, # L, +
S.. The reason of this inequality we considered earlier in [50].

In conclusion of this section we consider the difference between the Hall effect
near the tight focus [26, 45, 46, 50] and the Hall effect occurring when light is
reflected off the interface between two media [11, 14]. As was shown in [14], when an
optical vortex is reflected from a plane glass surface, the annular intensity distribution
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becomes inhomogeneous. For the optical vortices with the topological charges m
and —m, the intensity maxima on the ring appear in different places, i.e., shifted
relative to each other (orbital Hall effect). In [11], it was shown that when a p-
polarized Gaussian beam (polarization vector is in the incidence plane) is reflected
from the glass surface under an angle close to the Brewster angle, the spin Hall effect
occurs, when the reflected light is split into two beams with opposite spins in the
direction orthogonal to the incidence plane. In the tight focus [26, 45, 46, 50], spin
and orbital Hall effects occur due to the conservation of the full angular momentum.
The light with opposite spins or (and) with opposite energy rotation in the focus
plane is concentrated in different places. A different manifestation of the Hall effect
in the focus, investigated in different works [26, 45, 46, 50], is explainable since
the different types of the initial vector fields were considered. In [26], focusing of
the conventional Poincaré beams was considered, while [45] dealt with focusing of
fractional-order cylindrical vector beams. In [46], the Hall effect of the cylindrical
vector beams of an integer order arises before and beyond the focus, whereas it is
absent in the focus itself. In [50], the Hall effect was studied in the focus of a circularly
polarized optical vortex. In contrast to these works, we studied here tight focusing
of a generalized Poincaré beam, whose topological charge is equal to 1/2 and whose
order of inhomogeneous linear polarization is equal to m + 1/2. It is impossible to
predict in advance, based on the initial light field, whether or not the Hall effect will
arise in the tight focus. Thus, each new type of the initial vector beams should be
considered separately.

Based on the Debye integrals [44], we have investigated both theoretically and
numerically generalized (hybrid) Poincaré beams in the tight focus [51]. A general-
ized Poincaré beam is a coaxial superposition of two optical vortices with left and
right circular polarization and with the TC of p and g. For certainty, we studied
the case when p = m + 1 and g = —m [Eq. (6.25)]. Simple analytical expressions
have been obtained for the components of the electric and magnetic strength vectors
in the focus [Egs. (6.26) and (6.34)], for the intensity distribution [Eq. (6.28)], for
the longitudinal component of the spin angular momentum [Eq. (6.31)], and for the
components of the Poynting vector [Eq. (6.36)]. It has been shown that the intensity
in the focus has 2m — 1 local maxima, residing evenly on a certain-radius circle with
the center on the optical axis. In addition, radial spin and orbital Hall effects has
been demonstrated. This means that the longitudinal SAM component has different
signs on circles with different radii in the focal plane, and the azimuthal component
of the transverse Poynting vector also has different signs (Fig. 6.4). Such beams can
be used for simultaneous trapping into local intensity maxima of several micro- or
nanoparticles (Fig. 6.4h) that should simultaneously rotate around their centers of
mass (Fig. 6.4d) and move along the ring (Fig. 6.41). In addition, when moving along
the ring, the particles will need to overcome the *breaks’ in the intensity distribution
(Fig. 6.4h).
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6.3 Controlling the Spin Hall Effect in the Sharp Focus
of an Axial Superposition of Two Optical Vortices
with Left- and Right-Handed Circular Polarization

The control of a spin—orbit conversion (SOC) in spintronics by managing the spin of
electrons is well known (see recent review [52]). In optics, works on the control of
SOC parameters have been appeared recently. In [53], SOC was controlled utilizing
excitation of a superposition of vortex laser modes with different spins in thin annular
fibers with an empty core, although the first works on SOC in multimode fibers was
made much earlier [54]. In [55], SOC is the cause of the emission of an optical vortex
perpendicular to the plane of a ring cavity with defects, along which two whispering
gallery modes with different spins (different polarization states) propagate. It was
shown in [56] that SOC can be controlled using g-plates, which transform the light
with left-handed circular polarization into an optical vortex with right-handed circular
polarization. The theoretical aspects of the spin—orbit interaction of light were consid-
ered in [24, 57]. Spin—orbit conversion was observed during light scattering [58], in
a sharp focus [59], in an anisotropic medium [60], and upon reflection from an inter-
face of two media [61]. Spin—orbit interaction was also observed in plasmonics [62],
in nonlinear optics [63], and in electron optics [64]. One of the clear manifestations
of the spin—orbit light conversion is the optical Hall effect, which appears when the
light is reflected from multilayer structures [65] and when it passes through metasur-
faces [66]. The Hall effect in optics appears as the spatial separation of light beams
with different directions of circular polarization (left- and right-handed)—this is the
spin Hall effect in optics [9, 18]. Or it leads to the spatial separation of light beams
with an orbital angular momentum of a different sign — this is the orbital Hall effect
[13, 14]. For further consideration, it is useful to mention works on the optical Hall
effect in a sharp focus [50, 51, 67]. The Hall effect at the focus appears not only due
to the SOC [68], but also due to the preservation of the total longitudinal SAM equals
to zero during beam propagation [69]. As was shown in [43], when a linearly polar-
ized light is sharply focused, the spin is zero in the initial plane and in the focus, but
before and after the focus, four local areas appear with nonzero spin of different sign.
In [70], SOC was studied in the light reflected from two crossed metasurfaces. In
[71], the geometric spin Hall effect was considered. The SOC in a freely propagating
vector cylindrical laser beam with a vortex phase was considered in [72]. In [18],
the spin-controlled Hall effect was implemented based on a spin-dependent beam
splitting into two beams. Sometimes, the Hall effect is understood as a transverse
shift of the beam center in the focus because of symmetry violation of a vortex beam
or due to the displacement [73].

In this section, we consider a spin—orbit conversion of a superposition of two iden-
tical optical vortices with circular polarization of different signs and with different
amplitudes at a sharp focus. The ratio of the amplitudes of the beams included in this
superposition is a parameter that can be varied in order to manage the reduction in
spin angular momentum (SAM) and the increase in the orbital angular momentum
(OAM) during focusing. The change in the total spin and orbital angular momentum
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occurs immediately after the light passes through the spherical lens. Further, during
propagation in the free space from the lens to the focus, the total spin and orbital
angular momentums remain unchanged.

Controlling the spin—orbit conversion in the focus of a spherical lens can be used
for changing the rotation velocity of dielectric microparticles. Continuous variation of
the parameter (ratio between the beam amplitudes in the considered superposition)
allows, changing the SAM in the focus, changing the rotation velocity of a non-
spherical microparticle around its center of mass from zero to maximal. In addition,
changing the same parameter allows tuning the OAM in the focus and changing the
rotation velocity of a microparticle along a circular path.

Microparticles rotation either around the own axis or along a circular path is
needed in micromachines for contactless driving the details by light [74-76].

6.3.1 Projections of the Electric and Magnetic Field Strength
Vectors at the Focus

Let us consider an initial light field with a Jones vector satisfies:

__exp(ing)A(0) l+o __exp(ing)A(0) L 1 +i 1
20 +ed) \il—o) S+ | v2\i) V2\-i]|
(6.42)

Here (r, ¢) are the polar coordinates in the beam section (r = f sind, f is the focal
length of a spherical lens), n is an integer topological charge of the optical vortex,
A(0) is the real function, the amplitude of the radially symmetric initial light field
(6.42). The radial coordinate » on the spherical front of the converging wave is related
to the angle 6 between the optical axis and the segment connecting the center of the
focus with a point on the spherical front, 0 < a < 1 is a real number that regulates the
contribution to the superposition of light with left- and right-handed circular polar-
ization. It can be seen from (6.42) that this light field is an axial superposition of two
optical vortices with identical topological charges and left- and right-handed circular
polarizations. At o = 0, the beam (6.42) has right-handed circular polarization, and
at o = 1 the polarization is linear.
The beam (6.42) can be considered as a generalized Poincare beam [51]:

_exp(ipp) (1 exp(iqp) (1
L=, (6.43)

atp=g=nanda = (1 —i—az)_l/z, b=l —i—az)_l/z. In practice, two light

modulators are required to form a field (6.43) with different topological charges p
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and g. Therefore, we restrict our consideration to the field (6.42), when p = g, this
beam (6.42) can be formed by only one light modulator. Using the theory [23], we
can write components of the electric and magnetic fields vectors in the sharp focus
of the beam (6.42) as follows:
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Functions 1, in (6.44) are defined by the following:

0o
6 0 I
1, = 2kf / sin”*! (5) c0s3”(§> cos'2(0)A(0)e™ <], (krsin 0)d#,
0
(6.45)

where k = 277/) is the wavenumber of the monochromatic light with the wavelength
A, f is a focal distance of the lens, 6 is the maximum tilt angle of the rays to the
optical axis, which determines the numerical aperture of the aplanatic lens NA = sin
00, J,.(x) is the Bessel function of the first kind and u-th order, z is a longitudinal
coordinate, the focal plane is situated at z = 0. Functions (6.45) depends on the radial
and longitudinal coordinates I, (r, z). Numbers of the function (6.45) can be: v =
0,12, u=n-2,n—1,n,n+1,n+ 2.

Equations (6.44) indicate that the spherical lens generates additional optical
vortices in the converging beam. Besides the initial vortex exp(ing), the field contains
four other vortices: exp(i(n + 2)g), exp(i(n-2)p), exp(i(n + 1)), and exp(i(n—1)yp).
Therefore, the power of the initial optical vortex as partially transferred to these four
additional vortices [77]. Since all the vortices have different amplitudes, left and
right circular polarizations can no longer sum up, generating only linear polariza-
tion. Elliptic polarization of different sign appears, i.e. the spin Hall effect arises.
And vice versa, if initial polarization is right-handed circular then, due to the addi-
tional vortices in Eq. (6.44), the SAM of the beam decreases since some portion of
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the beam power goes for generating transverse energy rotation, i.e., for generating
the longitudinal component of the OAM vector.

It can be supposed that if a light field is focused by spherical lenses with aberra-
tions, the OAM spectrum of the transmitted radiance is even broader and thus even
more additional vortices with different topological charges are generated. It is also
known that the astigmatic transform, implemented by a cylindrical lens, changes the
OAM of an initial vortex-free beam [78].

Since the amplitudes of the additional optical vortices I, ,+2, Ij ,+; are signifi-
cantly lower than the amplitude of the main optical vortex Iy , [77], then polarization
of the main vortex I, (for instance, linear) dominates, whereas polarization of the
additional vortices I, 42, 11 ,+1 (for instance, elliptic with different signs) is weaker
for any numerical aperture.

6.3.2 Density of the Longitudinal Component of the Spin
Angular Momentum Vector at the Focus

Using the projections of the electric field strength vectors at the focus (6.44), we can
find the distribution of the longitudinal projection of the spin angular momentum
(SAM) at the focus of the field (6.42). The SAM vector is determined by the relation
[57]:

1 *

S= 16mIm(E x E), (6.46)
where w is the angular frequency of the monochromatic light. The constant 1/(165r w)
is omitted below. Further, we obtain an expression only for the longitudinal projection
of the SAM (6.46), since it coincides with the third component of the Stokes vector
and reveals the presence of regions with elliptical polarization in the beam cross
section. Taking into account (6.44), the longitudinal projection of the SAM at the
focus of the field (6.42) can be written as follows:

S« =2Im(EE,)
1

= m[(l — ), + P, 5 — I3 0+ 2000080 (-2 — Dont2) |-

(6.47)
Equation (6.47) shows that at @ = 1, field (6.42) becomes linearly polarized and,

at the focus, the longitudinal component of the SAM (6.47) is equal to the SAM of
an optical vortex with linear polarization obtained in [67]:

1
Sea=t = 5[122,,1,2 — I3 i + 2080 o (ln—2 — Dnt2) |- (6.48)
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It can be seen from (6.48) that there are four regions at the focus, in two of them
the longitudinal SAM is positive at ¢ = 0 and ¢ = 7, since near the optical axis
13,5 > I3,.,, and in the other two regions at ¢ = /2 and ¢ = 37/2 the SAM
is negative. On the other circle, where Ii nea < 122,,, 42> On the contrary, at ¢ = /2
and ¢ = 37/2 the SAM is positive, and at ¢ = 0 and ¢ = 7 the SAM is negative.
The presence of regions with the longitudinal projection of the SAM with different
signs at the focus demonstrates the spin Hall effect. Where the SAM is positive,
the elliptical polarization vector rotates counterclockwise, and in the regions with
the negative longitudinal SAM there is a left-handed elliptical polarization and the
polarization vector rotates clockwise.

It follows another extreme case from Eq. (6.47), when the parameter o« = 0. In
this case, the longitudinal SAM at the focus will be equal to the SAM of an optical
vortex with right-handed circular polarization obtained in [50]:

Sew=0 =15, = 13,12 (6.49)

It is seen from (6.49) that for an optical vortex with right-handed circular polar-
ization at the focus, the SAM varies only along the radius and can have a different
sign at different radii. This effect can be called as the radial spin Hall effect at the
focus. Thus, we have shown that, by varying the parameter « of the initial light field,
it is possible to control the characteristics of the spin Hall effect at the focus, i.e.,
obtain different types of spin distribution at the focus, (6.48) and (6.49).

6.3.3 Full Longitudinal SAM at the Focus

Five angular harmonics is seen from (6.44) to involve in the formation of the light
field at the focus: exp(ing), exp(i(n + 2)p), exp(i(n — 2)p), exp(i(n + 1)p), exp(i(n —
1)¢). Each such an angular harmonic transfers a certain fraction of the total energy
(power) of the beam. It was shown in [77] that the fraction of power transferred by
each such harmonic for sharp focusing of light is equal to:

2

/ (r, @)rdrd ¢
0

0
/ 51n2”+1( )cos5_2V<§>|A(0)|2d9
0

Using (6.50), we can find the total (averaged over the beam cross section)
longitudinal SAM at the beam focus (6.42):

Wy, =W, =
(6.50)

5 0\8
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oo 2w | oo 2w
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Let us compare the resulting expression (6.51) with the density of the longitudinal
SAM in the initial plane (6.42):

2w 2

o0 o0

~ 1 —a? ’ 1 —o?

S:00 = / Sz.0.0 rdrdg =TT //A ) rdrd ¢ 17 aZW’ (6.52)
00 00

where W is a full beam power (6.42). To compare (6.51) and (6.52) we derive
additional intensity distribution (power density) at the focus of the beam (6.42):

I"‘ [(] + az)lg,n + a2]22,1172 + [22,n+2 + 20(2[12'"71

1 + o2
+217 11 + 20 c082p) o u (D2 + Doni2) ], (6.53)

from which the total beam power (6.42) can be obtained:

oo 21
W= / I,(r, o)rdrdg = Wy + W + 2W,. (6.54)
0 0

Comparison of (6.51) and (6.52) shows that when focusing the beam (6.42) the full
longitudinal SAM decreases from (1 —a?)W /(14a?) to (1 —a?)(Wo— W) /(14+a?),
because Wy — W, = W — 2(W; + W,) < W. Itis also seen from (6.51) and (6.52)
that for @ = 1 the total longitudinal SAM is equal to 0. As « decreases from 1 to
0, the total SAM in the initial plane increases from O to W, and in the focal plane
also increases from 0 to Wy — W,. The decrease in the total SAM during focusing is
due to the spin—orbit conversion, when part of the spin is converted into an “orbit”.
Below we show this in more detail.

6.3.4 The Density of the Longitudinal Orbital Angular
Momentum at the Focus

To analyze the effect of spin—orbit conversion at the focus, we find the density of the
longitudinal component of the orbital angular momentum (OAM) of the field (6.42).
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To do this, we use the definition of the OAM vector [79]:

1 s
L= %pzxﬂlm@p (r x V)E,,). (6.55)

We consider only the longitudinal projection of the OAM vector in order to
compare it with the longitudinal projection of the SAM. Substituting (6.44) into
(6.55), we obtain the following:

L.y =1Im E*iE —G—E*iE +E*iE
7.0 = "8<p X ya(p y 3¢ z

1
= m[n(l + az)lg,n

+ &=L,y + (4D, + 200+ DI,
+ 2% (n — DI} ,_; + 2a cos(2¢)
((n = Dlonlon— + (1 4+ Do ula piz — 2001 yidi ni1) |- (6.56)

From (6.56) at « = 1, we obtain the longitudinal projection of the OAM at the
focus of an optical vortex with linear polarization, previously derived in [50]:

a2 1 22 1 N2 e
Lio=1 = [”Io,n + E(” - )IZ,n—Z + 5(” + )]2,n+2 +(n+ )Il,n+1
+ (= DI}, +cos)((n — Dlpula -2
+(n+ Dl ulo iz — 200y 1]y nin) ] (6.57)

And if we suppose the parameter ¢ = 0 in (6.56), then we obtain the longitudinal
projection of the OAM at the focus of the optical vortex with right-handed circular
polarization, which was previously derived in [50]:

Log—o=nlj,+ (n+ I}, +20n+ DI}, (6.58)
Equation (6.56) by varying the parameter o enables to continuously change the
OAM of the beam at the focus from (6.58) to (6.57). In the initial field plane (6.42),

the density of the longitudinal component of the OAM can be found from (6.42):

L. oo = nA*(9). (6.59)
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6.3.5 Total Longitudinal OAM at the Focus

Utilizing (6.50) and (6.56), we obtain the total (averaged over the beam cross section)
longitudinal OAM at the field focus (6.42):

2
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0 0
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1+a 1—|—a
1 — 2
+2 T+o 2(W2+W1) (6.60)

From (6.51) and (6.60) follows the expression for the sum of the total longitudinal
SAM and OAM at the field focus (6.42):

~ ~ 1 — 052
Sewtlow=(n+ W. 6.61)

The total longitudinal OAM in the initial plane is follows from (6.59) to be equal
to the expression:

oo 21w
= / /Lz.(),ct rdrdp = nW. (6.62)
0 0

In the initial plane, the sum of the SAM and OAM is follows from (6.52) and
(6.62) to be equal to the expression:

~ A~ 1 — Ol2
SZ,O,O( + Lz,O,a =(n+-——— 1+ o w. (663)

The total longitudinal SAM and OAM for the field (6.42) is seen from comparison
of (6.61) and (6.63) to remain unchanged during focusing. By varying the parameter
a from 1 to 0, the angular momentum of the field (1) at the focus can be changed in
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the range:

cw+Lew < (n+1DW. (6.64)

=]
=
A
(%)

6.3.6 Simulation

The simulation is carried out utilizing a Richards-Wolf transformation (RW) [23].
The numerical aperture of the spherical lens is assumed to be NA = 0.95, that is, the
field is limited by an aperture with a radius of 4 pum, a focal length is f = 1.31 pm.
The wavelength A is 532 nm, the incident wave is a Gaussian beam with the radius o
= 1.33 wm, the size of the initial and output fields is 8§ x 8 wm, 400 x 400 points, «
= 0. The simulation is obtained at a distance from —1 to 1 pwm from the focal plane,
an apodization is chosen for the case of a spherical lens: T(6) = (cos 0)'/2, and a
zone plate (ZP), T (6) = (cos 6)~3/% In order to avoid dependence on intensity, and
also for a more convenient comparison of the results, the OAM and SAM values
obtained at a distance z were divided by the total field energy W. The OAM and
SAM normalized to the field energy

2

W = /|E(r @, 2)|*rdrdg
0

are shown in Fig. 6.5
Shown in Fig. 6.5 is the change in the normalized total longitudinal SAM and
OAM for field (6.42) due to a spin—orbit conversion when the field is focused using
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Fig. 6.5 Dependences of §Z /W (curve 1) and ﬁz /W (curve 2) on the distance z for a non-vortex

field (6.42) with n = 0 (a) and for an optical vortex with a topological charge n =1 (b) and at o =
0
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a ZP. The numerical aperture of the zone plate is NA = 0.95. The SAM (curve 1)
and OAM (curve 2) are calculated for two cases of the topological charge n of the
initial beam (6.42): 0 (a) and 1 (b). Shown in Fig. 6.5, the SAM and OAM values are
calculated before and after the ZP, but are not calculated inside it. From Fig. 6.5a, the
SAM before the lens is seen to be equal to 1, while the OAM is equal to 0, since n =
0. After the lens, the SAM decreases and became equal to about 0.76, and the OAM
increases up to 0.24. The sum of the SAM and OAM remains unchanged and is equal
to 1. Such behavior of the SAM and OAM occurs in accordance with Egs. (6.51),
(6.52) and (6.60), (6.62) at « = 0. If the topological charge of the initial field (6.42)
is 1, then both the SAM and OAM before the lens are equal to 1 (Fig. 6.5b). Just
after the diffractive lens, due to the spin—orbit conversion, the SAM decreases down
to 0.76, while the OAM increases and becomes equal to 1.24. The sum of them
before and after the lens remains unchanged and is equal to 2. This result confirms
the correctness of the Eq. (6.61).

Figure 6.6 shows the change in the normalized total longitudinal SAM and OAM
after the lens depending on the « for the initial light field (6.42) at n = 0 (a) and n
= 1 (b). From Fig. 6.6a, at o = 0 (circular polarization), the SAM and OAM after
the lens is seen to be the same as in Fig. 6.5a. As « increases, the initial circular
polarization becomes elliptical and, therefore, the initial SAM decreases (curve 1)
and the part of the SAM that converts into the OAM decreases (curve 2). And when o
= 1 (linear polarization) both the SAM and OAM after the lens (and before the lens)
are equal to zero. The behavior of the SAM and OAM after the lens for an optical
vortex (6.42) with n = 1 is shown in Fig. 6.6b. From it, the maximum SAM for the
initial field (6.42) with circular polarization (¢ = 0) is seen to be equal to 0.76. And,
the minimal value of the SAM is zero, for the field with the linear polarization («
= 1). In this case, the maximal OAM is equal to 1.24 when o = 0, and the minimal
OAM is equal to 1 at « = 1. Such behavior of the SAM and OAM after the lens is
described by Egs. (6.51), (6.60), and (6.61).

S,ow, Lw S, W, LW
0.8
— 1.2]
0.7 \\\ ] 2
0]
0.6+ ~ 107
0.5 Ny 0.81_ -
N ~
0.4 0.6 \\\
0.34 2 g ~
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0.2 ] \\\1
24
0.1 0.21 ~.
~
0.0+ no+———
0.0 0.1 02 03 04 05 06 07 08 0.9 1.0 0.0 01 02 03 04 05 06 07 0.8 09 1.0
o
a) « b)

Fig. 6.6 The dependence of S 2/W (curve 1) and iz /W (curve 2) on « after the spherical lens (or
zone plate) for the initial field (6.42) atn =0 (a) and n = 1 (b)
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Fig. 6.7 Dependences of S/w fTw
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Shown in Fig. 6.7 are the normalized total longitudinal SAM and OAM as func-
tions of a numerical aperture and focal distance for the initial field (6.42) atn = 1,
a = 0.5. From Fig. 6.7, the sum of the SAM and OAM is seen to remain unchanged
and be equal to 1.6. This follows from Eq. (6.20), since n+ (1 —a?) /(1 +a?) = 1.6.
For the numerical aperture of 0.95 and o = 0.5, from Fig. 6.6a, the SAM after the
lens is seen to be approximately 0.5, whereas the initial SAM is equal to 0.6. That
is, because of the spin—orbit conversion, only a small part of the SAM (about 0.1)
transferred into the OAM. From Fig. 6.7, the minimum value of the SAM after the
lens is seen to be approximately 0.35 for a numerical aperture close to 1. Therefore,
the maximum value of 0.25 is converted from the SAM into the OAM. As the numer-
ical aperture decreases, curve 1 in Fig. 6.7 tends to a value of 0.6, i.e., to the initial
SAM value before the lens. That is, it follows from Fig. 6.7 that the effect of the
spin—orbit conversion in a spherical lens with a numerical aperture less than 0.7 can
be neglected.

Shown in Fig. 6.8 are the intensity / (first and third rows) and the longitudinal
SAM S, (second and fourth rows) for different values of the parameter a: 0 (first
column), 0.5 (second column), 0.75 (third column), 0.9 (fourth column), and 1 (fifth
column). The topological charges are as follows: n = 3 (first and second rows), n =
5 (third and fourth rows).

It is seen from Fig. 6.8 that, according to the theory (6.47)—(6.49), the distribution
of the longitudinal SAM is radially symmetric (red ring in the first and second
columns) in the focus of the field (6.42) for a small parameter «.. As the parameter
« increases, the red ring in Fig. 6.8 becomes an ellipse (second and third column),
and when « is close to 1, one part of the ring remains red, and another part becomes
blue (fourth and fifth columns). That is, areas with a negative SAM appear in the
focus and the spin Hall effect appears (separation of left- and right-handed elliptical
polarizations). When the parameter « increases from O tol, the intensity (green rings
in Fig. 6.8) gradually transforms from a round ring (at initial circular polarization)
into an elliptical one (at initial linear polarization), which is elongated along the
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Fig. 6.8 Intensity distributions / (first and third rows) and longitudinal SAM S (second and fourth
rows) calculated at the beam focus (1) for different «: O (first column), 0.5 (second column), 0.75
(third column), 0.9 (fourth column), and 1 (fifth column). The topological charges are as follows:
n = 3 (first and second rows), n = 5 (third and fourth rows)

horizontal axis x. However, since the term with /;, exceeds the term with cos(2¢)
in the formula (6.53) for the intensity distribution, the intensity ellipticity in Fig. 6.8
is almost invisible at o = 1. With an increase in the topological charge of the optical
vortex (1) from n = 3 to n = 5, the diameter of the light ring shown in Fig. 6.4
increases. This follows from the intensity Eq. (6.53).

In this section, we study a spin—orbit conversion in a spherical lens with a high
numerical aperture. Utilizing the Richards-Wolf theory [23], analytical formulas are
obtained for the density of the longitudinal SAM and OAM projections at the focus
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of the lens for the initial light field (6.42). The amplitude of the field depends on the
real parameter «.. The initial light field (6.42) is an axial superposition of two optical
vortices with the same topological charge n and right- and left-handed circular polar-
izations. Amplitudes of both beams in the superposition are different. The parameter
a is the ratio of the amplitudes of the beams. In this section, analytical formulas are
obtained for the total longitudinal projections of the SAM and OAM at the focus of
the field (6.42). It follows from the formulas (6.51), (6.52) and (6.60), (6.62) that
when passing through a spherical lens (or a diffractive lens), the total SAM decreases
due to a spin—orbit conversion, while the OAM increases by the same amount. In this
case, the sum of the SAM and OAM remains unchanged during focusing (Eq. (6.61)).
The simulations are also carried out using the Debye and Richards-Wolf integrals
[23]. When the light field (6.42) propagates before a spherical lens, the total SAM
and OAM is shown to remain unchanged separately. After passing through the lens,
the total SAM decreases, and the total OAM increases by the same value. When
propagating after the lens, the total SAM and OAM remain unchanged separately
too. The sum of the SAM and OAM before the lens and after it does not change
(Fig. 6.5). When the parameter « increases from 0 to 1, the spin—orbit conversion
in a spherical lens is shown numerically to decrease from its maximum value to
zero. With a numerical aperture of 0.95 and with « = 0, the initial normalized total
longitudinal SAM is equal to 1 before the spherical lens, and equal to 0.76 after it.
That is, only a quarter of the SAM transferred to the OAM (Fig. 6.6). The maximum
spin—orbit effect in a spherical lens is shown numerically to occur at a numerical
aperture close to 1 (Fig. 6.7). For smaller aperture values, the effect decreases. It is
shown that, at a numerical aperture less than 0.7, the spin—orbit conversion can be
neglected, since the total SAM remains almost unchanged when light passes through
a spherical lens. Theoretically (Eq. (6.48)) and numerically (Fig. 6.8) it is shown that
there is a spin Hall effect at the focus of the light field (6.42). This effect leads to
appearance of regions with elliptical polarizations with different signs in the sharp
focus. That is, at the focus, light with left- and right-handed elliptical polarizations
is separated in space. In this case, in the initial plane only linearly polarized light
present (Fig. 6.8). By changing the parameter « the spin Hall effect at the focus can
be controlled. When « = 0, the initial field is circularly polarized and the Hall effect
is minimal at the focus. When o = 1, there is a linearly polarized initial field, and
the Hall effect achieve its maximum at the focus.

Measuring the magnitude of the spin-orbital conversion effect in the sharp focus
of a microobjective with a high numerical aperture requires measuring the third
component of the Stokes vector averaged over the beam transverse section. The
value of this quantity gives the full longitudinal SAM component. Besides, the third
component of the Stokes vector can be measured immediately in the microobjective’s
exit pupil with a diameter of several millimeters, rather than in the focus itself whose
size can be less than a micron.

The effects of spin—orbit conversion in a spherical lens and the spin Hall effect at
the focus considered in this work can be used to control the rotation of microparticles
[80, 81]. Studies on the control of the Hall effect in focus have been done in [82].
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6.4 Optical Helicity of Light in the Tight Focus

Optical helicity of circularly polarized light is characterized by a parameter o =
=+ 1, similar to the spin magnitude. A light field with left circular polarization has
the helicity of # = —1, while a field with right circular polarization has the helicity
of h = 1. For linearly polarized light, the helicity is zero, whereas for elliptically
polarized light, the helicity modulus is less than unity. In the general form, the optical
helicity was defined in several works (e.g., see [8§3—85]), meanwhile the magnetic
helicity was considered back in 1958 [86]. The full helicity, defined based on the
electromagnetic democracy principle, is given by

L1
h:E/mB—amw,E:—ch,BZVxA, (6.65)
3D

where E, B are the strength vectors of the electric and magnetic fields, A, C are the
electric and magnetic vector potentials. The helicity density is the integrand:

h= %(AB — CE). (6.66)
The gauge transformation for the helicity is givenby A - A+ Vf,C - C+ Vg
with f and g being arbitrary scalar functions. This transformation conserves the
helicity since the curl of a gradient is zero.
The work [87] has shown a relation between the helicity and chirality, with the
latter density defined as follows:

X:%mwxm+8vam} (6.67)

where &g is the vacuum electric permittivity, ¢ is the speed of light in vacuum. As
demonstrated in a general form in [88], full helicity and chirality are propagation
invariants. The work [89] has shown the difference between the helicity and the
chirality. In a circularly polarized light field, each photon has the helicity of &% and
the chirality of +hw?/c, where £ is the Planck constant, w is the angular frequency,
c is the speed of light in vacuum. In [90], a general relation was considered between
the helicity, chirality, and spin density. The helicity and spin densities are written as

follows:
h= l[ DBV xE)+ [P BV x B))],
21V o €0

S:%m@xm+$xQL (6.68)

with o being the vacuum permeability. In free space, for monochromatic light with
angular frequency w, the magnetic helicity is equal to the electric helicity, and thus
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the helicity in free space can be written in the following form [91]:

h= = (EH), (6.69)
w

with H being the magnetic field strength vector in free space. Hereinafter, we use the
above definition of the helicity density. Spin-to-orbit conversion discussed in [25] is
also a matter of interest in this work thanks to the helicity property. In [91], the authors
computed densities of some quantities (spin, energy flow, and helicity) for optical
vortices propagating in various waveguides (planar waveguide, circular step-index
waveguide). It was possible to carry out such an analysis as the components of the
electric and magnetic field vectors of modes of those waveguides are well known. The
said work has prompted us to investigate the helicity at the tight focus of laser beams.
Obtaining explicit expressions for space distributions of light field characteristics,
such as the energy density (intensity), energy flow (Poynting vector), spin angular
momentum (SAM), orbital angular momentum (OAM), helicity, and others, is an
interesting and important problem, allowing these quantities to be analyzed without
numerical simulation. For many vector light fields, the Richards-Wolf theory [23]
allows deriving exact analytical expressions to describe all field characteristics near
the focus.

In this section, we analyze four different initial vector fields and derive relation-
ships for helicity densities in the initial plane and at the focus, as well as for full
helicities. The full helicities are obtained by integration only over the beam section
rather than over the whole space. We consider the following initial fields: a linearly
polarized optical vortex, a circularly polarized optical vortex, superposition of a
cylindrical vector beam and a linearly polarized beam, and a hybrid light field with
circular-azimuthal polarization. Previously, based on the Richards-Wolf theory [23],
expressions for all components of the electric and magnetic field vectors at the tight
focus of all fields of interest have been derived [46, 67, 69, 77, 92]. Using these
expressions for the light field components we can derive analytical expressions for
the helicity of these fields at the focus. In this work, we show that the helicity density at
the focus is related to the longitudinal component of the SAM density. Note, however,
that the full longitudinal SAM does not conserve when a light field passes through
a spherical lens since as thanks to the spin-orbital conversion, the spin is partly
converted to the OAM. On the contrary, the full helicity (helicity density averaged
over the beam section) is the invariant and conserves upon free-space propagation
and focusing of light.

6.4.1 Helicity at the Focus of a Linearly Polarized Optical
Vortex

If the initial vector field is a linearly polarized optical vortex, its Jones vectors for
the electric and magnetic field are given by the following:
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1 0
E(0, ) = A(0) exp(ing) (0> H(0, ) = A(0) exp(ing) ( 1), (6.70)

where ¢ is the azimuthal angle in the beam cross section, 6 is the angle between the
optical axis and a line drawn from the focus center to a spherical wavefront point
in the initial plane, n is integer topological charge of the optical vortex, A(f) is a
circularly symmetric real-valued function defining the beam amplitude in the initial
plane. Using a Richards-Wolf method [23], expressions were obtained in [67] for the
intensity distribution and the spin angular momentum (SAM) at the focus of field
(6.70). For comparison purposes, below we give those expressions, analyzing them
in relation to the helicity distribution at the focus of field (6.70), derived herein. The
distributions of the intensity I = |E|? + |Ey|2 + |E.|? and the longitudinal SAM
component S, = 2Im(E;E,) are given by the following:

1
= 5[215,:1 + 122,n+2 + Izz,nfz +27 0+ 2112,,,71

+ 2¢0829) (lo.nl2ns2 + Tond2n—2 — 211 it d1.n-1) ] (6.71)

1
S = = (a2 — Lan—2) (It + Ion2 +2c0820) o ). (6.72)

2
Equations (6.71) and (6.72) contain functions /, , that depend only on the radial
and longitudinal variables, r and z:

[ 0 0 <
1, = 2kf / sin"*! <§> cos’™" (5) cos'2(0)A(0)e™ " J,, (kr sin 0)d0,
0
(6.73)

where k = 2mr/A is the wavenumber of monochromatic light of wavelength A; f is the
lens focal length; « is the maximal tilt angle of light rays to the optical axis, which
defines the numerical aperture of an aplanatic lens, NA = sin «; J,(kr sin 0) is the
uth-order Bessel function of the first kind. In Eq. (6.72) and throughout the paper,
the indices v and u can take the following values: v =0, 1,2; u =n-2,n—1,n,n
+1,n+ 2.

Further, we obtain the helicity distribution at the focus of field (6.70), using the
helicity definition from [91]:

h= _—Vz‘)“o Im(E*H), (6.74)
w

where €9 and o are the vacuum electric permittivity and the vacuum magnetic
permeability, o is the angular frequency of light, E and H are the electric and magnetic
field vectors. Below, we omit the constant . /€oto/(2w) for brevity. We note that the
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helicity (6.74) has the same dimension as the SAM (6.72). Using expressions for the
components of the electric and magnetic vectors at the focus of field (6.70), derived
in [67], Eq. (6.74) is rearranged to:

1
h(r) = 5(122’”+2 — L, 420, =217, ). (6.75)

As seen from Eq. (6.75), the helicity distribution is circularly symmetric. We
note that despite zero helicity of field (6.70) in the initial plane (2 = 0), in the
focal plane the helicity has a nonzero density (helicity at each point of the beam
cross section). Comparison of Egs. (6.72) and (6.75) indicates that if the numerical
apertures are small, i.e., when the longitudinal field component can be neglected
@|1} 41 = I},_1| < 1), the helicity coincides with the longitudinal SAM (6.72) at
the polar angles ¢ = 7w /4 + np/2 (p = 0,1,2,3), at which cos 2¢ = 0. Then, the
helicity and the SAM coincide: 2 = S,. From Eq. (6.72), it follows that if n = -2, then,
the light is right-handed elliptically polarized near the optical axis and the positive
helicity is equal to the SAM, coinciding with the intensity: A(r = 0) = S,(r =
0)=Ir=0) = 122.0 /2 > 0. And, vice versa, at n = 2, the helicity and the SAM
are negative at the focus center: h(r = 0) = S,(r = 0) = —122y0/2 < 0. Thus, the
helicity sign coincides with the SAM sign, or, in other words, the helicity is positive in
focal regions with right-handed elliptic polarization, being negative in focal regions
with left-handed elliptic polarization. The difference between the helicity and the
SAM is that at n = 1 or n = —1, the on-axis helicity (6.75) is nonzero, whereas the
on-axis SAM (6.72) is zero. Thus, the helicity (6.75) is not only related to spin and
indicates focal areas with left- or right-handed elliptic polarization, but also indicates
the transverse helicity of the focal field, related to the longitudinal component of the
electric field vector. It can be shown that the full helicity, averaged over the beam
cross section, equals zero and conserves upon focusing. Indeed, as shown in [77],
the following expression holds:

o

oo

0 0

W, = 2nf |1, ()P rdr = 47 f? / sin®*! <§> cosj_zv(E)IA(Q)lzdé’ = W,.
0 0

(6.76)

From Eq. (6.76), we get the averaged helicity:

oo 2w 2

(&)
A 1
h = //h(r)rdrdgo = E/f (122’,#2 —1227,1,2 +2112,n+1 - 2112’n71)rdrd(p
00 0 0

1
= E(WZ — Wo 4+ 2W;, —2W;) =0. (6.77)

The full longitudinal SAM, averaged over the focal plane based on Eq. (6.72), is
also zero:
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2

oo
.= //Vdrdw(lz,n+2 =D p=2) (42 + Don—2 + 2c0sQp)y ) = Wy — Wr = 0. (6.78)
00

N —

6.4.2 Helicity at the Focus of a Circularly Polarized Optical
Vortex

In this section, we investigate the helicity at the focus of a circularly polarized optical
vortex in a similar way. The Jones vectors for the initial electric and magnetic fields
read as

A(0) ) 1 A(0) . —i
E@©, ¢) = ﬁ exp(ing) < ; ), H@®, ¢) = f exp(zmp)( 1 ) (6.79)

The amplitudes in the initial field (6.79) are given for right circular polarization. In
the initial plane, the longitudinal SAM component of field (6.79) equals S, = A%(),
whereas the full spin in the initial plane is equal to the full beam energy:

o0 21
S, =2x / A20) rdr = W. (6.80)
0 0
In [92], adopting the Richards-Wolf method [23], expressions were obtained for
the intensity and the longitudinal SAM component at the focus. We write these
expressions here for a comparison with a helicity expression that is derived below.

Distributions of the intensity and the longitudinal SAM component at the focus of
field (6.79) are given by the following:

2
1(r. @) = |El® + ||+ |EP = 1§, + 10 + 217 01 (6.81)

S. =2Im(EXE,) =15, — I3 11»- (6.82)

Due to circular polarization of the initial field, both the intensity distribution

(6.81) and the spin density distribution (6.82) have circular symmetry at the focus.
The helicity distribution (6.74) at the focus of field (6.79) is equal to the intensity:

hr(r) =1(r) =15, + 13 1 + 217 1. (6.83)
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Similar to Eq. (6.77), the full helicity of beam (6.79) at the focus is given by the
following:

00 27 oo 2
g = / / he(P)rdrdg = W = / (5 + 15,00 + 217,y )rdrdg
0 0 0 0
= Wo + W, +2W;, 6.84)

with W being the total beam power/energy. The full longitudinal SAM component
at the focus of field (6.79) is given by the following:

oo 2w
f f rdrdo(I§, — 15 ,.5) = Wo — Wh. (6.85)
0 0

In the initial plane, the helicity density and the full helicity of field (6.79) read as
follows:

hor(r) = |A@)I?, hor = W. (6.86)

A comparison of Egs. (6.84) and (6.86) reveals that the full helicity conserves
upon focusing, which is in contrast with the full spin. As seen from comparison
of Egs. (6.80) and (6.85), the full spin is not conserved. Instead, it decreases and,
due to the spin—orbit conversion, the spin is partly transferred to the orbital angular
momentum (OAM).

It can also be seen that for circular polarization, the helicity achieves its maximal
value and equals the beam power. For left circular polarization, the helicity in the
initial plane and at the focus changes sign:

h(r) = —=1(r) = =I5, + 15,5 + 21T, _ ),
hoL(r) = =A@, hop = hy = —W, r=fsin6, (6.87)

We note that the on-axis helicity magnitude depends on the topological charge
and, with increasing modulus of n, decays from the maximum (at n = 0) to zero (at
n>2orn<-2):

hr(r=0) =15, n=0,

hr(r=0)=1, n=-2,

hp(r=0)=2I,, n=—1,

he(r=0)=0, |n|>2. (6.88)
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The full helicity for the circularly polarized optical vortex is independent of the
topological charge n and equal to the beam power, W, for right-handed circular
polarization, taking the opposite sign, —W, for left-handed circular polarization.

6.4.3 Helicity at the Focus of a Cylindrical Vector Beam

In the initial plane, a high-order cylindrical vector beam has the following Jones
vectors:

E®, ¢) = A(@)(cf’sm‘p>, H(6, ¢) = A(D) < —sinmg ) (6.89)
sin mg cos mg

As shown in [46], the longitudinal component S, of the SAM vector at the focus
of field (6.89) is zero. It can be shown that the helicity density and the full helicity
in the initial plane (6.89) and at the focus is also zero (h(r) = 0). However, if the
cylindrical vector field (6.89) is coherently superimposed with a linearly polarized
field, we obtain an initial light field

E@, ¢) = A(e))("."s’”"’ - “>, H(O, ¢) = A<9)<_ Sy ) (6.90)

sin mg cosme —a

with a nonzero helicity density at the focus. Indeed, in [69], analytical expressions
were obtained for the electric and magnetic field components at the focus of the
initial field (6.90). Using these expressions and the definition in (6.74), we can derive
a formula for the helicity density at the focus of field (6.90):

—2a(—=1Y" (lo.olom + B2lam—2 — 211,11y m1) sin(me),
h(r,p) =1 m=2p+1, (6.91)
0, m=2p.

According to Eq. (6.91), the helicity of a cylindrical vector beam at the focus is
nonzero only for an odd order (m = 2p + 1). We note that at the focus of beam (6.90),
the spin density is also nonzero only for an odd order m = 2p + 1 [69]:

2a(— D) [sin((m — 2)¢) (lo.ol2.m—2 — 1.210.m)
S.(r,9) = —sin(me)(loolom — hobom—)], m=2p+1, (6.92)
0, m=2p, p=0,1,2,...

A comparison of Egs. (6.91) and (6.92) indicates that the helicity changes sign
in approximately the same areas of the focal spot at which the spin density changes
sign, since both quantities depend on sin(mg). Besides, with the terms with 7o 0/
contribute the most [77], the magnitudes 4 and S, have the same sign. The difference
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is, in particular, that the expression for the helicity in (6.91) includes the longitudinal
component of the electric field, whereas the spin density in (6.92) includes only the
transverse components of the electric field. The full helicity £, i.e., the helicity density
(6.91) averaged over the focal plane, as well as the full spin §Z, i.e., the averaged
spin density (6.92), are both equal to zero (h= §Z = 0), since the integrals over the
polar angle in Egs. (6.91) and (6.92) yield zeros.

6.4.4 Helicity at the Focus of a Field with Hybrid
Circular-Azimuthal Polarization

Here, we consider the tight focusing of light with initial hybrid circular-azimuthal
polarization. At different polar angles, polarization of this field changes from linear
to elliptic and to circular polarization. The Jones vectors of the initial electric and
magnetic fields of such a hybrid field read as

E®, ¢) = A0) ( —isin(me) ) H®©, ¢) = A®H) ( — cos(mep) ) (6.93)

cos(my) —isin(me)

The initial field (6.93) has the spin density equal to S, = A%(#) sin(2mg), whereas
the full spin, averaged over the entire beam section, is equal to zero:

2

S, = / / A2(6) sinme)rdrdg = 0. (6.94)
0 0

As shown in [93], at the focus of field (6.93), the density of the longitudinal
component of the SAM vector is nonzero and reads as follows:

1

S, = Z[lo,m(IZ,erZ — Loy) sin2¢+ (I3, — w2l mi2) sinmg)].  (6.95)

According to Eq. (6.76), the full longitudinal component of the SAM vector is
Zero:

T

2
/ rdrd@[IO,m(IZ,m+2 — Iy, ;m—2) sin2¢ + (13,”, - 12,m—212,m+2> Sin(2m¢>)] =0.
0

5. =

ENT

[

The integrals over the angle are equal to zero in Egs. (6.94) and (6.96), since
the integration of the periodic function is done over an integer number of periods.
From Egs. (6.94) and (6.96), it follows that the full spin is zero and conserves upon

(6.96)
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focusing. Using the components of the strength vectors of field (6.93) at the focus,
computed in [93], an expression can be obtained for the helicity density:

h= (I(im + bopialam—2 — 211 1]y m—1) Sin(2mg). (6.97)

As seen from Eq. (6.97), the helicity, as the SAM (6.95), changes sign 4m
times along a certain-radius circle around the optical axis. Since the terms with
Ig,m contribute the most [77], approximate expressions for the SAM (6.95) and for
the helicity (6.97) are almost identical and equal to S, =~ h ~ I&m sin(2mg). From
Eq. (6.97), it also follows that the full helicity at the focus is zero, like the full spin
in (6.96). In the initial plane of field (6.93), the helicity density is also coincident
with the longitudinal SAM density: # = S, = A%(0) sin(2mg), whereas the full
helicity and the full SAM in the initial plane are equal to zero: h=%§ . = 0. Thus, the
full helicity and the full longitudinal SAM component are zero and conserve upon
focusing.

6.4.5 Numerical Simulation

Shownin Fig. 6.9 are the intensity, helicity, and SAM density distributions for linearly
polarized beam (6.70) at the tight focus for different values of the topological charge.
The helicity and SAM density distributions in Fig. 6.9 and in all the figures below are
obtained by formulae S, = 2 Im (EjE}) and 4 = —Im(E*H) with the components of
the strength vectors E and H obtained using the Richards-Wolf formulae, as well as
Egs. (6.75) and (6.72). The computed images are visually indistinguishable.

As seen from Fig. 6.9, indeed, in contrast to the SAM density, the helicity distri-
bution is circularly symmetric. Besides, Fig. 6.9 confirms the negative helicity in the
focus center at n = 2, as well as the nonzero helicity on the optical axis atn = =+ 1.

Figure 6.10 also illustrates the intensity, helicity, and SAM density distributions
at the tight focus for different values of the topological charge, but for a beam with
right circular polarization (6.79).

Figure 6.10 confirms that if the initial field is circularly polarized, then the inten-
sity, helicity, and the SAM density distributions at the focus are circularly symmetric.
In addition, Fig. 6.10 demonstrates that the helicity distribution at the focus coincides
with the intensity distribution. The maximal helicity value is equal to the maximal
intensity value, whereas the maximal SAM density value is smaller due to the spin—
orbit conversion, when the SAM is partly converted into the OAM. Nevertheless, the
maximal SAM density value is much higher than when the initial field is linearly
polarized (Fig. 6.9).

Shown in Fig. 6.11 are the intensity, helicity, and SAM density distributions
at the tight focus for different values of the polarization singularity index for the
superposition of two beams with cylindrical and linear polarization states (6.90).
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Fig. 6.9 Intensity (a—d), helicity (e-h), and SAM density (i-1) distributions of linearly polarized
optical vortex (6.70) at the tight focus for the following parameters: wavelength A = 532 nm, focal
length of the lens f = 10 pwm, numerical aperture of the lens NA = 0.95, topological charges n =
1 (a, e i),2(bf,j)3(cg k)5 (d h,l), radial amplitude function A(f) = 1 (plane beam). The
numbers near the colorbars under each figure denote the maximal and minimal values. Maximal
intensity values are given in relative units and proportional to the maximal intensities for different
topological charges. Maximal values of the helicity and the SAM density are normalized to the
maximal intensity values

According to Fig. 6.11, the helicity and the SAM density at the focus are indeed
nonzero only for an odd-order cylindrical vector beam, m = 2p + 1. It is also seen
that the helicity changes sign at near-same polar angles in the focal plane, as does
the SAM density (the outer rings in Fig. 6.11g, k, h, 1).

Finally, Fig. 6.12 demonstrates the intensity, helicity, and SAM density distribu-
tions at the tight focus for different values of the polarization singularity index, but
for a beam with hybrid circular-azimuthal polarization (6.93).
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Fig. 6.10 Intensity (a—d), helicity (e-h), and SAM density (i-1) distributions of a optical vortex with
right circular initial polarization (6.79) at the tight focus for the following parameters: wavelength A
=532 nm, focal length of the lens f = 10 pm, numerical aperture of the lens NA = 0.95, topological
charges n =1 (a, e, i), 2 (b, £, j), 3 (¢, g k), 5 (d, h, 1), radial amplitude function A(f) = 1 (plane
beam). The numbers near the colorbars under each figure denote the maximal and minimal values.
Maximal intensity values are given in relative units and proportional to the maximal intensities for
different topological charges. Maximal values of the helicity and of the SAM density are normalized
to the maximal intensity values

As Fig. 6.12 reveals, in contrast to the superposition of beams with cylindrical and
linear polarization, the helicity and the SAM at the focus change sign 4m, rather than
2m, times along a certain-radius circle around the optical axis. Besides, Fig. 6.12
also confirms that if the numerical aperture is high enough, then the approximate
expressions for the SAM and for the helicity are very similar.

Thus, the numerical simulation confirms the theoretical expressions and the prop-
erties of the helicity and the SAM density. As seen in Figs. 6.9, 6.10, 6.11 and 6.12,
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Fig. 6.11 Intensity (a—d), helicity (e-h), and SAM density (i-1) distributions of superposition of
beams with cylindrical and linear polarization (6.90) at the tight focus for the following parameters:
wavelength A = 532 nm, focal length of the lens f = 10 wm, lens numerical aperture, NA = 0.95,
polarization singularity index m = 1 (a, e, i), 2 (b, f, j), 3 (¢, g, k), 5 (d, h, 1), radial amplitude
function A(6) = 1 (plane beam), amplitude of the linearly polarized term @ = 0.5. The numbers near
the colorbars under each figure denote the maximal and minimal values. Maximal intensity values
are given in relative units and proportional to the maximal intensities for different index. Maximal
values of the helicity and of the SAM density are normalized to the maximal intensity values

much greater values of the helicity and the SAM density are achieved for fields that
are nonlinearly polarized in the initial plane, as is the case for the circularly polarized
beams (Fig. 6.10) and beams with hybrid circular-azimuthal polarization (Fig. 6.12).

For four different vector fields, we have obtained exact expressions for the helicity
density at the tight focus. The expressions derived are similar to the expressions for
the longitudinal SAM component at the focus, with the difference being that the
helicity expressions include terms consisting of angular harmonics that are present
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Fig. 6.12 Intensity (a—d), helicity (e-h), and SAM density (i-1) distributions of a beam with hybrid
circular-azimuthal initial polarization (6.93) at the tight focus for the following parameters: wave-
length A = 532 nm, focal length of the lens f = 10 wm, numerical aperture of the lens NA = 0.95,
polarization singularity index m = 1 (a, e, i), 2 (b, f, j), 3 (¢, g, k), 5 (d, h, 1), radial amplitude
function A(f) = 1 (plane beam). The numbers near the colorbars under each figure denote the
maximal and minimal values. Maximal intensity values are given in relative units and proportional
to the maximal intensities for different topological charges. The maximal values of the helicity and
SAM density are normalized to the maximal intensity values

only in the longitudinal components of the field strength vectors. If the full SAM
in the initial plane is zero, then it conserves upon propagation and equals zero at
the focus. In this case, the full helicity in the initial plane and in the focus is also
zero and conserves upon focusing. If, however, the full SAM in the initial plane
is nonzero, then does not conserve upon focusing, but is partially converted to the
longitudinal OAM component due to the spin—orbit conversion. In this case, the full
helicity is also nonzero, but conserves upon focusing. This means that the helicity,



References 239

like the beam power, is propagation invariant. For a circularly polarized vortex, the
full helicity achieves a maximal value and is equal in magnitude to the full beam
energy /power.

Similar to the Poynting vector components (energy flow), measuring the helicity
density in practice is also challenging. The longitudinal component of the spin density
S, can be measured by using a well-known technique of determining the Stokes vector
components [94, 95], since the longitudinal component of the spin density is equal
to the third component of the Stokes vector S3. However, determining the helicity
density & [96, 97], as well as the Poynting vector components, requires knowing
the amplitude and phase of the electric and magnetic field components [98, 99].
Transverse and longitudinal components of the spin density vector were investigated
in an interesting work [100] for plasmons propagating on a cylindrical or conical
surface. The helicity density in this work was considered as a spin density. Studies
on helicity in focus were carried out in [101].
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Chapter 7 ®)
Hall Effect in Paraxial Laser Beams G

7.1 Spin Hall Effect in the Paraxial Light Beams
with Multiple Polarization Singularities

In micromachines, elements can be driven by light and optical vortex beams are
widely adopted in optical tweezers. One of the natural generalizations of optical
vortex beams are light fields with multiple vortices. Rather general expressions for
describing such fields have been obtained by Indebetouw [1] and Abramochkin [2].
Such fields propagate in free space without changing their transverse intensity shape,
up to scale and rotation around the optical axis. In addition to the optical vortices,
which are phase singularities or points with an uncertain phase, vector light fields can
have polarization singularities, where uncertain is polarization. Polarization singu-
larities were investigated in a huge number of papers. Recently, a review about polar-
ization singularities was published [3]. Most widely studied polarization singularities
are radial and azimuthal polarization, and their superposition known as cylindrical
polarization [4]. Such light fields can be constructed as superpositions of optical
vortices with opposite circular polarizations and with opposite topological charges
of &+ 1 [5]. Based on this scheme, we investigated in 2018 light fields with multiple
polarization singularities residing on a circle with the center on the optical axis [6, 7].
Such fields have locally linear polarization. We found that, in contrast to the phase
singularities, which conserve in an arbitrary transverse plane, polarization singular-
ities appear only in a discrete number of transverse planes. We discovered that the
singularities can transform, for instance, from radial and azimuthal polarization in
the initial plane to, respectively, azimuthal and radial polarization in the far field.
However, we did not investigate what happens with polarization between the planes
where polarization singularities reconstructed, i.e., between the planes with locally
linear polarization. In [8], it was noticed that along the propagation direction, such
singularities generically split into a pair of C-points. As it turns out, such splitting is a
manifestation of the optical spin Hall effect, which means that areas with nonzero spin
angular momentum appear, despite linear polarization in the initial plane. Such an
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effect was observed, for instance, in microcavities [9], metamaterials [10], dielectric
gratings [11], and in free space in the tight-focusing conditions [12].

In this section, we investigate this phenomenon in the paraxial Gaussian beam
with multiple polarization singularities from [6, 7]. Such a beam is a superposition
of a cylindrically polarized Laguerre-Gaussian (LG) beam with a linearly polarized
Gaussian beam. We found that maximal SAM density magnitudes appear on a circle
and the radius of this circle has been derived. It was obtained that the maximal SAM
density is generated in a certain transverse plane, the distance to which has been
obtain approximately. It was derived that the maximal SAM density can be achieved
when the singularities circle has a definite radius, such that the energy of the Gaussian
beam is equal to the energy of the LG beam. We revealed the mechanism of the spin
Hall effect in such beams. This effect arises due to the different divergence of the
LG beam and of the Gaussian beam.

7.1.1 Paraxial Light Fields with Multiple Phase
or Polarization Singularities

It has been shown (Eq. (17) in [2]) that any function given by the following:

1 r? re'®
E(r,p,2) = —exp| —— |f , (7.1)
q qwy qwo

where (7, @, z) are the cylindrical coordinates, wy is the waist radius of the Gaussian
beam, and ¢ = 1 + iz/zo, f(re™) is an arbitrary entire analytical function, describes
a solution of a paraxial Schrodinger-type Helmholtz equation: 2ik(dE/dz) + (9%E/
3x?) + (3%E/3y*) = 0.

The light field described by Eq. (7.1) propagates in free space without changing
its shape. The parameter g defines the scaling and rotation of the light field: at a
distance z the field becomes Igl = [1 + (z/z9)*]"? times wider and rotates around the
optical axis by an angle equal to the Gouy phase {y = arg g = arctan(z/zp).

Using Eq. (7.1), it is possible to obtain a solution of the paraxial Helmholtz
equation with optical vortices located in arbitrary points with their polar coordinates
in the initial plane (v, ¢,) (p =0, 1, ..., m — 1). In an arbitrary transverse plane, the
complex amplitude of such a field takes the form [1]:

1 2 m—1 i '
E(r,p,2) = —, exp(—r—> l_[ (re — rpe"/’f’>. (7.2)
qwy

aws) , o\ 4

Choosing the vortices on a circle with the radius ao, i.e., r, = ag, ¢, = 27p/m,
we get
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— ; _,,_2 I ! imp ___|m|
E(r,¢.2) = — exp 5 e ag" | (7.3)
qwy qwy q

This field is a superposition of a single-ringed mth-order Laguerre-Gaussian (LG)
beam with a fundamental Gaussian beam.

It has been known [5] that radially polarized light can be expressed as a superpo-
sition of optical vortices of the & 1st order and of the opposite handedness since the
Jones vector can be presented as follows:

1. 1 _.
(Cf’w):—e"ﬂ( 1,>+—e—w<1,). (7.4)
sin ¢ 2 —I 2 i

If in this expression ¢ and ¢ are replaced by the field (7.3) of the orders,
respectively, m and —m, we get a vector light field with m polarization singularities
located on a circle of the radius ag [6, 7]:

2 ™ cosmp — all'g™
E(r, 0, 7) = r—)[ ¢~ hd } (7.5)

1
g wiWo p( gwi ) | " sinmg

where the multiplier

aw? | m! ap \ "
Wo=—"L|—4+(— 7.6
0 > |t (w()) (7.6)

is introduced for normalizing the beam energy (making it equal to unit and thus equal
for all values m and ay).

Examples of such field with m = 2, 3, 4 are shown in Fig. 7.1. Since the vortices
reside on a circle with the radius ag, from now on, we call this parameter a singularities
circle radius.

We note that the field (7.5) can be treated as a superposition of two single-
ringed Laguerre-Gaussian beams with opposite topological charges and with circular
polarizations, and of a linearly polarized Gaussian beam:

1 1
E(r, ¢,2) = WLGM("’('D’Z)[ 1l,i| + WLG—m(’Z(P,Z)[i}
0 - 0

1 ap " 1
(i) reeef]

with LG,, (7, ¢, z) being the scalar mth-order single-ringed Laguerre-Gaussian beam:

(7.7)

1 ™ r?
LGu(r,¢,2) = —<—) eXP(——2 + im<p>. (7.8)
qw,

q \qWo 0



248 7 Hall Effect in Paraxial Laser Beams

Fig. 7.1 Intensity distributions of the light field (7.5) in the initial plane (z = 0) for the following
parameters: wavelength A =532 nm, Gaussian beam waist radius wo = 1 mm, number of polarization
singularities m = 2 (a), m = 3 (b) and m = 4 (c), radius of the singularities circle ag = 600 pm
(a), ap =700 pm (b), ap = 800 pm (c). Size of all figuresis 5 x 5 mm?, scale mark in each figure
denotes 1 mm. Arrows show the directions of linear polarization

7.1.2 Intensity Distribution

From Eq. (7.5), the intensity distribution is given by the following:

2
I(r, 9, 2) = |Ex(r, 9, D> + |Ey(r, ¢, 2)|
— eXp<— 272 )[rzm + azm|q|2m — 2aq|"r" cos(myr) cos(mgo)]
- m m 0 )
|gI*" 2 w2 W lq*w}
(7.9)

with ¢ = arctan(z/zp) being the Gouy phase. It is seen that the intensity nulls can
appear only in a discrete set of transverse planes, where cos(myr) = + 1,1i.e., tan(m)
= 0, which is consistent with [6, 7]. In the initial plane, the intensity is

22

1 r
I(r,9,0) = ——e¢ — M+ @ — 247" cos . 7.10
(r,9,0) e xp( W%)[r ap" — 2ag'r™ cos(mg)] (7.10)

However, the beam from Eq. (7.5) is a superposition of circularly polarized single-
ringed LG vortex beams of the orders &= m and of a linearly polarized Gaussian beam.
At a small singularities circle radius ag, the LG beam overwhelms and the intensity
looks like a ring (Fig. 7.2a, d). At large a, vice versa, the Gaussian beam is brighter
and the intensity looks more like a spot (Fig. 7.2b, e). In some applications, however,
it is desirable to confine the intensity nulls between the light walls. For instance, in
2008, Dienerowitz et al. showed that a vortex beam with annular profile can confine
metal nanoparticles in the dark region of the beam center [13]. Thus, the intensities
from Fig. 7.2a—e are undesirable. Now we try to find the radius @y such that the
intensity in the beam center and in the edges, beyond the intensity nulls, are nearly
the same. Since the first intensity null is at ¢ = 0, this condition can be written as
follows:
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Fig. 7.2 Intensity distributions of the light field (7.5) in the initial plane (z = 0) for the following
parameters: wavelength A = 532 nm, Gaussian beam waist radius wo = 1 mm, number of polarization
singularities m = 5 (a—c¢) and m = 6 (d-f), radius of the singularities circle ap = 800 pwm (a, d), ag
= 1200 wm (b, e), ap = 942 pm (¢), ap = 1041 pm (f). Size of all figures is 8 x 8 mm?2, scale mark
in each figure denotes 1 mm. Blue-dashed circles (c, f) denote the radius of the maximal peripheral
intensity computed by Eq. (7.20)

1(0,0,0) = max I(r, 0, 0), (7.11)

r>ag

or, after taking the square root of both parts,

2
apy =max{exp<——2)(r’”—a8’)}. (7.12)

r>agpn WO

Thus, we need to determine the maximal peripheral intensity, beyond the null.
Taking the derivative of the right part of Eq. (7.12) with respect to r yields an
equation for the radial coordinate r,,x of the maximal intensity:

21 — ) = mwgrn?. (7.13)

This equation can be solved only for small values m. However, we do not need to

solve it, since we are interested in ag rather than in rp,s. Expressing ag via rpy,, and
substituting it into Eq. (7.12), we get

2 2 2
mw, _ mw _ r
Fmo 0 7n 2 — 0 P 2 exp(— mz;x>’ (714)

max 9 max 9 max W
0

Division of both parts by (mw(z) / 2) -2 yields a simple equation:

max
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2
—& — 1 =exp(—%). (7.15)
m

with £ = (rmax/wo)?. Since for large m an approximate solution is & & m/2, we denote
&€ =m/2 + n and get

2
e 21— (7.16)
m
and, therefore,
~_ (7.17)
7 2 / m4e 2 '
Returning back to &, we obtain the solution
L) PO (7.18)
2 m / 24em/2 ) '

Thus, we get the singularities circle radius ag, for which the intensity in the center
and at the edge (near the dark spot) is nearly the same:

sz l/m
m 0_m—2
ap = (rmax - s ) , (7.19)
with
[+ ! (7.20)
7, = wq./ — —_— .
max 0 ) m/2 n e’”/2

Itis seen that the first two multipliers are equal to the maximal-intensity radius of a
single-ringed mth-order LG beam with the waist radius wy, while the third multiplier
tends to unit with growing number of singularities m. Shown in Fig. 7.2c.f are the
intensity distributions with the singularities circle radius obtained by Eq. (7.19).
These figures confirm that Eq. (7.19) allows making the intensities in the center and
in the periphery nearly equal.

In optical tweezers, the intensity distribution affects where the particles are
trapped. However, the motion of particles is governed by the spin and orbital angular
momenta.
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7.1.3 Spin Angular Momentum Density

In paraxial light fields, only the longitudinal component of the SAM vector can be
significant. It is equal to

S. = 2Im{E’E, }, (7.21)

Substituting here Eq. (7.5) for the light field, we get

S 2 <“°’>m ( 2r2)‘<¢)‘( ) (7.22)
, = —_— exp —_—— Sin(m Sin ng . .
T lglPwo \lgiwd lq1*w?

where Y = arctan(z/zp) is the Gouy phase.

It is seen from this expression that there are transverse planes where the SAM is
zero, i.e., polarization is linear. In these planes, sin(m{r) = 0, i.e., they are located at
the following distances [6, 7]:

np
z=ztan(22), (7.23)

m
with p =0, 1, ..., [m/2], where [.] means the integer part of a fractional number. In
other planes, the SAM is generally nonzero, but in each plane, it equals to zero at the
polar angles ¢, = np/m with p =0, ..., m — 1. Comparison of the expressions for

the SAM and for the intensity reveals that in an arbitrary transverse plane, the light
field has C-points, where polarization is circular [14, 15]. Equation S,(r, ¢,z) =
+I(r, ¢, z) leads to the following C-points coordinates:

r=aplql,

27p (7.24)
o ==y + m

where p = 0,.., m — 1. Thus, there are m points with right circular polarization (at
¢ = ¥ + 27wp/m) and m points with left circular polarization (at ¢ = — + 27mp/
m). It is seen that on propagation, C-points with right and left circular polarization
are rotated around the optical axis in opposite directions. When passing through the
planes given by Eq. (7.23), coordinates of these C-points coincide, they annihilate
each other and polarization becomes linear. Evolution of the C-points is illustrated
in Fig. 7.3.

Now we try to determine where the SAM achieves zero or maximal magnitudes.
If sin(mr) > 0 in Eq. (7.22), then the maximal and minimal SAM density is achieved,
respectively, at the polar angles ¢, = (0 + 4np)/(2m) and ¢, = (-t + 47p)/(2m)
withp =0, ..., m — 1, and these angles are independent of the propagation distance
and on the singularities circle radius ag. However, after passing the planes with
linear polarization and with the polarization singularities (Eq. 7.23), the angles of
the maximal and minimal SAM density are swapped. Differentiating Eq. (7.22) by
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Fig. 7.3 Evolution of the C-points in the light field (7.5). In the initial plane (a), polarization is
linear, i.e., opposite C-points reside in the same points and compensate each other. When starting
to propagate (b), C-points with right and left circular polarization rotate in the transverse plane

in opposite directions. When approaching the next plane with linear polarization (c¢), given by
Eq. (7.23), C-points with right and left circular polarization merge again

r yields that at a fixed propagation distance z and at the angles ¢,, maximal SAM
density is achieved on a circle with the radius

r=" (7.25)

This radius is /2 times smaller than the radius of maximal intensity of a single-
ringed mth-order LG beam. Substituting the radius from Eq. (7.25) into Eq. (7.22)
for the SAM, we get the maximal SAM density in a transverse plane at a distance z
from the initial plane:

2 ap/m " m\ .
S, = —— - ) 7.26
max 3, |q|2W0< o > eXp( 2)sm(im/f) (7.26)

Now, after obtaining the maximal SAM in each transverse plane, we find the
planes with where the SAM achieves the maximal value. For this plane, the following
condition should be fulfilled:

dz \ re

i (max SZ> =0, (7.27)

Substituting here the maximal SAM in the plane [Eq. (7.26)], we get

2N\ —1
i i (1 + 2—2) sin|:m arctan<£>:| } =0. (7.28)
0z %5 20

This equation leads us to the following distance zpmyy to the plane with the maximal
SAM:
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tan (m arctan (Zmax >> — Mo (7.29)
20 2Zmax

This equation can also be written in a short form via the Gouy phase ¥ ,,x of this
plane:

tan(Ymax) tan(mmax) = m/27 (7.30)

Both these equations indicate that the distance to the plane with maximal SAM
is independent of the radius of the singularities circle ay. These equations can be
solved analytically only for small values m. For instance, z = zo/s/2 atm = 1 and z
= z0/+/3 at m = 2. For larger values m, we try to estimate their solutions. Since

1 m m

VIt a2 e /02 ) £ 12 4G 20 )+ 1
(7.31)

Sin(Mmyrmay) =

we get the following expression for the SAM in the planes, where it achieves extreme
magnitudes:

e—m/2

()
Wo X 2w0 /) [1 4 Gmax/Z0)*][1 + /M) Gman/Z0)*] >
(7.32)

max S;(Z = Zymax) =
r.e

This expression indicates that in each such plane with locally maximal SAM, the
SAM achieves lower and lower magnitude, i.e., the strongest SAM is in the first plane
given by Eqgs. (7.29) and (7.30). The left and right parts of Eq. (7.29) are shown in
Fig. 7.4. The right part is always positive and decays hyperbolically. The left part
is a discontinuous function with the zeros in the points z;, = zo tan(mp/m) (p =0,
1, ...) and with the discontinuities in the points z , = zo tan(n(2p + 1)/(2m)) (p =
0, 1, ...). The roots of Eq. (7.29) are thus in the intervals [z;,, z2,]. On the other
hand, the left part of Eq. (7.30) grows slower than the function tan(m\r) without the
multiplier tan({r). Thus, the first root of Eq. (7.30) should be between the values Vs
= m'arctan(m/2) and the discontinuity ¥ = 1/(2m).

Thus, the first root of Eq. (7.29) is in the interval from z = zgtan[m ' arctan(m/2)]
to z = zo tan(7t/(2m)). In our work, we will use the average value

%0 arctan(m/2) 20 T
Zmax N Etan[T} +3 tan[%]. (7.33)

The Simulation section below confirms that this is a good approximation at m >
3.

We note that the SAM magnitude is different for different values ag. In two
extreme cases, when all the vortices merge in the center (ap = 0) and when they
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Fig. 7.4 Left and right parts 60
of Eq. (7.29) as functions of
Zlzpatm =9

——

wﬁ—JF

move to infinity (ap — 00) the SAM should be equal to zero. In the first case, the
light field reduces to a LG beam with mth-order cylindrical polarization which is
not destroyed on propagation and the field has inhomogeneous linear polarization
in an arbitrary transverse plane. In the second case, the superposition (7.5) consists
only of the fundamental Gaussian beam while the portion of the LG beam with mth-
order polarization vortex tends to zero. The Gaussian beam is linearly polarized and
therefore the SAM should tend to zero.

To derive the radius of the polarization singularities that yield the maximal SAM,
we should differentiate Eq. (7.26) by ay. Thus, we get

= () em 20

Ao, max ﬁ

At this value, the maximal SAM in an arbitrary transverse plane is then equal to

(7.34)

2 1 (m

mf2 my .
o T 5) exp(—E)Sm(l’m/f). (7.35)

nr],?ox S, (010 = aO,max) =

Applying the Stirling’s approximation m! ~ (27wm)"?(m/e)™ [16], we get

2 1 1 ) 2 1
< .
mwg gl* 2 /* 2m2m!/4 sinmy) = awg(2m) ! 2 2m! /4
(7.36)

n}?ax SZ (OlO = OlO,max) ~

This estimation indicates that the maximal achievable SAM decreases with
increasing number of the polarization singularities. We note that the linearly polarized
Gaussian beam in the whole field has the following initial intensity distribution

1 2m 2 2
Io(r, ¢, 0) = —<@> exp<—L2> (7.37)
Wo \wo Wi

and its energy fraction in the whole energy is
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[e.¢]
Wes = 27 /IGB(r, ©, 0)yrdr
0
7.38
oy R . . (7.38)
2w (ag 2r ap m! ap
=—|— exp| —— |rdr = — —+ | — .
Wo \ wo wg Wo om Wo
0
At the singularities circle radius from Eq. (7.34), this energy reduces to
1
Wag (a0 = ao.max) = 7 (7.39)

Thus, the maximal SAM density is achieved when the energy of the linearly
polarized Gaussian beam in the superposition (7.5) is equal to the energy of the
cylindrically polarized LG beam, i.e., equal to the half of the energy of the whole
light field.

7.1.4 Orbital Angular Momentum Density

In paraxial light fields, only the longitudinal component of the OAM vector can be
significant. It is equal to [17, 18]:

0E,  OE, } (7.40)

J. =Im|E* E
) {"8<p+”3¢>

Substituting here the light field from Eq. (7.5), we get

; 1 ( 2r? )
= m m exp o
T laPRwg W PR

m m _m

xlm{ (r" cosmg — a(')”qm)*% (r" cosmg — ag'q™) + (r" sinmp)” % (X" sinme) }
(741)

The second term is real and its imaginary part is zero. Then, the OAM density
reduces to

1 2r? .
J. = m exp(—m>lm{ (r" cosmep — a(’?q*’”) (—mrm sin m(p)}
0 0

= ( 2r2>("°r)m'(w>'< )
=——expl ——= || —= ) sin(my) sin(mg).
PR A AN
(7.42)



256 7 Hall Effect in Paraxial Laser Beams

It is seen that the OAM is equal to the SAM from Eq. (7.22), but multiplied by
—m/2.Itis in contrast with the conventional vortex beams with homogeneous circular
polarization, whose OAM exceeds SAM m of —m times.

7.1.5 Analogy with Plane Wave and Revealing
the Mechanism

According to Eq. (7.5), the light field includes two opposite-charge circularly polar-
ized LG beams. On propagation in free space, they rotate clockwise and counter-
clockwise. Thus, an angular analogue of standing wave is generated. This leads to
a natural question whether the above described effect can occur with the conven-
tional standing wave if it is composed of two plane waves that have opposite tilt to
the optical axis and opposite circular polarization. When superimposed with a plane
wave without the tilt, such a field has the following complex amplitude:

1 . ) 1 . . 1
E(x, y,2) = — exp(ik.x + ik;2) |: —i] + exp(—ikx + zkzz)|: ; ]

VWi
ao

. 1
Nud exp(ikz) |:O j| ,

where k2 + k2 = k? = (271/)»)2 and k, = kcos a with a being the tilt angle. The
multiplier ay defines the relative strength of the plane wave without the tilt. The field
(7.43) is of infinite energy, but to make the energy equal for different values ay, we
introduced the multiplier WI_I/ * with Wi =4+ aé (four scalar tilted plane waves
and one wave without the tilt and with the amplitude proportional to ag). It turns out
that, on propagation in space, such a field also acquires nonzero SAM density:

1
VW (7.43)
+

“ —4ap .
S.(x,y,2) = ZIm{ExEy} = ypn sin(k,x) sin[(k — k;)z]. (7.44)
a

2
0

Due to infinite energy, plane waves do not spread on propagation. Therefore, the
SAM density is repeated periodically and does not decay, in contrast to the realistic
finite-energy beam (7.5), whose SAM density decays.

It is seen in Eq. (7.44) that no matter how the beam without the tilt is polarized,
the nonzero SAM would not occur without the difference k — k,. Due to circular
polarizations, electric vectors of the tilted plane waves rotate, but in opposite direc-
tions. These rotations cancel each other and common polarization of tilted waves is
linear (Fig. 7.5a). Adding linearly polarized non-tilted beam changes polarization
direction, but leaves it linear in the initial plane, where all the waves are superim-
posed in phase. But on propagation, tilted waves become retarded compared to the
non-tilted wave (Fig. 7.5b). Thus, a phase delay appears between the tilted waves
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Fig. 7.5 Generating linearly polarized field in a superposition of two tilted plane waves with oppo-
site tilts and with opposite circular polarizations (a), generating nonzero SAM density in a super-
position of two tilted circularly polarized plane waves with a linearly polarized wave without the
tilt: Tilted waves acquire phase retard and polarization becomes elliptic

and non-tilted one. This delay means elliptic polarization. However, if the electric
field of the linearly polarized wave greatly exceeds or, vice versa, much weaker than
the electric field of tilted circularly polarized waves, than, despite the phase delay
between them, elliptic polarization is close to linear and the SAM density is small.
Thus, a question arises about the energies of the tilted waves and of the non-tilted
wave that leads to the maximal SAM. From Eq. (7.44) follows that the maximal
SAM magnitude is achieved at ap = 2. This means that the energy of the linearly
polarized wave is half of the energy of the whole superposition. Thus, we obtained
just the same result as for the field (7.5) with multiple polarization singularities: The
energy of the linearly polarized term should amount half the energy of the whole
field.

Elliptic polarization is not generated when the linear polarization of the two tilted
circularly polarized plane waves is parallel to linear polarization of the non-tilted
wave. Thus, according to Eq. (7.44), if k.x = ntp (p is an integer), then polarization
is linear. On the contrary, when these vectors are orthogonal, polarization is closest
to circular. This happen when cos(k,x) = 0. Thus, the maximal SAM magnitude of
the field (7.5) should be achieved when LG,, (7, ¢, 7) + LG_,, (7, ¢, 7) = 0,1.e., when
cos(mg) = 0. This occurs exactly at the above obtained polar angles ¢, = (&7 +
4ntp)/(2m) (p =0, ...,m—1).

The above explanation of the nonzero SAM also explains the proportionality
between the OAM and SAM densities. It has no special physical meaning, but it is a
consequence of the special-type complex amplitude (7.5). Indeed, the SAM density
is due to the phase delay between the terms ' sin(m ) and (apq)™, whereas the OAM
is contributed only by the E, component and it is due to the phase delay between the
terms 7" cos(me) and (apq)™. It can be shown that for an arbitrary vector light field
given by the following:
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(7.45)

Y (9A/3¢)e™

A(V, (p)ei\l—’(r) + B(r)eiX(r)
E(r,p,2) = [ ,

with A, B, ¥, X being real functions and with y being a real number, the SAM and
the OAM densities are equal to

S. =2yB(3dA/ d¢p) sin(¥ — X),

7.46
J. = B(0A/ d¢) sin(¥ — X). (7:49)

Thus, J, = S,/(2y). For the field (7.5), y = —m. That is why the OAM density in
Eq. (7.42) equals the SAM density (7.22) multiplied by (-m/2).

7.1.6 Simulation

Figure 7.6 depicts the initial intensity distributions of the light field (7.5) for several
orders m as well as the intensity and SAM density distributions on propagation in
space to the plane with the maximal SAM. The singularities circle radius ay was
chosen so as to equalize the intensities in the center and in the periphery, i.e., by
Eq. (7.19). The intensity distributions were obtained by Eq. (7.9), but were compared
with those obtained by the numerical Fresnel transform implemented as a convolution
with using the fast Fourier transform. All the figures looked identical. To make the
magnitudes of the order of units, all field components were multiplied by a constant
factor Cy = 3000.

The radii ap were computed by Eq. (7.19) to equalize the intensities in the center
and in the periphery. Circles on the SAM distributions (k—o) show the maximal SAM
radii obtained by Eq. (7.25). All quantities (maximal intensity and SAM magnitude)
are given in arbitrary units. Scale mark in each figure denotes 1 mm. Figure 7.6
confirms that the singularities circle radius computed by Eq. (7.19) allows equalizing
the beam intensity in the center and in the periphery. Figure 7.6 also confirms that
in the transverse plane the maximal SAM magnitude is achieved at a circle of the
radius given by Eq. (7.25), which is /2 times smaller than the radius of maximal
intensity of a single-ringed mth-order LG beam. If is also seen in Fig. 7.6 that the
transverse plane with the maximal SAM is closer and closer to the initial plane with
increasing number of singularities m. This is because this plane should be close than
the first transverse plane with linear polarizations, which is also closer and closer,
according to Eq. (7.23).

To verify the approximate expression (7.33) for finding the plane with the maximal
SAM, Fig. 7.7 illustrates the SAM dependence on the propagation distance for the
beams shown in Fig. 7.6. The SAM was computed by Eq. (7.26). Dots in the top of
each plot indicate the maximal SAM distance obtained by Eq. (7.33).

Figure 7.8 depicts the initial intensity distributions of the light field (7.5) as well
as the intensity and SAM density distributions on propagation in space to the plane
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Fig. 7.6 Intensity distributions in the initial plane (a—e) and at the maximal SAM distance (7.33)
(f=j), as well as SAM density distributions at the maximal SAM distance (k—o) for the following
parameters: wavelength A = 532 nm, Gaussian beam waist radius wp = 1 mm, number of the
polarization singularities in the initial plane m =4 (a, f, k), m =5 (b, g, 1),m =6 (¢, h,m),m =7
(d, i, n), m = 8 (e, j, 0), radius of the singularities circle ap = 828 pwm (a, f, k), ap = 942 pm (b, g,
1), ap = 1041 pwm (¢, h, m), ap = 1129 pm (d, i, n), ap = 1210 pm (e, j, 0), propagation distance is
7 =0.349z (a, f, k), z = 0.284z¢ (b, g, 1), z = 0.240z¢ (¢, h, m), z = 0.208z (d, i, n), z = 0.183z9

(e, j, 0)

Fig. 7.7 Maximal SAM for
several numbers of the
polarization singularities

m when the singularities
circle radius is chosen so as
to equalize the intensities in
the center and in the
periphery. Dots in the top of
each plot indicate the
maximal SAM distance
obtained by the approximate
formula (7.33)

A max SAM
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with the maximal SAM with all parameters being the same as in Fig. 7.6, but the
singularities circle radius is chosen so as to maximize the SAM density.

The radii ay were computed by Eq. (7.34) to maximize the SAM over all other radii
ay. Propagation distances were computed by Eq. (7.33) to maximize the SAM density.
Circles on the SAM distributions (k—0) show the maximal SAM radii obtained by
Eq. (7.25). All quantities (maximal intensity and SAM magnitude) are given in
arbitrary units. Scale mark in each figure denotes 1 mm. It is seen in Fig. 7.8 that
for each number of singularities m, the SAM density achieves magnitudes nearly 1.5
times higher than those in Fig. 7.6.

In addition, it is seen that the initial fields have the same maximal intensity inde-
pendently of m. This is because the maximal SAM is achieved, according to the
above theory, when the energy of the Gaussian beam is equal to the half of whole

—0.39 0.39 |-0.27 0.27 |-0.19 0.19 -0.13 0.13

Fig. 7.8 Intensity distributions in the initial plane (a—e) and at the maximal SAM distance (7.33)
(f-j), as well as SAM density distributions at the maximal SAM distance (k—o) for the following
parameters: wavelength A = 532 nm, Gaussian beam waist radius wy = 1 mm, number of the
polarization singularities in the initial plane m =4 (a, f, k), m =5 (b, g,1), m =6 (¢, h, m), m =
7 (d, i, n), m = 8 (e, j, 0), radius of the singularities circle ag = 1052 pm (a, f, k), ap = 1141 pm
(b, g, 1), ap = 1223 pm (¢, h, m), ap = 1300 pm (d, i, n), ap = 1371 pm (e, j, 0), propagation
distance is z = 0.349z9 (a, f, k), z = 0.284z¢ (b, g, 1), z = 0.240z¢ (c, h, m), z = 0.208z¢ (d, i, n),
7=10.183z9 (e, j, 0)
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max SAM

Fig. 7.9 Maximal SAM of the light field (7.5) at m = 6 for several values of the singularities circle
radius ap: ap = aomax given by Eq. (7.34) (curve E), ap = 0.8agmax (curve A), ap = 1.2a0max
(curve B), ap = 0.9a9,max (curve C), ag = 1.1ap max (curve D). Dashed line indicates the maximal
SAM distance obtained by the approximate formula (7.33), which is independent on ag

beam energy. The rest energy of the same amount goes into the light ring and the
intensity of this ring is weaker than the central intensity of the Gaussian beam. Thus,
the central part of the intensity patterns of all the beams in Fig. 7.8 is the Gaussian
beam of the same energy, i.e., of the same amplitude. That is why the central intensity
is the same.

Now we verify that indeed the singularities ring radius ay from Eq. (7.34) yields
the maximal SAM density over other radii. Figure 7.9 illustrates the longitudinal
SAM distributions of the light field (7.5) at ay given by Eq. (7.34) and at some other
values ag.

Figure 7.9 confirms that the maximal SAM is achieved at a¢ given by Eq. (7.34).

Finally, we compute the OAM density of the light field (7.5).

Figure 7.10 depicts the OAM density distributions of the light field shown in
Fig. 7.8. The OAM distributions look like inverted SAM distributions, but they were
obtained by a quite different way: by Eq. (7.40) where the angular derivative was
represented as 9/d¢ = xd/dy — yd/dx and was computed by using finite differences.

The radii ap were computed by Eq. (7.34) to maximize the SAM (and thus the
OAM) over all other radii ay. Propagation distances were computed by Eq. (7.33) to
maximize the SAM (OAM) density. All quantities are given in arbitrary units. Scale
mark in each figure denotes 1 mm. The maximal OAM magnitudes confirm that the
OAM exceeds the SAM —m/2 times.

We investigated paraxial light beams with multiple polarization singularities
residing evenly on a circle (singularities circle) [19]. In the initial plane, polarization
of such light beam is linear in all points, and the beam has zero spin and orbital
angular momenta (SAM and OAM). When such a beam is propagating in free space,
there are several transverse planes where polarization is also linear and polarization
singularities occur. However, between such planes, polarization is, in general, elliptic,
and there are alternating areas with the positive and negative SAM, i.e., the spin Hall
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Fig. 7.10 Distributions of the OAM density of the light field (7.5) at the maximal SAM distance
(7.33) for the following parameters: wavelength A = 532 nm, Gaussian beam waist radius wy =
1 mm, number of the polarization singularities in the initial plane m = 4 (a), m = 5 (b), m = 6 (c),
m =17 (d), m = 8 (e), radius of the singularities circle ag = 1052 pwm (a), ap = 1141 pm (b), ap =
1223 pum (c), ap = 1300 pm (d), ap = 1371 pm (e), propagation distance is z = 0.349z¢ (a), z =
0.284z¢ (b), z = 0.240z¢ (c), z = 0.208z¢ (d), z = 0.183z0 (e)

effect arises. We found the intensity distribution and obtained an approximate expres-
sion [Egs. (7.19) and (7.20)] for the singularities circle radius, when the intensity in
the center and on the beam edge is nearly equal. In this case, radius of the maximal
intensity in the beam edge tends (with increasing number of singularities m) to the
maximal-intensity radius of the single-ringed Laguerre-Gaussian (LG) beam. When
the beam propagates, in each transverse plane, the maximal SAM density magni-
tudes are achieved in 2m points (m points of maximal SAM density and m points of
minimal SAM density) on a ring with a radius independent on the singularities circle
radius. It turns out that this maximal SAM radius is equal to the half of the Gaussian
beam radius multiplied by the square root from the number of singularities (i.e., /2
times smaller than the radius of maximal intensity of a single-ringed mth-order LG
beam). In each transverse plane, there are 2m C-points with circular polarization (m
points with left polarization and m points with right polarization). These points reside
on a circle with a radius proportional to that of the singularities circle. We obtained
an approximate expression [Eq. (7.33)] for the propagation distance where the SAM
density achieves maximal magnitudes. It turned out that this distance is independent
of the singularities circle radius and is shorter than the distance to the first transverse
plane with linear polarization and polarization singularities. We derived an exact
expression [Eq. (7.34)] for the singularities circle radius that maximizes the SAM
density. It turns out that the maximal achievable SAM density decreases with the
number of singularities m. In addition, for the beam with the maximal SAM density
and for the beam with equal intensities in the center and in the edge, the singularities
circle radius is different. The investigated light beam is actually a superposition of
a LG beam with cylindrical polarization and of a linearly polarized Gaussian beam.
It turns out that the maximal SAM density can be achieved when the energy of the
Gaussian beam is equal to the half of the whole beam energy, i.e., to the energy of
the LG beam.

We also obtained an expression for the OAM density [Eq. (7.42)]. It is propor-
tional to the SAM density and exceeds it —m/2 times, which is in contrast to the
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conventional vortex beam with circular polarization, whose OAM density exceeds
the SAM density + m times. We considered a simple analogy of the investigated
beams — superpositions of three plane waves. Two waves are tilted and circularly
polarized, and the third wave is non-tilted and linearly polarized. We found that in
such simple field, the spin Hall effect also arises, and this reveals its physical mecha-
nism. This effect arises due to the phase delay between the tilted waves and non-tilted
wave on propagation. The same way, for the studied vector light with multiple polar-
ization singularities, the spin Hall effect arises due to different divergence of the
cylindrically polarized LG beam and of the linearly polarized Gaussian beam.

7.2 Spin Hall Effect in Paraxial Vectorial Light Beams
with an Infinite Number of Polarization Singularities

Properties of light beams, and, in particular, optical vortices, can differ in near and
in far field of diffraction. For instance, in [20], fractional-order optical vortices are
studied in the near field. Such vortices contain chains of alternating & 1st-order
vortices, which disappear in the far field. As was demonstrated in [21], an optical
vortex generated by a refractive spiral phase plate has an asymmetric shape in the
Fresnel diffraction zone. The work [22] investigated near-field diffraction of a Gaus-
sian beam by fork gratings with different topological charges, and it was found that the
generated optical vortices reside on spiral lines around the £ 1st diffraction orders.
In the far field of diffraction, transformation was found of the initially fractional
topological charge [23, 24]. In addition, in the far field (in the lens focus) of optical
vortices, spin Hall effect arises [25, 26], i.e., alternating pairs of areas are generated
in the focus with left and right circular polarization, despite linear polarization of the
initial beam. This effect was discovered both for homogeneous linear polarization of
the initial field [27] and for inhomogeneous one (cylindrical) [28].

A natural generalization of a vortex light beam is a beam with several vortices.
A seminal work with multiple vortices [1] investigates Gaussian beams with optical
vortices located in the transverse plane arbitrarily. These beams are described by
finite products with the number of multipliers equal to the number of vortices. The
work [2] describes in a closed form propagation-invariant light fields with an arbitrary
envelope analytical function, whose zeros define positions of vortices in the beam.
Based on [1], a light field can be constructed that has phase singularities residing
on a circle [29]. In our paper [7], we investigated similar field, but with polarization
singularities on a circle. Recently, we found that the spin Hall effect also arises in
such fields [19], but even in the Fresnel diffraction zone, rather than in the far field.

Besides the finite number of optical vortices, the approach from [2] allows
obtaining a light field with an infinite array of optical vortices, residing on a straight
line [30]. Such fields have an infinite topological charge [31], can be generated
by non-coaxial superposition of two-tilted Gaussian beams [32], and identified by
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optical vortices density, rather than by the topological charge, which can be measured
interferometrically [30].

In this section, we study a vectorial Gaussian beam where, instead of phase singu-
larities, an infinite number of polarization singularities resides on a straight line. The
polarization singularities index (Poincaré-Hopfindex) [3, 33] of such abeam is shown
to be also infinite. We found that the azimuthal angle of the polarization singularities
[4] increases in the far field by m/2, i.e., initial radial polarization is converted to
azimuthal and vice versa. It is demonstrated that when such a beam propagates in
space, two pairs of areas are generated in the Fresnel zone with nonzero density of
the longitudinal component of the spin angular momentum (SAM), despite linear
polarization in the initial plane, i.e., the optical spin Hall effect arises.

7.2.1 Paraxial Light Fields with an Infinite Number of Phase
or Polarization Singularities

In [2], the following solution to the paraxial Helmholtz equation has been obtained

(Eq. (17) in [2]):
2 ip
E(r,9,2) = lexp(—r—z)f(re ) (7.47)
q qws J' \awo

where (7, ¢, z) are the cylindrical coordinates, wy is the waist radius of the Gaussian
beam, ¢ = 1 + iz/zp, and f(§) is an arbitrary entire analytical function. The field (1)
does not change its intensity structure on propagation in space. It is only widened
lgl = [1 + (z/20)]"? times and rotated around the optical axis by an angle arg ¢ =
arctan(z/zo).

This general expression allows obtaining a solution of the paraxial Helmholtz
equation with and infinite or with a finite number of optical vortices. For instance, if
f(E) = cos(wo€/ayp), then the vortices reside evenly along a straight line [30]:

1 r? re'?
E(r,¢,z) = —exp| ——— ] cos . (7.48)
q

AL Qoq

This field is an example of light fields with an infinite topological charge [31]. In
the initial plane of such a field, optical vortices reside in points with the Cartesian
coordinates x, = ay(7/2 + 1p), y = 0 with p being integer numbers.

It has long been known [5] that cylindrical polarization can be represented as a
superposition of & Ist-order optical vortices with opposite circular polarization. For
the Jones vectors, such representation can be written as follows:

|:cos(<p + 5)i|

Ventiowinf 1YLl (1
sinp +8) | — 2 PUe T '5)(—1') + 5 exp(—ig — 16)< ; ) (7.49)

2 2
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where § is the azimuthal angle of cylindrical polarization [4] (if 8 = 0 or if § = 7/
2, polarization is, respectively, radial or azimuthal). Then, if we use the same Jones
vectors, but instead of the multipliers ¢’? and e~'® we substitute the field (7.48) with
the cosine argument re’® and re™®, respectively, we construct a vector field with an
infinite number of the polarization singularities:

1 ( x>+ y2)
exp| —
2g/ Wy qw(z,

Jomosn(22) (1) romcmen(22) ()]
oopq —1 ®oqg l

where (x, y) are the Cartesian coordinates in the transverse plane and W is a multiplier
introduced for normalizing the beam energy (i.e., in order to make it equal to unit).
This multiplier can be obtained from an expression for the energy of the scalar field
(7.48) [30]:

E(x,y,2) =
(7.50)

2 2
Wy = 220 cosh<w—°2> (7.51)
2 20y

Superposition (7.50) consists of two beams. Upon propagation in space, one of
them is rotated clockwise and another—counterclockwise. For a compact description
of such propagation, we introduce two rotated coordinate systems (Fig. 7.11):

{xi = (xcos ¢ £ ysiny) / (aolgl), (7.52)

y+ = (yeos ¥ Fxsiny) / (aolgl),

with ¢ = arctan(z/zo) being the Gouy phase.

Fig. 7.11 Coordinate A
systems (x+, y+) and (x_, y-) v

Y
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Then the complex amplitude (7.50) can be rewritten as follows:

1 ( x2 + y2 )
exp| —
2g/ Wy qw(z)

X [exp(i&) cos(x4 + iy4+) ( _1 ) + exp(—id) cos(x_ —iy_) ( ! )],

i i

E(x,y.2) =
(7.53)

or in a matrix form

E(x,y,2) = ! exp(—x2 +2yz>[0986 _Sina}[ 1. I.MCOS()C+ * l:y+)]
2g/'Wy qw; sinéd cosd —i i [[cos(x_ —iy-)
(7.54)
where the matrix
S=|:1.1.:| (7.55)
—ii

converts phase singularities (optical vortices) into polarization singularities (radial
polarization), while the matrix

cosd —sind
R=| (7.56)
sind cosé
rotates the strength vectors by the azimuthal angle 3.
As seen from the matrix representation, the azimuthal angle 3 of cylindrical polar-
ization does not affect the intensity distribution in an arbitrary transverse plane. In
the initial plane, polarization is linear in each point. Adopting an approach from [34],

we can derive the polarization singularities index (Poincaré-Hopf index) [33] of the
field (7.50). It is equal to the topological charge of the following scalar complex field:

8 2 2 .
E.=E, +iE, = — exp(—x +2y ) cos(x + ’y>, (1.57)
qv'Wo qwy aoq

In [30], the topological charge of such scalar fields was shown to be infinite, and
therefore the Poincaré-Hopf index of the vector field (7.50) is also infinite.

7.2.2 Intensity Nulls of Light Fields with an Infinite Number
of Polarization Singularities

Here we obtain the intensity nulls of the field (7.50). Since the determinants of both
matrices are nonzero, for the zero intensity in some point, the following conditions
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should be fulfilled:
o S0 6
Both real and imaginary parts should be zero and thus we get
cosx; coshy, =0,
sinx; sinhy; =0, (7.59)

cosx_coshy_ =0,

sinx_sinhy_ = 0.

The hyperbolic cosine cannot be zero. Thus, from the 1st and 3rd equation in
(7.59) we get that cos x, = cos x_ = 0. This means that sin y, 7 0 and sin x_ # 0
and, therefore,

cosxy =0,
= 07
T (7.60)
cosx_ =0,
y-=0.

Since y, = y_ = 0, we get that y cos ¥ = x sin ¢ = 0. In the initial plane, ¥ =
0, and thus the intensity nulls reside in points with the coordinates

{x:ao(n/Z—i—np),

7.61
y=0. (7.61)

In the far field, 1+ — 7/2, and the intensity nulls reside on the vertical axis in
points with the coordinates

o (7.62)

{y = aolql(w /2 + 7p),
For finite distances z, cos ¥ #% 0 and sin ¢ # 0. Therefore, conditions (7.60) cannot
be fulfilled and the field (7.50) does not have the intensity nulls.
Now we consider vicinities of the intensity nulls in the far field, i.e., points with
the coordinates

X = pcoso,
{ P (7.63)

y = aolgl(m /2 + mp) + psind,
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with p < < ag, wo. Since ¥ — 7/2 in the far field, then in these points the rotated
coordinates (7.52) read as

{x:t =+(n /24 7p) £ psind / (algl). a6

y+ = Fpcosb [ (alql).

Therefore, xp + iyx ~ +(7/2+7mp) — ipe*™ [(aolgl), cos(xs £iyy) ~
i(—l)”i,oei’p/ (a0lgl), and the field amplitude is equal to:

E(pcos6, aplgl(m/2 + mp) + psinb, z >> zp)

1 ip ( a§|q|2)[ L (1) . (1)]
~ (=17 exp| — exp(ié + i0 ) —exp(—is — i) .
( )Zq e aoldl p e P N\ p( ;

. 1 »p exp(_aélqlz) (Cos(0 +8+ 71/2))
qv/Wo @olgl qw} sin@ +8 +m/2) )

(7.65)

This means that the azimuthal angle 3 in the far field increases by /2, i.e., radial
polarization is converted to azimuthal and vice versa.

7.2.3 Intensity and Spin Angular Momentum Density
Distribution of Light Fields with an Infinite Number
of Polarization Singularities

The intensity distribution of the field (7.50) is given by the following:

2
1(x,y,2) = |[Ex(x,y, 2)* + |Ey(x, 3, 2)| =

1 x* +y?
= ———exp| —2——5—5 |(cos 2xy + cos 2x_ + cosh 2y, + cosh2y_),
41q|"Wo lg|"wg

(7.66)
Derivation of the intensity distribution (7.66). Since the azimuthal angle § of

cylindrical polarization does not affect the intensity distribution, we suppose for
simplicity that 8 = 0. Then, transverse field components are given by the following:

E.(x,y,2) : <x2+y2>[ (4 + iy4) + cos( y-)]
X, ¥, 2) = exp| ———— J|cos(xy +1y4 cos(x— —1y_)|,
' 2g/Wo qw5

—i X2+y2
E,(x,y,2) = exp| — cos(xy + i —cos(x_ —iy_)/|,
(X, Y, 2) N p( v )[ (s +ivy) ( y)]

(7.67)



7.2 Spin Hall Effect in Paraxial Vectorial Light Beams with an Infinite ... 269

and the intensity distribution is

2
1(x,y,2) = |[Ex(x,y, 2 + |Ey(x. 3, 2)| =
2 2

1 ( x4y ) o s (7.68)
= ——exp| -2 |cos(xy + iy4)|” + |cos(x— — iy_)|*|.
2Wolql? w3 [leoste + . ]

Using an identity cos(x + iy) = cosx coshy — i sin x sinh y, we get

1 x? +y
I1(x,y,2) = — exp(— )
2Wolgl? lq*w}

X [cos2 x, cosh? y, + sin x, sinh? y, + cos®x_ cosh? y_ + sin” x_ sinh® y_].
(7.69)

Finally, using the formulae for trigonometric and hyperbolic functions with a
double argument, we obtain an expression for the intensity distribution (7.66):

I ) 1 ( x +y? )
X,y,2) = —5 eXp
4Wolql* lg|*w? (7.70)

X [cos 2x, 4 cos2x_ + cosh 2y, + cosh 2y,].

The same way we can derive the distribution of the longitudinal component of
the SAM density:

1
S.(xX,y,2) = ——— exp<—2¢>(cos 2x_ 4 cosh2y_ — cos2x; — cosh2y,).
41g1"Wo olal?

(7.71)

Hence, both the SAM density and intensity distributions are independent of the
azimuthal angle 3 of cylindrical polarization. These expressions allow obtaining the
coordinates of C-points of the field (7.50). For instance, right circular polarization
appears in points where S, = I. In these points, cos 2x, 4cosh 2y, = 0 and, therefore,
cos 2x, = —1 and cosh 2y, = 1, i.e.,y, =0 and x, = (n/2)(2p + 1), with p being
an integer number. Then the coordinates of the C-points are as follows:

("RCP) = —ao|q|<1 +2 )(""“”) (7.72)
YRCP ny

Similarly, left circular polarization appears in points with S, = —I. Coordinates
of these points are equal to

(’“LC") Zaolal(1 +2 >< cos ¥ ) (7.73)

YLCP sin ¥
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Fig. 7.12 Mechanism of destruction of the polarization singularities after the initial plane and of

their reconstruction in the far field. In the initial plane, points with left and right circular polarization
coincide (a). Then, on propagation, they rotate around the optical axis in different directions (b) and
in the far field they merge again (c)

=S

The dynamics of the C-points explains destroying the polarization singularities
after the initial plane and their reconstruction in the far field (Fig. 7.12). Due to
the splitting of left and right circular polarization, the beam (7.50) acquires nonzero
SAM density upon propagation, and appearing areas with alternating SAM density
manifests about the spin Hall effect.

We failed to derive exact expressions for the points of maximal SAM density.
However, expressions (7.66) and (7.71) are simplified when wg >> «¢. Indeed, using
identities for the sums and differences of trigonometric and hyperbolic functions, we
get

1 X +y?
106 y,2) = ——— exp<—2—>
2lq1*Wo lq*w}

2x cos Y 2y sin Y 2x sin Y 2y cos Y
x| cos| ——— ) cos|{ ——— | + cosh cosh{ —— ) |,
ool aolgl aolgl aolgl

(7.74)

1 X2 +y?
S (X, ,2) = ——5— exp(—Z—)
) 21q1*Wo wilgl*

. (2xcosyr\ . [(2ysiny . 2xsiny\ . 2y cos
x| sin[ ——— | sin + sinh sinh{ — ) |.
aolql aolql aolql aolql

(7.75)

Products of two trigonometric or hyperbolic functions can be represented as a
sum of four exponents. Thus, Egs. (7.66) and (7.71) contain eight exponential terms.
The first four terms do not exceed the value (8IqI2W0)’1 , whereas the other four terms
describe off-axis Gaussian beams:
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x2+y2>ex <i2xsin1ﬂ N 2ysinw> _

1
GBii(x,y,20) = —— exp(—z
8lqI*Wo

wilgl® aolql aolql
1 { -2 5 by W
= exp =X x)  + O —ye) |+ 51>
8lgI*Wo w%|q|2[ | 205
(7.76)
with
2
Xe+r == 20|CI| sin v,
. (7.77)
walql
Ver == cos
20[()

These terms achieve values (8lgI> W)™ exp[(wo/org)?/2]. Thus, if wy > > ag, the
first four terms can be neglected. Then the intensity and the SAM density (7.47) are
equal to the intensity of the four Gaussian beams:

I(x,y,2) =GB, + GB__ + GB,_ + GB_,, (7.78)

S.(x,y,z) = GB4, + GB__ — GB,_ — GB_,.. (7.79)

If these four beams are far enough from each other (i.e., lxcy — xc_| >> wolgl, lyes —
Vel >> wylgl), then these terms almost do not affect each other and, obviously, the
points with the maximal SAM density coincide with the points of maximal intensity.
In this case, the dependence of the maximal SAM density on the propagation distance
Z is given by

max S, (x, v, 2) L . (W‘%) (7.80)
xS.(x,y,7) & ———exp| —= ). .
YO g rw, TP\ 207

Hence, the SAM density decreases with the propagation distance from the initial
plane in a similar law as does the intensity in the Gaussian beam center. However,
polarization is everywhere linear in the initial plane, i.e., the maximal SAM density
is zero. This means that it at first increases near the initial plane and then, when
the Gaussian beams are split, begins to decrease, i.e., the maximal SAM density is
achieved in the near field of diffraction.
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7.2.4 Identification of Light Fields with an Infinite Number
of Polarization Singularities

In our work [30], we studied an analogy between scalar fields with an infinite topo-
logical charge and conventional circularly symmetric optical vortices. Similarly, we
can consider circular fields with cylindrical polarization and fields with an infinite
number of polarization singularities. We suppose that a field with cylindrical polar-
ization is composed of two circularly polarized single-ringed LG beams with opposite
topological charges:

r\" r? . 1 r\" r? . 1
E(, ¢,0) = (—) exp(——2 + zm<p>< ) + (—) exp(——2 — zm<p)( >
wo Wy —1 wo wo 1
(Y B r_2 cos(m<p):|
- 2<w()> exp( w%) |: sin(mg) |’

where (7, @) are the polar coordinates. Such a field can be easily identified using a
polarizer. If it transmits only one polarization, then a multi-petal intensity distribu-
tion is obtained, which allows determining the order of cylindrical polarization by
counting the petals (Fig. 7.13a, b).

Similarly, registering the intensity of only one transverse component of the field
(7.50) allows determining the density of polarization singularities. Indeed, in the
initial plane, the field (7.50) can be written as follows:

wg
E.(x,y,0) = 2\/_ exp( —)
x{exp|: x2+(y +W0/(20!o)) :| +exp|: + (- wo/(Zoto)) :Hcos(i).
Wo Wo Qo

(7.82)

(7.81)

Fig. 7.13 Intensity distribution of the E, component of two beams with cylindrical polarization
(7.81) in the initial plane at m = 3 (a) and at m = 7 (b), as well of two beams with an infinite number
of polarization singularities (7.50) at a different singularities density: ag = wo/5 (¢) and cg = wo/

10 (d)
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Fig. 7.14 Intensity distributions of two beams (7.50) in the initial plane (a, ¢) and the logarithm
of this distribution (b, d), as well as the polarization directions (green arrows) for the following
parameters: wavelength A = 532 nm, Gaussian beam waist radius wy = 1 mm, the distance between
the polarization singularities T = mwo/2 ~ 1.57 mm (a, b) and teg = Twp/S ~ 0.63 mm (c, d)

Hence, the intensity distribution of the x-component has vertical zero-intensity
lines, whose frequency allows determining the density of polarization singularities
(Fig. 7.13c,d).

7.2.5 Numerical Simulation

Shown in Fig. 7.14 are intensity distributions of two beams (7.50) (with a different
distance between the polarization singularities) in the initial plane in uniform and
in logarithmic color scale, as well as polarization directions. The intensity distri-
butions were computed as I(r, ¢, 0) = IE(r, ¢, O + |E,(r, ¢, 0)* with using
Eq. (7.50), whereas the logarithmic distribution was computed as In(10~'® 4 I(r, ¢, 0)
/max I(r, ¢, 0)), where the constant 107!8 was introduced for avoiding the logarithm
of zero in points with zero intensity. Polarization directions were computed by the
formula arg(E(r, @, 0) + iE, (7, ¢, 0)).

As seenin Fig. 7.14, the intensity distribution has a shape of two light spots located
symmetrically relative to the horizontal coordinate axis, and there are polarization
singularities with radial polarization, residing periodically on this axis. Due to the
low intensity, they are not visible, but they can be seen on the intensity distribution
in logarithmic color scale.

Figure 7.15 illustrates the intensity and SAM density distributions of the vector
beam from Fig. 7.14c, d in several transverse planes.

White dots on the SAM density distributions indicate the positions of maxima,
obtained by Eq. (7.77). The numbers near the color scales denote the minimal and
maximal values. According to Fig. 7.15, both light spots split, each into two spots,
one of which shifts to the left and the other shifts to the right. It is also seen that
the maximal SAM density decreases upon propagation, which is consistent with
Eq. (7.80).

Figure 7.16 depicts the intensity and SAM density distributions of the vector
beam from Fig. 7.14a, b in several transverse planes. In contrast to Fig. 7.14c, d,
light spots in Fig. 7.14a, b are closer to each other and, thus, they do not split so
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Fig. 7.15 Intensity (a—e) and SAM density (f—j) distributions of the beam (7.50) from Fig. 7.14c¢,
d in several transverse planes for the following parameters: wavelength A = 532 nm, Gaussian
beam waist radius wg = 1 mm, the distance between the polarization singularities oo = twp/S ~
0.63 mm, propagation distances from the initial plane z = zp/4 (a, f), z = zo/2 (b, g), z = zo (¢, h),
7z =220 (d, i), z = 5z0 (e, j)

fast upon propagation into spots with left and right circular polarization, compared
to Fig. 7.15. Therefore, maximal SAM density in Fig. 7.15 decreases immediately
from z = zp/4 till z = 5z, whereas in Fig. 7.16 it at first increases at distances up to
Z = zo/2 and then decreases. The dependence of the maximal SAM density on the
propagation distance is illustrated in Fig. 7.17.

Figure 7.17 reveals that the maximal SAM density is achieved closer and close to
the initial plane, when the distance between the polarization singularities decreases.
This effect has a physical explanation since, as seen from Eq. (7.50), decreasing
value « leads not only to moving the light spots away from each other, but also
to increasing space frequency along the axis y. Therefore, with decreasing o, each
light spot splits into two spots with opposite circular polarization faster.

In this section, we have constructed a vector Gaussian beam with an infinite
number of polarization singularities residing on a straight line [35]. For such a beam,
the intensity distribution was derived analytically and it turned out that the polariza-
tion singularities appear only in the initial plane and in the far field. We found that the
polarization singularities index (Poincaré-Hopf index) is infinite. After propagation
from the initial plane to the far field, the azimuthal angle of polarization singulari-
ties increases by m/2, i.e., initial radial polarization is converted into azimuthal and
vice versa. We obtained a distribution of the longitudinal component of the spin
angular momentum density. Similarly to the intensity distribution, it is indepen-
dent of the azimuthal angle of polarization singularities. When such a vectorial field
propagates in free space, an infinite number of C-points appears, where polariza-
tion is circular. The distance to the transverse plane with the maximal spin angular
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Fig. 7.16 Intensity (a—e) and SAM density (f—j) distributions of the beam (7.50) from Fig. 7.14a,
b in several transverse planes for the following parameters: wavelength A = 532 nm, Gaussian
beam waist radius wp = 1 mm, the distance between the polarization singularities g = Ttwp/2
~ 1.57 mm, propagation distances from the initial plane z = zo/4 (a, ), z = z0/2 (b, g), z = 20 (¢,
h), z = 2z¢ (d, i), z = 5z¢ (e, j). White dots in the SAM density distributions denote the positions
of maxima computed by Eq. (7.77). The numbers near the color scales denote the minimal and
maximal values

Fig. 7.17 Dependence of (a)| Amax 7, max S,
the maximal intensity and of )
the maximal SAM density on
the propagation distance for 2.0
the distance between the
polarization singularities 0.0
: ——
equal to g = Twp/2 & 0 1 2 3 4 5 zlz,
1.57 mm (a), Tag = twe/S (b)| Amax 7, max S.
~ 0.63 mm (b), Ty = TTwo/
10~ 0.31 mm (c)
2.0
0.0 >
0 1 2 3 4 5 zlz,

(c) | Amax /, max S,

2.0

0.0 1 2 3 4 5 20
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momentum density decreases with decreasing the distance between the polarization
singularities in the initial plane. Generation of alternating areas with left and right
circular polarization, despite linear polarization in the initial plane, manifests about
the optical spin Hall effect. Application areas of the results obtained are designing
micromachines for optical driving microscopic objects. The SAM causes particles
to rotate around their centers of mass and engineering the SAM density distribution
of the studied light field can allow simultaneous manipulating an ensemble of four
particles. Another application is optical information transmission where the density
of polarization singularities can be used for encoding the data.

References

—

. G. Indebetouw, Optical Vortices and Their Propagation. J. Mod. Optic. 40, 73-87 (1993)
2. E.G. Abramochkin, V.G. Volostnikov, Spiral-type beams. Opt. Commun.Commun. 102, 336
(1993)
3. Q. Wang, C.H. Tu, Y.N. Li, H.T. Wang, Polarization singularities: progress, fundamental
physics, and prospects. APL Photonics 6, 040901 (2021)
4. Q. Zhan, Cylindrical vector beams: from mathematical concepts to applications. Adv. Opt.
Photon. 1, 1-57 (2009)
5. S.C. Tidwell, D.H. Ford, W.D. Kimura, Generating radially polarized beams interferometri-
cally. Appl. Opt. 29, 2234-2239 (1990)
6. A.A. Kovalev, V.V. Kotlyar, Gaussian beams with multiple polarization singularities. Opt.
Commun.Commun. 423, 111-120 (2018)
7. A.A.Kovalev, V.V. Kotlyar, Tailoring polarization singularities in a Gaussian beam with locally
linear polarization. Opt. Lett. 43, 3084-3087 (2018)
8. H. Wang, C.C. Wojcik, S. Fan, Topological spin defects of light. Optica 9, 1417-1423 (2022)
9. A.Kavokin, G. Malpuech, M. Glazov, Optical Spin Hall Effect. Phys. Rev. Lett. 95(13), 136601
(2005)
10. M. Kim, D. Lee, T.H. Kim, Y. Yang, H.J. Park, J. Rho, Observation of enhanced optical spin
Hall effect in a vertical hyperbolic metamaterial. ACS Photonics 6, 2530-2536 (2019)
11. M. Kim, D. Lee, B. Ko, J. Rho, Diffraction-induced enhancement of optical spin Hall effect in
a dielectric grating. APL Photonics 5, 066106 (2020)
12. S.S. Stafeev, A.G. Nalimov, A.A. Kovalev, V.D. Zaitsev, V.V. Kotlyar, Circular polarization
near the tight focus of linearly polarized light. Photonics 9, 196 (2022)
13. M. Dienerowitz, M. Mazilu, P.J. Reece, T.F. Krauss, K. Dholakia, Optical vortex trap for
resonant confinement of metal nanoparticles. Opt. Express 16, 4991-4999 (2008)
14. F. Cardano, E. Karimi, L. Marrucci, C. de Lisio, E. Santamato, Generation and dynamics of
optical beams with polarization singularities. Opt. Express 21, 8815-8820 (2013)
15. M.R. Dennis, Polarization singularities in paraxial vector fields: morphology and statistics.
Opt. Commun.Commun. 213, 201-221 (2002)
16. H.A. Robbins, Remark on Stirling’s Formula. Am. Math. Mon. 62, 26-29 (1955)
17. M.V. Berry, M.R. Jeffrey, M. Mansuripur, Orbital and spin angular momentum in conical
diffraction. J. Opt. A Pure Appl. Opt. 7, 685-690 (2005)
18. M.V.Berry, W. Liu, No general relation between phase vortices and orbital angular momentum.
J. Phys. A: Math. Theor. 55, 374001 (2022)
19. A.A. Kovalev, V.V. Kotlyar, S.S. Stafeev, Spin hall effect in the paraxial light beams with
multiple polarization singularities. Micromachines 14, 777 (2023)
20. S. Matta, P. Vayalamkuzhi, N.K. Viswanathan, Study of fractional optical vortex beam in the
near-field. Opt. Commun.Commun. 475, 126268 (2020)



References 277

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

V.V. Kotlyar, A.A. Kovalev, S.S. Stafeev, A.G. Nalimov, An asymmetric optical vortex
generated by a spiral refractive plate. J. Opt. 15, 025712 (2013)

D.A. Ikonnikov, S.A. Myslivets, V.G. Arkhipkin, A.M. Vyunishev, Near-field evolution of
optical vortices and their spatial ordering behind a fork-shaped grating. Photonics 10, 469
(2023)

A.J. Jesus-Silva, E.J.S. Fonseca, J.M. Hickmann, Study of the birth of a vortex at Fraunhofer
zone. Opt. Lett. 37, 4552 (2012)

J. Wen, L. Wang, X. Yang, J. Zhang, S. Zhu, Vortex strength and beam propagation factor of
fractional vortex beams. Opt. Express 27, 5893 (2019)

S. Liu, S. Chen, S. Wen, H. Luo, Photonics spin hall effect: fundamentals and emergent
applications. Opto-Electr. Sci. 1, 220007 (2022)

S. Liu, S. Qi, Y. Li, B. Wei, P. Li, J. Zhao, Controllable oscillated spin Hall effect of Bessel
beam realized by liquid crystal Pancharatnam-Berry phase elements. Light. Sci. Appl. 11, 219
(2022)

V.V. Kotlyar, A.A. Kovalev, E.S. Kozlova, A.M. Telegin, Hall effect at the focus of an optical
vortex with linear polarization. Micromachines 14, 788 (2023)

A.A. Kovalev, V.V. Kotlyar, Spin hall effect of double-index cylindrical vector beams in a tight
focus. Micromachines 14, 494 (2023)

M.R. Dennis, Rows of optical vortices from elliptically perturbing a high-order beam. Opt.
Lett. 31, 1325-1327 (2006)

A.A. Kovalev, V.V. Kotlyar, Propagation-invariant laser beams with an array of phase
singularities. Phys. Rev. A 103, 063502 (2021)

M.V. Berry, Optical vortices evolving from helicoidal integer and fractional phase steps. J. Opt.
A Pure Appl. Opt. 6, 259-268 (2004)

P. Vaity, A. Aadhi, R.P. Singh, Formation of optical vortices through superposition of two
Gaussian beams. Appl. Optics 52, 6652—-6656 (2013)

1. Freund, Polarization singularity indices in Gaussian laser beams. Opt. Commun.Commun.
201, 251-270 (2002)

V.V. Kotlyar, A.A. Kovalev, S.S. Stafeev, A.G. Nalimov, S. Rasouli, Tightly focusing vector
beams containing V-point polarization singularities. Opt. Las. Tech. 145, 107479 (2022)
A.A. Kovalev, V.V. Kotlyar, A.G. Nalimov, Spin hall effect in paraxial vectorial light beams
with an infinite number of polarization singularities. Micromachines 14, 1470 (2023)



Conclusion

In this book, using the example of some laser beams with inhomogeneous polariza-
tion, it is shown that in a sharp focus (focus size 1-3 microns for visible light), under
certain conditions, subwavelength regions can form, in some of which the light has
left elliptical polarization, and in some—right (spin Hall effect). In this case, almost
in the same areas at the focus, there is a transverse flux of light energy. In some
of them, the energy rotates clockwise, and in some—counterclockwise (orbital Hall
effect). Below, for definiteness, we list several specific light fields for which the Hall
effect takes place.

With sharp focusing of a Gaussian laser beam with linear polarization in transverse
planes, four local regions are formed in which the polarization is elliptical before
and after the focus. Moreover, in two diagonal regions, there is left, and in the other
two diagonal regions, right elliptical polarization. When passing through the plane
of focus, the direction of rotation of the polarization vector in these regions changes
to the opposite. At the focus in these regions, the polarization is linear.

New types of beams with high-order circular-azimuth polarization can be obtained
by passing light with cylindrical vector polarization through quarter-wave plates. This
is a new type of inhomogeneous hybrid polarization that combines the properties of
m-order cylindrical polarization and circular polarization. The intensity at the focus
for such beams has 2(m + 1) local maxima located along a closed contour with zero
intensity at the center (on the optical axis). At the focus, there are 4m vortices of
the transverse energy flow, the centers of which are located between the local inten-
sity maxima. The transverse energy flux changes the direction of rotation 2(2m +
1) times when passing in the focus plane around the optical axis, the longitudinal
projection of the spin angular momentum at the focus changes sign 4m times. In those
areas of the focus plane where the transverse energy flux rotates counterclockwise,
the longitudinal projection of the spin angular momentum is positive and the polar-
ization vector also rotates counterclockwise. And vice versa, where the energy flow
rotates clockwise, there the polarization vector rotates clockwise and the longitudinal
projection of the spin angular momentum is negative.
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280 Conclusion

With sharp focusing of vector cylindrical laser beams of fractional order, in which
the linear polarization vector has a different inclination to the horizontal axis in the
initial plane of each point, local regions are formed in the focus plane in which the
transverse energy flux rotates and the polarization is circular (elliptical). Such regions
are formed by pairs with mutually opposite directions of transverse energy rotation.
In the areas in focus where the energy rotates, at each point the polarization vector
also rotates in the same direction. The separation of regions in focus with different
transverse energy flux is a new demonstration of the optical Hall effect.

The spin Hall effect at the focus can be used to capture dielectric microparticles,
the size of which is comparable to the size of subwavelength regions in the focus with
different directions of rotation of the polarization vector, and rotate these particles
around their center of mass in different directions.
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